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▲❡s rés❡❛✉① ❞❡ té❧é❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥t ✉♥❡ ♣❧❛❝❡ ❝❡♥tr❛❧❡ ❞❛♥s ❧❡s t❡❝❤♥♦❧♦❣✐❡s ❞❡
❧✬✐♥❢♦r♠❛t✐♦♥ ❡t ❞❡ ❧❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭❚■❈✮✳ ▲❡s rés❡❛✉① ♦♣t✐q✉❡s s♦♥t ❞é♣❧♦②és ❞❛♥s
❞❡s ③♦♥❡s ♦ù ❧❡ tr❛✜❝ ❡st très ✐♠♣♦rt❛♥t✳ ■❧s ♣❡r♠❡tt❡♥t ♥♦t❛♠♠❡♥t ❞✬✐♥t❡r❝♦♥♥❡❝t❡r
❧❡s ❞✐✛ér❡♥ts ❝♦♥t✐♥❡♥ts✱ ❧❡s ♣❛②s✱ ❧❡s ♣r✐♥❝✐♣❛❧❡s ✈✐❧❧❡s✱ ❧❡s ❣r❛♥❞s ❝❡♥tr❡s ❞❡ ❞♦♥♥é❡s
❡t ♠ê♠❡ ❞✬❛♣♣♦rt❡r ❧✬■♥t❡r♥❡t à très ❤❛✉t ❞é❜✐t ❝❤❡③ ❧❡s ♣❛rt✐❝✉❧✐❡rs✳ ▲❡s rés❡❛✉①
s❛♥s✲✜❧ ♦♥t été ❧❛r❣❡♠❡♥t ❞é♣❧♦②és ❡♥ r❛✐s♦♥ ❞❡ ❧❡✉rs ❢❛✐❜❧❡s ❝♦ûts ❡t ❞❡ ❧❡✉rs ❢❛❝✐❧✐tés
❞✬✐♥st❛❧❧❛t✐♦♥✳ ❈❡s ❞❡r♥✐❡rs s♦♥t ♣❧✉s ✢❡①✐❜❧❡s ❡t ♣❡r♠❡tt❡♥t ✉♥ ✉s❛❣❡ s✉♣♣♦rt❛♥t ❧❛
♠♦❜✐❧✐té✳ ❉❡ ♠✉❧t✐♣❧❡s t❡❝❤♥♦❧♦❣✐❡s ♦♥t été ❞é✈❡❧♦♣♣é❡s ♣♦✉r ❝❡ t②♣❡ ❞❡ rés❡❛✉① ✿
❲✐❋✐✱ ❲✐▼❆❳✱ ●❙▼✱ ✸●✱ ❢❛✐s❝❡❛✉① ❤❡rt③✐❡♥s✱ s❛t❡❧❧✐t❡s✱ ❡t❝✳ ❉❡♣✉✐s ✉♥❡ ❞✐③❛✐♥❡
❞✬❛♥♥é❡s✱ ❧❡s rés❡❛✉① ♣❛✐r✲à✲♣❛✐r ♦♥t ❜♦✉❧❡✈❡rsé ❧❡s ♣r❛t✐q✉❡s ❞✬é❝❤❛♥❣❡ ❞❡ ❞♦♥♥é❡s
❡♥tr❡ ❧❡s ✉t✐❧✐s❛t❡✉rs✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❞✐✛✉s✐♦♥ ❞✬✉♥ ❝♦♥t❡♥✉ ✈✐❛ ✉♥ rés❡❛✉ ❞❡ t②♣❡
♣❛✐r✲à✲♣❛✐r ❛ été ❧❛r❣❡♠❡♥t ét✉❞✐é✳ ❯♥❡ ❛✉tr❡ ❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❝❡s rés❡❛✉① ❞❡ t②♣❡
♣❛✐r✲à✲♣❛✐r ❡st ❧❡ st♦❝❦❛❣❡ ❞❡s ❞♦♥♥é❡s à ❣r❛♥❞❡ é❝❤❡❧❧❡✳
▲❡s ❞✐✛ér❡♥ts t②♣❡s ❞❡ rés❡❛✉① ♣ré❝é❞❡♠♠❡♥t ♠❡♥t✐♦♥♥és ♦♥t t♦✉s ❧❡✉rs s♣é❝✐✜✲
❝✐tés✱ ♠❛✐s ❞❡ ♥♦♠❜r❡✉s❡s ♣r♦❜❧é♠❛t✐q✉❡s ❧❡✉rs s♦♥t ❝♦♠♠✉♥❡s✳ ❊♥ ❡✛❡t✱ ♣♦✉r t♦✉s
❝❡s rés❡❛✉①✱ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞✬❛ss✉r❡r ❧❛ ♠❡✐❧❧❡✉r❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ♣♦ss✐❜❧❡✱ ❞❡
❣❛r❛♥t✐r ❧❛ st❛❜✐❧✐té ❞✉ s②stè♠❡ ❡t ❞❡ ♠✐♥✐♠✐s❡r ❧❡s r❡ss♦✉r❝❡s ♥é❝❡ss❛✐r❡s ❡t ❞♦♥❝ ❧❡
❝♦ût ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t✳
P♦✉✈♦✐r ré❛❣✐r r❛♣✐❞❡♠❡♥t ❡t ❞❡ ♠❛♥✐èr❡ ❡✣❝❛❝❡ à ❝❡rt❛✐♥❡s ♣❡rt✉r❜❛t✐♦♥s ❞❛♥s
✉♥ rés❡❛✉ ❡st ✉♥ ❡♥❥❡✉ ♠❛❥❡✉r ❝❛r ❝❡❧❛ ❛ss✉r❡ ❧❛ st❛❜✐❧✐té ❞❡ ❝❡ ❞❡r♥✐❡r ❡t ✉♥❡
❜♦♥♥❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ♣♦✉r ❧❡s ✉t✐❧✐s❛t❡✉rs✳ ❈❡s ♣❡rt✉r❜❛t✐♦♥s ♣❡✉✈❡♥t ♣r❡♥❞r❡
❞❡ ♠✉❧t✐♣❧❡s ❛s♣❡❝ts ✿ ♣❛♥♥❡s ❞✬✉♥ ♦✉ ❞❡ ♣❧✉s✐❡✉rs éq✉✐♣❡♠❡♥ts ❞✉ rés❡❛✉✱ ♣r✐s❡
❡♥ ❝♦♠♣t❡ ❞✬✉♥ tr❛✜❝ ✈❛r✐❛❜❧❡✳ ❉❛♥s ✉♥ rés❡❛✉ ♦♣t✐q✉❡✱ ✉♥❡ ♣❛♥♥❡ ❞✬✉♥ ❧✐❡♥ ❞♦✐t
êtr❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ♣❛r ❧❡s ♦♣ér❛t❡✉rs ❞❡ ♠❛♥✐èr❡ à ♠✐♥✐♠✐s❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s
♦❝❝❛s✐♦♥♥é❡s ❛✉① ✉t✐❧✐s❛t❡✉rs ❞✉ rés❡❛✉✳ ▲❡s ♦♣ér❛t❡✉rs ❞♦✐✈❡♥t é❣❛❧❡♠❡♥t ❢❛✐r❡ ❢❛❝❡
à ✉♥❡ ♣♦ss✐❜❧❡ é✈♦❧✉t✐♦♥ ❞✉ tr❛✜❝✳ P♦✉r ❧❡ st♦❝❦❛❣❡ ❞❡ ❞♦♥♥é❡s ❞❛♥s ❧❡s rés❡❛✉①
❞❡ t②♣❡ ♣❛✐r✲à✲♣❛✐r✱ ✐❧ ❡st ✐♥❞✐s♣❡♥s❛❜❧❡ ❞❡ ❝♦♥❝❡✈♦✐r ❞❡s s②stè♠❡s ♠✐♥✐♠✐s❛♥t ❧❛
♣r♦❜❛❜✐❧✐té ❞❡ ♣❡r❞r❡ ✉♥❡ ❞♦♥♥é❡ ❡♥ ❝❛s ❞✬✐♥❛❝t✐✈✐té ❞é✜♥✐t✐✈❡ ❞✬✉♥ ♦✉ ❞❡ ♣❧✉s✐❡✉rs
♣❛✐rs✳ P♦✉r ❝❡ ❢❛✐r❡✱ ❧❡s ♠é❝❛♥✐s♠❡s ❞❡ ♣❧❛❝❡♠❡♥t ❡t ❞❡ r❡❝♦♥str✉❝t✐♦♥ ❞♦✐✈❡♥t êtr❡
♦♣t✐♠✐sés✳ ▲✬❡♥✈♦✐ ❞❡ ❞♦♥♥é❡s ♣❛r ❧❡s ✉t✐❧✐s❛t❡✉rs ❡♥ ✉♥ t❡♠♣s r❛✐s♦♥♥❛❜❧❡ ❡st ♣❛r❢♦✐s
✉♥ ♣♦✐♥t ❝r✐t✐q✉❡ ❞❛♥s ❝❡rt❛✐♥s t②♣❡s ❞❡ rés❡❛✉✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧✱
✷ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥
❝❡rt❛✐♥❡s tr❛♥s♠✐ss✐♦♥s ❡♥tr❡ ❞✐✛ér❡♥t❡s ♣❛✐r❡s ❞❡ ♥÷✉❞s ❞✉ rés❡❛✉ ♥❡ ♣❡✉✈❡♥t ♣❛s
s❡ ❢❛✐r❡ s✐♠✉❧t❛♥é♠❡♥t ❡♥ r❛✐s♦♥ ❞❡s ✐♥t❡r❢ér❡♥❝❡s✳ ❆✐♥s✐✱ ✉♥ ❜♦♥ ❛❧❣♦r✐t❤♠❡ ❞♦✐t
❞ét❡r♠✐♥❡r q✉❡❧s ❧✐❡♥s ❞✉ rés❡❛✉ ♣❡✉✈❡♥t êtr❡ ❛❝t✐✈és ❞❛♥s ❧❡ ❜✉t ❞✬❛ss✉r❡r ❧❛ st❛❜✐❧✐té
❞✉ s②stè♠❡ ❡t ❞♦♥❝ ✉♥❡ ❜♦♥♥❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ♣♦✉r ❧❡s ✉t✐❧✐s❛t❡✉rs ♥♦t❛♠♠❡♥t ❡♥
t❡r♠❡s ❞❡ ❞é❜✐t ❡t ❞❡ ❞é❧❛✐✳ ❈❡❧❛ ❞♦✐t ♣❛r❢♦✐s s❡ ❢❛✐r❡ s❛♥s ❝♦♥♥❛✐ss❛♥❝❡ ❛ ♣r✐♦r✐ ❞❡
❧❛ ❞②♥❛♠✐q✉❡ ❞✉ tr❛✜❝✳
▲❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❡s rés❡❛✉① ❝÷✉r ❡st ✉♥ ❡♥✲
❥❡✉ r❡❧❛t✐✈❡♠❡♥t ré❝❡♥t✳ ❊♥ ❡✛❡t✱ ❧❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞❡ ❝❡ t②♣❡ ❞❡ rés❡❛✉① ✐♠♣❧✐q✉❡
✉♥❡ ❣r❛♥❞❡ ❞é♣❡♥s❡ ❞✬é♥❡r❣✐❡✳ ▲❡s ♦♣ér❛t❡✉rs s✬② ✐♥tér❡ss❡♥t ❢♦rt❡♠❡♥t ♣♦✉r ❞❡s
r❛✐s♦♥s é❝♦❧♦❣✐q✉❡s ♠❛✐s ❛✉ss✐ é❝♦♥♦♠✐q✉❡s✳ ❯♥❡ ❞❡s q✉❡st✐♦♥s ✐♠♣♦rt❛♥t❡s ❡st ❞✬❛r✲
r✐✈❡r à ♠✐♥✐♠✐s❡r ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ t♦✉t ❡♥ ❣❛r❞❛♥t ✉♥❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡
s❛t✐s❢❛✐s❛♥t❡✱ ♥♦t❛♠♠❡♥t ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ t♦❧ér❛♥❝❡ ❛✉① ♣❛♥♥❡s✳
▲❡s ♠♦②❡♥s à ♥♦tr❡ ❞✐s♣♦s✐t✐♦♥ ♣♦✉r ♦♣t✐♠✐s❡r ❝❡s ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s ❞✉ rés❡❛✉
s♦♥t ❞✐✈❡rs ✿ ♦♣t✐♠✐s❛t✐♦♥ ❞✉ r♦✉t❛❣❡✱ ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡✱ ❞✉ ♣❧❛❝❡♠❡♥t
❞❡s ❞♦♥♥é❡s✱ ❞❡ ❧✬♦r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s✳
❉❛♥s ✉♥ rés❡❛✉ ✜❧❛✐r❡✱ ❡♥ ❝❛s ❞❡ ♣❛♥♥❡ ❡t✴♦✉ ❞❡ ❣r❛♥❞❡ ❞②♥❛♠✐q✉❡ ❞✉ s②s✲
tè♠❡✱ ✉♥❡ ❞❡s ré♣♦♥s❡s ♥❛t✉r❡❧❧❡s ❡st ❞❡ ♠♦❞✐✜❡r ❧❡ r♦✉t❛❣❡✳ ▼❛✐s ❝❡s ♠♦❞✐✜❝❛t✐♦♥s
♣❡✉✈❡♥t ❡♥tr❛î♥❡r ❞❡ ❣r♦ss❡s ♣❡rt✉r❜❛t✐♦♥s ♣♦✉r ❧❡s ✉t✐❧✐s❛t❡✉rs✳ ▲❡ ❝❤❛♣✐tr❡ ✷ tr❛✐t❡
❞❡ ❧❛ ♠❛♥✐èr❡ ❞✬❡✛❡❝t✉❡r ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ rés❡❛✉ ❡♥ ♠✐♥✐♠✐s❛♥t ❧❡s ♣❡rt✉r❜❛✲
t✐♦♥s✳ ▲❡ ❝❤♦✐① ❞✉ r♦✉t❛❣❡ ♣❡✉t é❣❛❧❡♠❡♥t ♣❡r♠❡ttr❡ ❞❡ ♠✐♥✐♠✐s❡r ❧❡s r❡ss♦✉r❝❡s
é♥❡r❣ét✐q✉❡s ✉t✐❧✐sé❡s ♣❛r ❧❡ rés❡❛✉✳ ❊♥ ❡✛❡t✱ ✐❧ ❛ été ♠♦♥tré q✉❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥
❞✉ rés❡❛✉ ❡st ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ s❛ ❝❤❛r❣❡ ♠❛✐s ❞é♣❡♥❞ ❞✉ ♥♦♠❜r❡ ❞✬éq✉✐♣❡♠❡♥ts
✉t✐❧✐sés✳ ▲❡ ❝❤❛♣✐tr❡ ✸ ❝♦♥❝❡r♥❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ r♦✉t❛❣❡s ♠✐♥✐♠✐s❛♥t ❧❡ ♥♦♠❜r❡
❞✬✐♥t❡r❢❛❝❡s ✉t✐❧✐sé❡s✳ ❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✹✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉① ❛❧❣♦r✐t❤♠❡s ❞✬♦r✲
❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ✭❝❛❧❧ s❝❤❡❞✉❧✐♥❣✮ ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡
❧❡s ✐♥t❡r❢ér❡♥❝❡s✳ ❊♥✜♥ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞❡ st♦❝❦❛❣❡
❞❡ ❞♦♥♥é❡s ❞❛♥s ❧❡s rés❡❛✉① ♣❛✐r✲à✲♣❛✐r✳ ◆♦✉s ét✉❞✐♦♥s ❧✬✐♠♣❛❝t ❞❡ ❞✐✛ér❡♥t❡s ♣♦❧✐✲
t✐q✉❡s ❞❡ ♣❧❛❝❡♠❡♥t s✉r ❧❛ ❞✉ré❡ ❞❡ ✈✐❡ ❞❡s ❞♦♥♥é❡s✱ ♣✉✐s ❞ét❡r♠✐♥♦♥s ✉♥ ❝❤♦✐① ❞❡
♣❧❛❝❡♠❡♥t ♦♣t✐♠❛❧✳
P♦✉r rés♦✉❞r❡ ❝❡s ♣r♦❜❧è♠❡s✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡s ♦✉t✐❧s t❤é♦r✐q✉❡s ❞❡s ♠❛t❤é✲
♠❛t✐q✉❡s ❞✐s❝rèt❡s ✭❣r❛♣❤❡s✱ ❝♦♥✜❣✉r❛t✐♦♥s✱ ♦♣t✐♠✐s❛t✐♦♥ ❝♦♠❜✐♥❛t♦✐r❡✮✱ ❞✬❛❧❣♦r✐t❤✲
♠✐q✉❡ ✭❝♦♠♣❧❡①✐té✱ ❛❧❣♦r✐t❤♠✐q✉❡ ❞✐str✐❜✉é❡✮ ❡t ❞❡ ♣r♦❜❛❜✐❧✐tés✳
❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❧✬✐♥tr♦❞✉❝t✐♦♥✱ ♥♦✉s rés✉♠♦♥s ❧❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts q✉❡ ♥♦✉s
❛✈♦♥s ♦❜t❡♥✉s✳
✶✳✶ Pr✐♥❝✐♣❛✉① rés✉❧t❛ts
❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s ✿ ❝❤❛♣✐tr❡ ✷✳
◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❡s r❡q✉êt❡s ❞❛♥s ❧❡s ré✲
s❡❛✉① ♦♣t✐q✉❡s à ♠✉❧t✐♣❧❡①❛❣❡ ❡♥ ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡✳ ❆ ❝❤❛q✉❡ ❞❡♠❛♥❞❡ ❞❡ ❝♦♥♥❡①✐♦♥✱
✐❧ ❞♦✐t êtr❡ ❛ttr✐❜✉é ✉♥ ❝❤❡♠✐♥ ♦♣t✐q✉❡ ✿ ✉♥ ❝❤❡♠✐♥ ❞❛♥s ❧❡ rés❡❛✉ ❡t ✉♥❡ ❧♦♥❣✉❡✉r
❞✬♦♥❞❡✳ ▲❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♠✉❧t✐♣❧❡①❛❣❡ ❢❛✐t q✉❡ ❞❡✉① r❡q✉êt❡s ♣❛ss❛♥t ♣❛r ✉♥❡ ♠ê♠❡
✜❜r❡ ❞✉ rés❡❛✉✱ ❞♦✐✈❡♥t ❛✈♦✐r ❞❡✉① ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡ ❞✐st✐♥❝t❡s✳ ▲❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♥♦♥
✶✳✶✳ Pr✐♥❝✐♣❛✉① rés✉❧t❛ts ✸
❝♦♥✈❡rs✐♦♥ tr❛❞✉✐t ❧❡ ❢❛✐t q✉✬✉♥❡ r❡q✉êt❡ ❞♦✐t ❛✈♦✐r ❧❛ ♠ê♠❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❜♦✉t
❡♥ ❜♦✉t✳ ▲❡ rés❡❛✉ ❡st ♠♦❞é❧✐sé ♣❛r ✉♥ ♠✉❧t✐✲❞✐❣r❛♣❤❡ ❛✈❡❝ ❧❡s ❛rêt❡s r❡♣rés❡♥t❛♥t
❧❡s ❞✐✛ér❡♥t❡s ✜❜r❡s✳
▲♦rsq✉❡ ❞❡s ❝❤❛♥❣❡♠❡♥ts ❞❡ ❧❛ t♦♣♦❧♦❣✐❡ ♣❤②s✐q✉❡ ❡t✴♦✉ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s r❡✲
q✉êt❡s ❞❡ ❝♦♥♥❡①✐♦♥ s✉r✈✐❡♥♥❡♥t✱ ✐❧ ❡st ❛❧♦rs ♥é❝❡ss❛✐r❡ ❞❡ tr♦✉✈❡r ✉♥ ♥♦✉✈❡❛✉ r♦✉✲
t❛❣❡ ♦♣t✐q✉❡✳ P❛r ❡①❡♠♣❧❡✱ ✉♥❡ ♦♣ér❛t✐♦♥ ❞❡ ♠❛✐♥t❡♥❛♥❝❡ s✉r ✉♥ ❧✐❡♥ ❞✉ rés❡❛✉
♣❡✉t ♣r❡♥❞r❡ q✉❡❧q✉❡s ❞✐③❛✐♥❡s ❞❡ ♠✐♥✉t❡s✳ ■❧ ❢❛✉t ❛❧♦rs tr♦✉✈❡r ✉♥ ❛✉tr❡ r♦✉t❛❣❡
✭♥✬✉t✐❧✐s❛♥t ♣❧✉s ❧❡ ❧✐❡♥ ❡♥ ♠❛✐♥t❡♥❛♥❝❡✮ ❡t r❡r♦✉t❡r ❧❡s ❝♦♥♥❡①✐♦♥s ❝♦♥❝❡r♥é❡s ♣❛r
❝❡s ♣❡rt✉r❜❛t✐♦♥s✳ ❉❛♥s ❧❡ ♠❡✐❧❧❡✉r ❞❡s ❝❛s✱ ❝❡ r❡r♦✉t❛❣❡ séq✉❡♥t✐❡❧ ❞❡s r❡q✉êt❡s ♣❡✉t
s❡ ❢❛✐r❡ s❛♥s ❛✉❝✉♥❡ ✐♥t❡rr✉♣t✐♦♥ ❞❡s ❝♦♥♥❡①✐♦♥s ✿ ét❛❜❧✐r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ♦♣t✐q✉❡
❞✬✉♥❡ r❡q✉êt❡ ❡t ét❡✐♥❞r❡ ❧✬❛♥❝✐❡♥♥❡ ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ❞❡♠❛♥❞❡s✳ ▲❡ ♣r♦❜❧è♠❡ ❡st
q✉❡✱ ♠ê♠❡ ♣♦✉r ❞❡s ✐♥st❛♥❝❡s très s✐♠♣❧❡s✱ ✐❧ ❡st ♣❛r❢♦✐s ♥é❝❡ss❛✐r❡ ❞✬✐♥t❡rr♦♠♣r❡
✉♥❡ ♦✉ ♣❧✉s✐❡✉rs ❝♦♥♥❡①✐♦♥s✳ ❊t❛♥t ❞♦♥♥és ✉♥ r♦✉t❛❣❡ ❝♦✉r❛♥t ❡t ✉♥ r♦✉t❛❣❡ ✜♥❛❧
❞❡s r❡q✉êt❡s✱ ❧❡ ♣r♦❜❧è♠❡ q✉❡ ♥♦✉s ét✉❞✐♦♥s ❡st ❞❡ tr♦✉✈❡r ✉♥ ♦r❞r❡ ❞❡ r❡r♦✉t❛❣❡
❞❡s r❡q✉êt❡s s❡❧♦♥ ❝❡rt❛✐♥s ❝r✐tèr❡s ❧✐és ❛✉① ✐♥t❡rr✉♣t✐♦♥s✳ ◆♦✉s ♠♦❞é❧✐s♦♥s ❝❤❛q✉❡
✐♥st❛♥❝❡ ❞❡ ❝❡ ♣r♦❜❧è♠❡ ♣❛r ✉♥ ❞✐❣r❛♣❤❡✱ ❛♣♣❡❧é ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s✱ ❡t ♥♦✉s
ét❛❜❧✐ss♦♥s ❧✬éq✉✐✈❛❧❡♥❝❡ ❡♥tr❡ ✉♥ r❡r♦✉t❛❣❡ ❞❡s r❡q✉êt❡s ❡t ✉♥ ❥❡✉ ❛✈❡❝ ❞❡s ❛❣❡♥ts
♠♦❜✐❧❡s ❞❛♥s ❝❡ ❞✐❣r❛♣❤❡✳
◆♦✉s ét✉❞✐♦♥s ❞❡✉① ♣❛r❛♠ètr❡s ✐♠♣♦rt❛♥ts ✿ ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛✲
♥é❡s ❡t ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s✳ ▼✐♥✐♠✐s❡r ❧✬✉♥❡ ❞❡ ❝❡s ❞❡✉① ✈❛❧❡✉rs r❡✈✐❡♥t à
❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ✭♣r♦❝❡ss ♥✉♠❜❡r✮ ♦✉ ❧✬✐♥❞✐❝❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ✭❝❛r❞✐♥❛✲
❧✐té ❞✬✉♥ ♠✐♥✐♠✉♠ ❢❡❡❞❜❛❝❦ ✈❡rt❡① s❡t✮ ❞✉ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s✱ r❡s♣❡❝t✐✈❡♠❡♥t✳
◆♦✉s ♣r♦♣♦s♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ♣❡r♠❡tt❛♥t ❞❡ ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐✲
t❡♠❡♥t ❧♦rsq✉❡ ❧❡ ❞✐❣r❛♣❤❡ ❡st ✉♥ ❛r❜r❡ ♦r✐❡♥té s②♠étr✐q✉❡✳ P♦✉r ❝❡ t②♣❡ ❞❡ ❞✐✲
❣r❛♣❤❡s✱ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❡st étr♦✐t❡♠❡♥t ❧✐é à ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t
✭♥♦❞❡ s❡❛r❝❤ ♥✉♠❜❡r✮✱ ❡♥tr❡ ❛✉tr❡s ♣❛r❛♠ètr❡s✳ ◆♦tr❡ ❛❧❣♦r✐t❤♠❡ ♣❡✉t êtr❡ ❛❞❛♣té
❛✉ ❝❛❧❝✉❧ ❞❡ ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s✳
◆♦✉s ♣rés❡♥t♦♥s ❡♥s✉✐t❡ ✉♥❡ ét✉❞❡ s✉r ❧❡s ♣♦ss✐❜✐❧✐tés ❞❡ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❡
♥♦♠❜r❡ ❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛♥é❡s ❡t ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s✳ ◆♦✉s ✐♥tr♦✲
❞✉✐s♦♥s ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s ❞❡ ❝♦♠♣r♦♠✐s ❡t ♠♦♥tr♦♥s q✉❡ ❝❡s ❞❡r♥✐❡rs s♦♥t ❞✐✣✲
❝✐❧❡s à ❛♣♣r♦①✐♠❡r✳ ❊♥tr❡ ❛✉tr❡s q✉❡st✐♦♥s✱ ❡st✲✐❧ ♣♦ss✐❜❧❡ ❞❡ ♥❡ ♣❛s ✏tr♦♣✑ ❛✉❣♠❡♥t❡r
❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛♥é❡s ✭♣❛r r❛♣♣♦rt à ❧❛ ✈❛❧❡✉r ♠✐♥✐♠✉♠✮ ❧♦rsq✉❡ ❧❡
♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s ❡st ♠✐♥✐♠✉♠❄ ◆♦✉s ♣r♦✉✈♦♥s q✉❡ ❝❡tt❡ ❞é❣r❛❞❛t✐♦♥
♥✬❡st ♣❛s ❜♦r♥é❡ ♣♦✉r ❧❡s ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s✳ ◆♦✉s ét✉❞✐♦♥s ❡♥✜♥ ❧❛ ❝❧❛ss❡ ❞❡s
❣r❛♣❤❡s ♦r✐❡♥tés s②♠étr✐q✉❡s✱ ♣♦✉r ❧❛q✉❡❧❧❡ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡s ✈❛❧❡✉rs ❞❡ ❝❡rt❛✐♥s
♣❛r❛♠ètr❡s ♣❡✉t êtr❡ r❡❧❛t✐✈❡♠❡♥t ❝♦♥trô❧é❡✱ ♠ê♠❡ s✐ ❝❡rt❛✐♥❡s q✉❡st✐♦♥s r❡st❡♥t
❡♥❝♦r❡ ♦✉✈❡rt❡s✳
❊♥✜♥✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ♠♦❞è❧❡ ♣❡r♠❡tt❛♥t ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❞❡s r❡q✉êt❡s
♣r✐♦r✐t❛✐r❡s ♥❡ ♣♦✉✈❛♥t ♣❛s êtr❡ ✐♥t❡rr♦♠♣✉❡s✳ ◆♦✉s ♠♦♥tr♦♥s ♥♦t❛♠♠❡♥t q✉❡ ❝❡
♣r♦❜❧è♠❡ s❡ r❛♠è♥❡ ❛✉ ♣r♦❜❧è♠❡ ✐♥✐t✐❛❧ ❛✈❡❝ ✉♥ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s tr❛♥s✲
❢♦r♠é✳ ◆♦✉s ♣r♦♣♦s♦♥s é❣❛❧❡♠❡♥t ✉♥ ♠♦❞è❧❡ ❛✈❡❝ ♣❛rt❛❣❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡
❡t ♠♦♥tr♦♥s ♥♦t❛♠♠❡♥t q✉❡ ❞ét❡r♠✐♥❡r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ s❛♥s ✐♥✲
t❡rr✉♣t✐♦♥ ❡st ◆P✲❝♦♠♣❧❡t ❛❧♦rs q✉❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ ✐♥✐t✐❛❧✱ ❞é❝✐❞❡r ❝❡❧❛ ❡st très
❢❛❝✐❧❡✳ ◆♦✉s t❡r♠✐♥♦♥s ❡♥ ♣r♦♣♦s❛♥t ✉♥❡ tr♦✐s✐è♠❡ ❡①t❡♥s✐♦♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❞❡s
✹ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥
❝♦♥tr❛✐♥t❡s ♣❤②s✐q✉❡s✳
❈❡ tr❛✈❛✐❧ ❛ été ré❛❧✐sé ❛✈❡❝ ❙♦♥✐❛ ❇❡❧❤❛r❡t❤✱ ◆❛t❤❛♥♥ ❈♦❤❡♥✱ ❉❛✈✐❞ ❈♦✉❞❡rt✱
❋❧♦r✐❛♥ ❍✉❝✱ ◆❛♣♦❧❡ã♦ ◆❡♣♦♠✉❝❡♥♦✱ ◆✐❝♦❧❛s ◆✐ss❡✱ ❏❡❛♥✲❙é❜❛st✐❡♥ ❙❡r❡♥✐ ❡t ■s✲
s❛♠ ❚❛❤✐r✐ ❬❈▼◆✵✾❝✱ ❈▼◆✵✾❜✱ ❈❍▼+✵✾❛✱ ❈❍▼✶✶✱ ❈▼✵✽✱ ❈❍▼✵✽❛✱ ❈❈▼+✵✾✱
❈❈▼+✶✵❜✱ ❈❈▼+❛r✱ ❈❈▼+✶✵❛✱ ❈❍▼+✵✾❜✱ ❈❍▼✵✽❜❪✳
❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡ ✿ ❝❤❛♣✐tr❡ ✸✳
▲✬é❝♦♥♦♠✐❡ ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❡s rés❡❛✉① ♣❡✉t êtr❡ ❛❝❝♦♠♣❧✐❡ ❡♥ ✉t✐❧✐s❛♥t ❞❡s t❡❝❤✲
♥✐q✉❡s ❡✣❝❛❝❡s ❞❡ r♦✉t❛❣❡ ♦✉ ❞❡ ❝♦♥❝❡♣t✐♦♥ ❞❡ rés❡❛✉①✳ ◆♦✉s ét✉❞✐♦♥s ✉♥❡ ❛r❝❤✐✲
t❡❝t✉r❡ s✐♠♣❧✐✜é❡ ❞❡ rés❡❛✉① ❞❛♥s ❧❛q✉❡❧❧❡✱ ❧♦rsq✉❡ ❞❡✉① r♦✉t❡✉rs s♦♥t r❡❧✐és ♣❛r
✉♥ ❧✐❡♥✱ ❧❡s ❞❡✉① éq✉✐♣❡♠❡♥ts ❡①tré♠✐tés ❞❡ ❝❡ ❧✐❡♥ ❞♦✐✈❡♥t êtr❡ ❛❧❧✉♠és✳ ❈♦♠♠❡
✐❧ ❛ été ♠♦♥tré ❞❛♥s ❬▼❙❇❘✵✾❪ q✉✬✉♥ éq✉✐♣❡♠❡♥t ❛ ✉♥❡ ❝♦♥s♦♠♠❛t✐♦♥ ❞é♣❡♥❞❛♥t
♣❧✉tôt ❞❡ s♦♥ ❛❝t✐✈❛t✐♦♥ q✉❡ ❞❡ ❧❛ q✉❛♥t✐té ❞❡ tr❛✜❝✱ ♥♦tr❡ ♦❜❥❡❝t✐❢ ♣♦✉r ♠✐♥✐♠✐s❡r
❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❡st ❞❡ ♠✐♥✐♠✐s❡r ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞✬éq✉✐♣❡♠❡♥ts rés❡❛✉①
❛❝t✐✈és✳ ❆✉tr❡♠❡♥t ❞✐t✱ ❝❡ ♣r♦❜❧è♠❡ r❡✈✐❡♥t à ❡✛❡❝t✉❡r ✉♥ r♦✉t❛❣❡ ❞❡s ❞❡♠❛♥❞❡s
❡♥ ♠✐♥✐♠✐s❛♥t ❧❡ ♥♦♠❜r❡ ❞✬❛rêt❡s ❞✉ ❣r❛♣❤❡ r❡♣rés❡♥t❛♥t ❧❛ t♦♣♦❧♦❣✐❡✳ ▲❡ ♣r♦❜❧è♠❡
❞❡ ❞é❝✐❞❡r s✬✐❧ ❡①✐st❡ ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s ❡st ❜✐❡♥ ❝♦♥♥✉ ♣♦✉r êtr❡ ◆P✲
❝♦♠♣❧❡t ♠ê♠❡ ❛✈❡❝ ❞❡✉① ❞❡♠❛♥❞❡s✳ ◆♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r ❝❡
♥♦♠❜r❡ ♦♣t✐♠❛❧ ❞✬❛rêt❡s ♥✬❡st ♣❛s ❞❛♥s ❆P❳✳ ❈❡❧❛ r❡st❡ ✈r❛✐ ❛✈❡❝ ❞❡✉① ❞❡♠❛♥❞❡s
♦✉ ❧♦rsq✉❡ ❧❡s ❝❛♣❛❝✐tés ❞❡s ❛rêt❡s s♦♥t t♦✉t❡s ✐❞❡♥t✐q✉❡s✳
◆♦✉s s✉♣♣♦s♦♥s ❡♥s✉✐t❡ q✉❡ ❧❡s ❝❛♣❛❝✐tés ❞❡s ❛rêt❡s s♦♥t t♦✉t❡s é❣❛❧❡s✱ q✉❡ ❧❡s
❞❡♠❛♥❞❡s s♦♥t ❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧ ♦✉ ♦♥❡✲t♦✲❛❧❧ ❡t ❞❡ ♠ê♠❡ ✈♦❧✉♠❡✳ ◆♦✉s ét✉❞✐♦♥s
✉♥ ♣r♦❜❧è♠❡ ♦rt❤♦❣♦♥❛❧ q✉✐ ❝♦♥s✐st❡ à ❞ét❡r♠✐♥❡r ❧❡ ♣❧✉s ♣❡t✐t r❛♣♣♦rt ❝❛♣❛❝✐té s✉r
✈♦❧✉♠❡ ❞❡s ❞❡♠❛♥❞❡s t❡❧ q✉✬✐❧ ❡①✐st❡ ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s ✉t✐❧✐s❛♥t ❛✉
♣❧✉s ✉♥ ♥♦♠❜r❡ ❞✬❛rêt❡s ❞♦♥♥é ❡♥ ❡♥tré❡✳ P♦✉r ❞❡s ❞❡♠❛♥❞❡s ❞❡ t②♣❡ ♦♥❡✲t♦✲❛❧❧✱
♥♦✉s ♠♦♥tr♦♥s q✉❡ ❝❡ ♣r♦❜❧è♠❡ ❡st ◆P✲❝♦♠♣❧❡t✳ ❉❡ ♣❧✉s✱ ✐❧ ♥✬❡st ♣❛s ❞❛♥s ❆P❳ s✐
♥♦✉s ❛❥♦✉t♦♥s ✉♥❡ ❝♦♥tr❛✐♥t❡ s✉r ❧❡ ❞❡❣ré ❞❡s s♦♠♠❡ts ❞✉ s♦✉s✲❣r❛♣❤❡ s✉♣♣♦rt❛♥t
❧❡ r♦✉t❛❣❡ ❞❡s ❞❡♠❛♥❞❡s✳
P♦✉r ❝❡s ❞✐✛ér❡♥ts ♣r♦❜❧è♠❡s ❡t ♣❛r❛♠ètr❡s✱ ♥♦✉s ❞♦♥♥♦♥s ❞❡s ❜♦r♥❡s t❤é♦r✐q✉❡s
❡t ❞❡s ❝♦♥str✉❝t✐♦♥s ❞❡ r♦✉t❛❣❡s ❡✣❝❛❝❡s ❡♥ é♥❡r❣✐❡ ♣♦✉r ❧❡s ❣r❛♣❤❡s ❣é♥ér❛✉①✱ ❧❡s
❣r❛♣❤❡s ❝♦♠♣❧❡ts ❡t ❧❡s ❣r✐❧❧❡s✳ ◆♦✉s ♣rés❡♥t♦♥s ❡♥✜♥ ❞❡s rés✉❧t❛ts ❞❡ s✐♠✉❧❛t✐♦♥s
♣♦✉r ❧❡s ❣r✐❧❧❡s ❡t ❞❡s t♦♣♦❧♦❣✐❡s ré❡❧❧❡s ♠♦♥tr❛♥t ❧❡s é❝♦♥♦♠✐❡s ❞✬é♥❡r❣✐❡ q✉❡ ♥♦✉s
♣♦✉✈♦♥s ré❛❧✐s❡r ❛✐♥s✐ q✉❡ ❧✬✐♠♣❛❝t ❞❡ ♥♦s s♦❧✉t✐♦♥s s✉r ❧❛ ❧♦♥❣✉❡✉r ❞❡s r♦✉t❡s ❡t s✉r
❧❛ t♦❧ér❛♥❝❡ ❛✉① ♣❛♥♥❡s✳
❈❡ tr❛✈❛✐❧ ❛ été ré❛❧✐sé ❛✈❡❝ ❋ré❞ér✐❝ ●✐r♦✐r❡✱ ❏♦❛♥♥❛ ▼♦✉❧✐❡r❛❝ ❡t ❇r✐❝❡ ❖♥✲
❢r♦② ❬●▼▼❖✶✵❛✱ ●▼▼❖✶✵❜✱ ●▼▼✶✶❪✳
❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧ ✿ ❝❤❛♣✐tr❡ ✹✳
◆♦✉s ❝♦♥s✐❞ér♦♥s ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❧❡ ♣r♦❜❧è♠❡ ❞✬♦r❞♦♥♥❛♥❝❡♠❡♥t ❞✐str✐❜✉é ❞❡s
❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧ ✭❝❛❧❧ s❝❤❡❞✉❧✐♥❣✮✳ ❉❛♥s ❝❡ t②♣❡ ❞❡ rés❡❛✉✱ ❝❡rt❛✐♥s
❧✐❡♥s ✏✈♦✐s✐♥s✑ ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ❛❝t✐✈és s✐♠✉❧t❛♥é♠❡♥t✱ s✐♥♦♥ ❧❡s tr❛♥s♠✐ss✐♦♥s
✐♥t❡r❢èr❡♥t✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s ❞❡s ♠♦❞è❧❡s ❞✬✐♥t❡r❢ér❡♥❝❡s ❜✐♥❛✐r❡s✱ ❝♦♠♠❡ ❝❡✉① ✉t✐✲
❧✐sés ❞❛♥s ❬●▲❙✵✼✱ ❇❙❙✵✾❪✳ ◆♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡ t❡♠♣s ❡st ❞✐✈✐sé ❡♥ ét❛♣❡s ❡t q✉❡
❝❤❛❝✉♥❡ ❞✬❡♥tr❡ ❡❧❧❡s ❝♦♠♣♦rt❡ ❞❡✉① ♣❤❛s❡s ❞✐st✐♥❝t❡s ✿ ✉♥❡ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡ q✉✐
❞ét❡r♠✐♥❡ q✉❡❧s ❧✐❡♥s ✈♦♥t êtr❡ ❛❝t✐✈és ❡t ❡♥✈❡rr♦♥t ❞❡s ❞♦♥♥é❡s ❞✉r❛♥t ❧❛ s❡❝♦♥❞❡
✶✳✶✳ Pr✐♥❝✐♣❛✉① rés✉❧t❛ts ✺
♣❤❛s❡✳ ◆♦✉s s✉♣♣♦s♦♥s ❞❡ ♣❧✉s q✉❡ ❧❡s ❛rr✐✈é❡s ❞❡ ♠❡ss❛❣❡s s✉r ❝❤❛❝✉♥ ❞❡s ❧✐❡♥s
❞✉ rés❡❛✉ s♦♥t ❛❧é❛t♦✐r❡s✳ ❈♦♠♠❡ ❧❡s ♥÷✉❞s ♥✬♦♥t ♣❛s ✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ ❣❧♦❜❛❧❡ ❞✉
rés❡❛✉✱ ♥♦tr❡ ♦❜❥❡❝t✐❢ ✭❝♦♠♠❡ ❞❛♥s ❬●▲❙✵✼✱ ❇❙❙✵✾❪✮ ❡st ❞❡ ❝♦♥❝❡✈♦✐r ♣♦✉r ❧❛ ♣❤❛s❡
❞❡ ❝♦♥trô❧❡✱ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ❝❛❧❝✉❧❛♥t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❧✐❡♥s ♥✬✐♥t❡r❢ér❛♥t
♣❛s✳ P♦✉r êtr❡ ❡✣❝❛❝❡✱ ❧❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡ ❞♦✐t êtr❡ ❛✉ss✐ ❝♦✉rt❡ q✉❡ ♣♦ss✐❜❧❡ ❀ ❝❡❧❛
❡st ré❛❧✐sé ♣❛r ❞❡s é❝❤❛♥❣❡s ❞❡ ♠❡ss❛❣❡s ❞❡ ❝♦♥trô❧❡ ❞✉r❛♥t ✉♥ ♥♦♠❜r❡ ❝♦♥st❛♥t ❞❡
♠✐♥✐✲s❧♦ts ✭♦✈❡r❤❡❛❞ ❝♦♥st❛♥t✮✳
◆♦✉s ♣r♦♣♦s♦♥s ❧❡ ♣r❡♠✐❡r ❛❧❣♦r✐t❤♠❡ ❡♥t✐èr❡♠❡♥t ❧♦❝❛❧ ✈ér✐✜❛♥t ❧❡s ♣r♦♣r✐étés
s✉✐✈❛♥t❡s ✿ ✐❧ ❡st ✈❛❧❛❜❧❡ q✉❡❧ q✉❡ s♦✐t ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❜✐♥❛✐r❡ ✉t✐❧✐sé ❀ s♦♥
♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s ❞❡ ❝♦♥trô❧❡ ❡st ❝♦♥st❛♥t ✭✐♥❞é♣❡♥❞❛♥t ❞❡ ❧❛ t❛✐❧❧❡ ❞✉ rés❡❛✉ ❡t
❞❡s ✈❛❧❡✉rs ❞❡s ✜❧❡s ❞✬❛tt❡♥t❡ ❛ss♦❝✐é❡s ❛✉① ❧✐❡♥s ❞✉ rés❡❛✉✮ ❀ ❡t ✐❧ ♥❡ r❡q✉✐❡rt ♣❛s ❞❡
❝♦♥♥❛✐ss❛♥❝❡ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ❧✬ét❛t ❞✉ rés❡❛✉✳ ❊♥ ❡✛❡t✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉① ❛❧❣♦r✐t❤♠❡s
❡①✐st❛♥ts✱ ♥♦✉s ♥✬❛✈♦♥s ♣❛s ❜❡s♦✐♥ ❞❡ ❝♦♥♥❛îtr❡ ❧❡s ✈❛❧❡✉rs ❞❡s ✜❧❡s ❞✬❛tt❡♥t❡ ❞❡s ❧✐❡♥s
❞❛♥s ✉♥ ❝❡rt❛✐♥ ✈♦✐s✐♥❛❣❡✱ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ❞✐✣❝✐❧❡ à ♦❜t❡♥✐r ❞❛♥s ✉♥ rés❡❛✉ s❛♥s✲✜❧
❛✈❡❝ ✐♥t❡r❢ér❡♥❝❡✳ ◆♦✉s ♣r♦✉✈♦♥s q✉❡ ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r à ❝❤❛q✉❡
ét❛♣❡ ✉♥ ❡♥s❡♠❜❧❡ ♠❛①✐♠❛❧ ❞❡ ❧✐❡♥s ❛❝t✐❢s ✭❞❛♥s ❝❤❛q✉❡ ③♦♥❡ ❞✬✐♥t❡r❢ér❡♥❝❡✱ ✐❧ ②
❛ ❛✉ ♠♦✐♥s ✉♥ ❧✐❡♥ ❛❝t✐✈é✮✳ ◆♦✉s ❞♦♥♥♦♥s é❣❛❧❡♠❡♥t ❞❡s ❝♦♥❞✐t✐♦♥s s✉✣s❛♥t❡s ❞❡
st❛❜✐❧✐té s♦✉s ❞❡s ❤②♣♦t❤ès❡s ♠❛r❦♦✈✐❡♥♥❡s✳ ❊♥✜♥✱ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ✭❞é❜✐t✱ st❛❜✐❧✐té✮
❞❡ ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ s♦♥t ét✉❞✐é❡s ✈✐❛ ❞❡s s✐♠✉❧❛t✐♦♥s✱ ❡t ❝♦♠♣❛ré❡s ❛✉① ❛❧❣♦r✐t❤♠❡s
❡①✐st❛♥ts✳
❈❡ tr❛✈❛✐❧ ❛ été ré❛❧✐sé ❛✈❡❝ ❏❡❛♥✲❈❧❛✉❞❡ ❇❡r♠♦♥❞✱ ❱✐s❤❛❧ ▼✐sr❛ ❡t P❤✐❧✐♣♣❡
◆❛✐♥ ❬❇▼▼◆✶✵✱ ❇▼▼◆✵✽✱ ❇▼▼◆✵✾❪✳
P❧❛❝❡♠❡♥t ❞❡ ❞♦♥♥é❡s ❞❛♥s ❧❡s rés❡❛✉① ♣❛✐r✲à✲♣❛✐r ✿ ❝❤❛♣✐tr❡ ✺✳
◆♦✉s ét✉❞✐♦♥s ❞✐✛ér❡♥ts ♣r♦❜❧è♠❡s ❧✐és ❛✉ ♣❧❛❝❡♠❡♥t ❞❡s ❞♦♥♥é❡s ❞❛♥s ❧❡s ré✲
s❡❛✉① ❞❡ t②♣❡ ♣❛✐r✲à✲♣❛✐r✳ ▲❡s s②stè♠❡s ♣❛✐r✲à✲♣❛✐r à ❣r❛♥❞❡ é❝❤❡❧❧❡ r❡♣rés❡♥t❡♥t ✉♥
♠♦②❡♥ ✜❛❜❧❡ ♣♦✉r st♦❝❦❡r ❞❡s ❞♦♥♥é❡s à ❢❛✐❜❧❡ ❝♦ût✳ ▲❡s ❞♦♥♥é❡s s♦♥t ❞✐✈✐sé❡s ❡♥
❞✐✛ér❡♥ts ❢r❛❣♠❡♥ts ❡t ❝❡s ❞❡r♥✐❡rs ré♣❛rt✐s ❡♥tr❡ ❧❡s ♣❛✐rs✳
Pr❡♠✐èr❡♠❡♥t✱ ♥♦✉s ét✉❞✐♦♥s ❧✬✐♠♣❛❝t ❞❡s ❞✐✛ér❡♥t❡s ♣♦❧✐t✐q✉❡s ❞❡ ♣❧❛❝❡♠❡♥t s✉r
❧❛ ❞✉ré❡ ❞❡ ✈✐❡ ❞❡s ❞♦♥♥é❡s✳ P❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ♥♦✉s ❞é❝r✐✈♦♥s ❞❡s ♠ét❤♦❞❡s ♣♦✉r
❝❛❧❝✉❧❡r ❡t✴♦✉ ❛♣♣r♦①✐♠❡r ❧❡ t❡♠♣s ♠♦②❡♥ ❛✈❛♥t q✉❡ ❧❡ s②stè♠❡ ♣❡r❞❡ ✉♥❡ ❞♦♥♥é❡
✭▼❡❛♥ ❚✐♠❡ t♦ ❉❛t❛ ▲♦ss✮✳ ◆♦✉s ❝♦♠♣❛r♦♥s ❝❡tt❡ ♠étr✐q✉❡ ♣♦✉r tr♦✐s ♣♦❧✐t✐q✉❡s ❞❡
♣❧❛❝❡♠❡♥t ✿ ❞❡✉① s♦♥t ❧♦❝❛❧❡s✱ ❞✐str✐❜✉❛♥t ❧❡s ❢r❛❣♠❡♥ts s✉r ❞❡s ✈♦✐s✐♥s ❧♦❣✐q✉❡s✱ ❡t
❧❛ tr♦✐s✐è♠❡ ❡st ❣❧♦❜❛❧❡✳
❊♥s✉✐t❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥ ♣r♦❜❧è♠❡ ❧é❣èr❡♠❡♥t ❞✐✛ér❡♥t ✭♠♦t✐✈é ♣❛r ❧❛ ré♣❧✐✲
❝❛t✐♦♥ ❞❡s ❞♦♥♥é❡s ❞❛♥s ✉♥ s②stè♠❡ ❞❡ ✈✐❞é♦ à ❧❛ ❞❡♠❛♥❞❡ ❬❇❇❏▼❘✵✾❜✱ ❏▼❘❇❇✵✾❪✮
♦ù ❝❤❛q✉❡ ❞♦♥♥é❡ ❡st ré♣❧✐q✉é❡ s✉r ❡①❛❝t❡♠❡♥t k s❡r✈❡✉rs ❡t ♦ù ❝❤❛q✉❡ s❡r✈❡✉r
♣❡✉t t♦♠❜❡r ❡♥ ♣❛♥♥❡✳ ◆♦✉s ❝❤❡r❝❤♦♥s à ❞ét❡r♠✐♥❡r ✉♥ ♣❧❛❝❡♠❡♥t ♠✐♥✐♠✐s❛♥t ❧❛
✈❛r✐❛♥❝❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❞♦♥♥é❡s ✐♥❞✐s♣♦♥✐❜❧❡s✳ ◆♦✉s r❛♠❡♥♦♥s ❝❡ ♣r♦❜❧è♠❡ à ✉♥ ♣r♦✲
❜❧è♠❡ ❞✬❡①✐st❡♥❝❡ ❞❡ ❝♦♥✜❣✉r❛t✐♦♥s ✏éq✉✐❧✐❜ré❡s✑✱ ♣r♦❜❧è♠❡ ❞✐✣❝✐❧❡ ❝❛r ✐❧ ❝♦♥t✐❡♥t ❧❡
♣r♦❜❧è♠❡ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞❡ s②stè♠❡s ❞❡ ❙t❡✐♥❡r✳
❈❡ tr❛✈❛✐❧ ❛ été ré❛❧✐sé ❛✈❡❝ ❏❡❛♥✲❈❧❛✉❞❡ ❇❡r♠♦♥❞✱ ❙té♣❤❛♥❡ ❈❛r♦♥✱ ❋ré✲
❞ér✐❝ ●✐r♦✐r❡✱ ❆❧❛✐♥ ❏❡❛♥✲▼❛r✐❡✱ ❏✉❧✐❛♥ ▼♦♥t❡✐r♦✱ ❙té♣❤❛♥❡ Pér❡♥♥❡s ❡t ❏♦s❡♣❤
❨✉ ❬❈●▼+✶✵❜✱ ❈●▼+✶✵❝✱ ❈●▼+✶✵❛✱ ❇❏▼▼❨✶✶❪✳
✻ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥
❈♦❧♦r❛t✐♦♥ ✐♠♣r♦♣r❡ ♣♦♥❞éré❡ ✿ ❛♥♥❡①❡ ❆✳
◆♦✉s ét✉❞✐♦♥s ✉♥ ♥♦✉✈❡❛✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦❧♦r❛t✐♦♥ ♠♦t✐✈é ♣❛r ✉♥ ♣r♦❜❧è♠❡ ♣r❛✲
t✐q✉❡ ❞✬❛❧❧♦❝❛t✐♦♥ ❞❡ ❢réq✉❡♥❝❡s✳ ❉❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧✱ ✉♥ ♥÷✉❞ ✐♥t❡r❢èr❡ ❛✈❡❝ ❧❡s
❛✉tr❡s✱ à ✉♥ ♥✐✈❡❛✉ ❞é♣❡♥❞❛♥t ❞❡ ♥♦♠❜r❡✉① ♣❛r❛♠ètr❡s ✿ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡s ♥÷✉❞s✱
❧❛ t♦♣♦❣r❛♣❤✐❡ ♣❤②s✐q✉❡✱ ❧❡s ♦❜st❛❝❧❡s✱ ❡t❝✳ ◆♦✉s ♠♦❞é❧✐s♦♥s ❝❡❧❛ ♣❛r ✉♥ ❣r❛♣❤❡ ❛rêt❡✲
✈❛❧✉é ● ♦ù ❧❡ ♣♦✐❞s ❞✬✉♥❡ ❛rêt❡ r❡♣rés❡♥t❡ ❧❡ ❜r✉✐t ✭♦✉ ❧✬✐♥t❡r❢ér❡♥❝❡✮ ❡♥tr❡ ❝❡s ❞❡✉①
❡①tré♠✐tés✳ ▲✬✐♥t❡r❢ér❡♥❝❡ t♦t❛❧❡ ❛✉ ♥✐✈❡❛✉ ❞✬✉♥ ♥÷✉❞ ❡st ❛❧♦rs ❧❛ s♦♠♠❡ ❞❡ t♦✉s
❧❡s ❜r✉✐ts ❡♥tr❡ ❝❡ ♥÷✉❞ ❡t ❧❡s ❛✉tr❡s ♥÷✉❞s é♠❡tt❛♥t ❛✈❡❝ ❧❛ ♠ê♠❡ ❢réq✉❡♥❝❡✳ ❯♥❡
❦✲❝♦❧♦r❛t✐♦♥ t✲✐♠♣r♦♣r❡ ♣♦♥❞éré❡ ❞❡ ● ❡st ✉♥❡ ❦✲❝♦❧♦r❛t✐♦♥ ❞❡s ♥÷✉❞s ❞❡ ● ✭❛s✲
s✐❣♥❛t✐♦♥ ❞❡ ❦ ❢réq✉❡♥❝❡s✮ t❡❧❧❡ q✉❡ ❧✬✐♥t❡r❢ér❡♥❝❡ à ❝❤❛q✉❡ ♥÷✉❞ ♥✬❡①❝è❞❡ ♣❛s ✉♥
❝❡rt❛✐♥ s❡✉✐❧ t✳ ◆♦✉s ét✉❞✐♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❝♦❧♦r❛t✐♦♥ ✐♠♣r♦♣r❡ ♣♦♥❞éré❡ q✉✐
❝♦♥s✐st❡ à ❞ét❡r♠✐♥❡r ❧❡ ♥♦♠❜r❡ ❝❤r♦♠❛t✐q✉❡ t✲✐♠♣r♦♣r❡ ♣♦♥❞éré ❞✬✉♥ ❣r❛♣❤❡ ❛rêt❡✲
✈❛❧✉é ●✱ q✉✐ ❡st ❧❡ ♣❧✉s ♣❡t✐t ❡♥t✐❡r ❦ t❡❧ q✉❡ ● ❛❞♠❡tt❡ ✉♥❡ ❦✲❝♦❧♦r❛t✐♦♥ t✲✐♠♣r♦♣r❡
♣♦♥❞éré❡✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s é❣❛❧❡♠❡♥t ❧❡ ♣r♦❜❧è♠❡ ❚❤r❡s❤♦❧❞ ■♠♣r♦♣❡r ❈♦❧♦✉r✐♥❣
✭❧❡ ♣r♦❜❧è♠❡ ❞✉❛❧✮ q✉✐✱ ét❛♥t ❞♦♥♥é ✉♥ ♥♦♠❜r❡ ❞❡ ❝♦✉❧❡✉rs ✭❢réq✉❡♥❝❡s✮✱ ❝♦♥s✐st❡ à
❞ét❡r♠✐♥❡r ❧❡ ♣❧✉s ♣❡t✐t ré❡❧ t t❡❧ q✉❡ ● ❛❞♠❡tt❡ ✉♥❡ ❦✲❝♦❧♦r❛t✐♦♥ t✲✐♠♣r♦♣r❡ ♣♦♥✲
❞éré❡✳ ◆♦✉s ♠♦♥tr♦♥s q✉❡ t♦✉s ❝❡s ♣r♦❜❧è♠❡s s♦♥t ◆P✲❞✐✣❝✐❧❡s ❡♥ ♣rés❡♥t❛♥t t♦✉t
❞✬❛❜♦r❞ ❞❡s ❜♦r♥❡s s✉♣ér✐❡✉r❡s ❣é♥ér❛❧❡s ❀ ❡♥ ♣❛rt✐❝✉❧✐❡r ♥♦✉s ♣r♦✉✈♦♥s ✉♥❡ ❣é♥ér❛❧✐✲
s❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ❞❡ ▲♦✈ás③ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞✉ ♥♦♠❜r❡ ❝❤r♦♠❛t✐q✉❡ t✲✐♠♣r♦♣r❡
♣♦♥❞éré✳ ◆♦✉s ♠♦♥tr♦♥s ❡♥s✉✐t❡ ❝♦♠♠❡♥t tr❛♥s❢♦r♠❡r ✉♥❡ ✐♥st❛♥❝❡ ❞✉ ♣r♦❜❧è♠❡
❚❤r❡s❤♦❧❞ ■♠♣r♦♣❡r ❈♦❧♦✉r✐♥❣ ❡♥ ✉♥❡ ✐♥st❛♥❝❡ éq✉✐✈❛❧❡♥t❡ ❛✈❡❝ ❞❡s ♣♦✐❞s ✶ ♦✉ ▼✱
♣♦✉r ✉♥❡ ✈❛❧❡✉r ❞❡ ▼ s✉✣s❛♠♠❡♥t ❣r❛♥❞❡✳ ▼♦t✐✈é ♣❛r ❧✬♦r✐❣✐♥❡ ❞✉ ♣r♦❜❧è♠❡✱ ♥♦✉s
ét✉❞✐♦♥s ✉♥ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ♣❛rt✐❝✉❧✐❡r ♣♦✉r ❞✐✛ér❡♥t❡s ❣r✐❧❧❡s ✭❝❛rré❡✱ tr✐❛♥✲
❣✉❧❛✐r❡✱ ❤❡①❛❣♦♥❛❧❡✮ ♦ù ✉♥ ♥÷✉❞ ♣r♦❞✉✐t ✉♥ ❜r✉✐t ❞✬✐♥t❡♥s✐té ✶ ♣♦✉r s❡s ✈♦✐s✐♥s ❡t
✉♥ ❜r✉✐t ❞✬✐♥t❡♥s✐té 12 ♣♦✉r ❧❡s ♥÷✉❞s à ❞✐st❛♥❝❡ ✷✳ ▲❡ ♣r♦❜❧è♠❡ ❝♦♥s✐st❡ ❛❧♦rs à
❞ét❡r♠✐♥❡r ❧❡ ♥♦♠❜r❡ ❝❤r♦♠❛t✐q✉❡ t✲✐♠♣r♦♣r❡ ♣♦♥❞éré ❧♦rsq✉❡ ● ❡st ❧❡ ❝❛rré ❞✬✉♥❡
❣r✐❧❧❡ ❡t q✉❡ ❧❡s ♣♦✐❞s ❞❡s ❛rêt❡s ✈❛❧❡♥t ✶ s✐ ❧❡s ❞❡✉① ♥÷✉❞s ❡①tré♠✐tés s♦♥t ❛❞❥❛❝❡♥ts
❞❛♥s ❧❛ ❣r✐❧❧❡✱ ❡t 12 s✐♥♦♥✳ ❊♥✜♥✱ ♥♦✉s ♠♦❞é❧✐s♦♥s ❧❡ ♣r♦❜❧è♠❡ ♣❛r ❞❡s ♣r♦❣r❛♠♠❡s
❧✐♥é❛✐r❡s ❡♥ ♥♦♠❜r❡s ❡♥t✐❡rs✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞❡s ❤❡✉r✐st✐q✉❡s ❡t ❞❡s ❛❧❣♦r✐t❤♠❡s
❡①❛❝ts ❞✬é♥✉♠ér❛t✐♦♥ ♣❛r ❧❛ t❡❝❤♥✐q✉❡ ❞✉ ❇r❛♥❝❤✲❛♥❞✲❇♦✉♥❞✳ ◆♦✉s ❧❡s t❡st♦♥s ♣♦✉r
❞❡s ❣r❛♣❤❡s ❛❧é❛t♦✐r❡s r❡ss❡♠❜❧❛♥t à ❞❡s rés❡❛✉① ❝❡❧❧✉❧❛✐r❡s✱ à s❛✈♦✐r ❞❡s t❡ss❡❧❧❛t✐♦♥s
❞❡ P♦✐ss♦♥✲❱♦r♦♥♦✐✳
❈❡ tr❛✈❛✐❧ ❛ été ré❛❧✐sé ❛✈❡❝ ❏✉❧✐♦ ❆r❛✉❥♦✱ ❏❡❛♥✲❈❧❛✉❞❡ ❇❡r♠♦♥❞✱ ❋ré❞ér✐❝ ●✐r♦✐r❡✱
❋ré❞ér✐❝ ❍❛✈❡t ❡t ❘❡♠✐❣✐✉s③ ▼♦❞r③❡❥❡✇s❦✐ ❬❆❇●+✶✶❛✱ ❆❇●+✶✶❜❪✳
❉✐st❛♥❝❡ ♠♦②❡♥♥❡ ❞❛♥s ❧❡s rés❡❛✉① ré❝✉rs✐❢s ✿ ❛♥♥❡①❡ ❇✳
◆♦✉s ét✉❞✐♦♥s ❞❡✉① ❝❛r❛❝tér✐st✐q✉❡s ❞✬✉♥❡ ❝❧❛ss❡ ❞❡ ❣r❛♣❤❡s ♣r♦♣♦sé❡ ♣❛r ❩❤❛♥❣
❡t ❛❧✳ ❞❛♥s ❬❩❘●✵✻❪✳ ❈❡s ❣r❛♣❤❡s s♦♥t ❝♦♥str✉✐ts ❞❡ ♠❛♥✐èr❡ ré❝✉rs✐✈❡ ❝♦♠♠❡ s✉✐t✳
ZRG0 ❡st ❧❡ ❣r❛♣❤❡ ✈✐❞❡ ❡t ZRG1 r❡♣rés❡♥t❡ ✉♥ ❝②❝❧❡ ❝♦♠♣♦sé ❞❡ tr♦✐s s♦♠♠❡ts✳
P♦✉r t ≥ 2✱ ZRGt ❡st ❝♦♥str✉✐t à ♣❛rt✐r ❞❡ ZRGt−1 ❡♥ ❛❥♦✉t❛♥t ♣♦✉r ❝❤❛q✉❡
❛rêt❡ ❝réé❡ à ❧✬ét❛♣❡ t✱ ✉♥ ♥♦✉✈❡❛✉ s♦♠♠❡t ❡♥ r❡❧✐❛♥t ❝❡ ❞❡r♥✐❡r ❛✉① ❞❡✉① s♦♠♠❡ts
❡①tré♠✐tés ❞❡ ❧✬❛rêt❡✳ ◆♦✉s ♣r♦✉✈♦♥s ✉♥❡ ❢♦r♠✉❧❡ ❝❧♦s❡ ♣♦✉r ❧❛ ❞✐st❛♥❝❡ ♠♦②❡♥♥❡
❡♥tr❡ ❞❡✉① ♣❛✐r❡s ❞❡ s♦♠♠❡ts ❞❡ ZRGt ♣♦✉r t♦✉t t ≥ 0✳ ◆♦✉s ét✉❞✐♦♥s ❡♥s✉✐t❡ ❝❡tt❡
❞✐st❛♥❝❡ ♠♦②❡♥♥❡ ♣♦✉r ❞❡s ❣r❛♣❤❡s ❝♦♥str✉✐ts ❞❡ ♠❛♥✐èr❡ ♥♦♥ ❞ét❡r♠✐♥✐st❡✳
✶✳✷✳ P✉❜❧✐❝❛t✐♦♥s ✼
❈❡ tr❛✈❛✐❧ ❛ été ré❛❧✐sé ❛✈❡❝ ❏❡❛♥✲❈❧❛✉❞❡ ❇❡r♠♦♥❞✱ P❤✐❧✐♣♣❡ ●✐❛❜❜❛♥❡❧❧✐ ❡t ❙té✲
♣❤❛♥❡ Pér❡♥♥❡s ❬❇●▼✶✵✱ ●▼P✶✵❪✳
✶✳✷ P✉❜❧✐❝❛t✐♦♥s
❊❞✐t✐♦♥ ❞✬❛❝t❡s
✶✳ ❋ré❞ér✐❝ ●✐r♦✐r❡✱ ❛♥❞ ❉♦r✐❛♥ ▼❛③❛✉r✐❝✱ ❡❞✐t♦rs✳ ✶✶❡s ❏♦✉r♥é❡s ❉♦❝t♦r❛❧❡s
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❝❡♥♦✱ ❛♥❞ ◆✐❝♦❧❛s ◆✐ss❡✳ ❚r❛❞❡♦✛s ✐♥ ♣r♦❝❡ss str❛t❡❣② ❣❛♠❡s ✇✐t❤ ❛♣♣❧✐✲
❝❛t✐♦♥ ✐♥ t❤❡ ❲❉▼ r❡❝♦♥✜❣✉r❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r
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❉♦r✐❛♥ ▼❛③❛✉r✐❝✱ ❛♥❞ ❘❡♠✐❣✐✉s③ ▼♦❞r③❡❥❡✇s❦✐✳ ❲❡✐❣❤t❡❞ ■♠♣r♦♣❡r ❈♦✲
❧♦✉r✐♥❣✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣ ♦♥ ❈♦♠❜✐♥❛t♦r✐❛❧ ❆❧✲
❣♦r✐t❤♠s ✭■❲❖❈❆ ✷✵✶✶✮✳ ❯♥✐✈❡rs✐t② ♦❢ ❱✐❝t♦r✐❛✱ ❱✐❝t♦r✐❛✱ ❇r✐t✐s❤ ❈♦✲
❧✉♠❜✐❛✱ ❈❛♥❛❞❛✱ ✷✵ ❏✉♥❡ ✲ ✷✷ ❏✉♥❡✱ ✷✵✶✶✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r
❙❝✐❡♥❝❡✳ ❙♣r✐♥❣❡r✳ ❚♦ ❛♣♣❡❛r✳
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▼✐♥✐♠✐③✐♥❣ ❘♦✉t✐♥❣ ❊♥❡r❣② ❈♦♥s✉♠♣t✐♦♥ ✿ ❢r♦♠ ❚❤❡♦r❡t✐❝❛❧ t♦ Pr❛❝t✐❝❛❧
❘❡s✉❧ts✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ ■❊❊❊✴❆❈▼ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ●r❡❡♥
❈♦♠♣✉t✐♥❣ ❛♥❞ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✭●r❡❡♥❈♦♠ ✷✵✶✵✮✳ ❍❛♥❣③❤♦✉✱ ❈❤✐♥❛✱
✶✽ ❉❡❝❡♠❜❡r ✲ ✷✵ ❉❡❝❡♠❜❡r✱ ✷✵✶✵✳
✽ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥
✸✳ ❏❡❛♥✲❈❧❛✉❞❡ ❇❡r♠♦♥❞✱ P❤✐❧✐♣♣❡ ●✐❛❜❜❛♥❡❧❧✐✱ ❛♥❞ ❉♦r✐❛♥ ▼❛③❛✉r✐❝✳ ❆✈❡✲
r❛❣❡ ♣❛t❤ ❧❡♥❣t❤ ♦❢ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ st♦❝❤❛st✐❝s r❡❝✉rs✐✈❡ ♥❡t✇♦r❦s✳ ■♥
Pr♦❝❡❡❞✐♥❣s ♦❢ ❙❡❝♦♥❞ ❲♦r❦s❤♦♣ ♦♥ ❈♦♠♣❧❡① ◆❡t✇♦r❦s ✭❈♦♠♣❧❡◆❡t
✷✵✶✵✮✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ❈♦♠♣✉t❡r ❛♥❞ ■♥❢♦r♠❛t✐♦♥ ❙❝✐❡♥❝❡ ✭❈❈■❙✮✱
❙♣r✐♥❣❡r✲❱❡r❧❛❣✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ❇r❛③✐❧✱ ✶✸ ❖❝t♦❜❡r ✲ ✶✺ ❖❝t♦❜❡r✱ ✷✵✶✵✳
✹✳ ❙té♣❤❛♥❡ ❈❛r♦♥✱ ❋ré❞ér✐❝ ●✐r♦✐r❡✱ ❉♦r✐❛♥ ▼❛③❛✉r✐❝✱ ❏✉❧✐❛♥ ▼♦♥t❡✐r♦✱ ❛♥❞
❙té♣❤❛♥❡ Pér❡♥♥❡s✳ ❉❛t❛ ▲✐❢❡ ❚✐♠❡ ❢♦r ❉✐✛❡r❡♥t P❧❛❝❡♠❡♥t P♦❧✐❝✐❡s ✐♥
P✷P ❙t♦r❛❣❡ ❙②st❡♠s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ ❚❤✐r❞ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡
♦♥ ❉❛t❛ ▼❛♥❛❣❡♠❡♥t ✐♥ ●r✐❞ ❛♥❞ P✷P ❙②st❡♠s ✭●▲❖❇❊ ✷✵✶✵✮✳ ❱♦✲
❧✉♠❡ ✻✷✻✺ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✳ P❛❣❡s ✼✺✲✽✽✳ ❇✐❧❜❛♦✱
❙♣❛✐♥✱ ✶ ❙❡♣t❡♠❜❡r ✲ ✷ ❙❡♣t❡♠❜❡r✱ ✷✵✶✵✳
✺✳ ❏❡❛♥✲❈❧❛✉❞❡ ❇❡r♠♦♥❞✱ ❉♦r✐❛♥ ▼❛③❛✉r✐❝✱ ❱✐s❤❛❧ ▼✐sr❛✱ ❛♥❞ P❤✐❧✐♣♣❡
◆❛✐♥✳ ❆ ❉✐str✐❜✉t❡❞ ❙❝❤❡❞✉❧✐♥❣ ❆❧❣♦r✐t❤♠ ❢♦r ❲✐r❡❧❡ss ◆❡t✇♦r❦s ✇✐t❤
❈♦♥st❛♥t ❖✈❡r❤❡❛❞ ❛♥❞ ❆r❜✐tr❛r② ❇✐♥❛r② ■♥t❡r❢❡r❡♥❝❡✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢
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✶✳ ❏✉❧✐♦ ❆r❛✉❥♦✱ ❏❡❛♥✲❈❧❛✉❞❡ ❇❡r♠♦♥❞✱ ❋ré❞ér✐❝ ●✐r♦✐r❡✱ ❋ré❞ér✐❝ ❍❛✈❡t✱
❉♦r✐❛♥ ▼❛③❛✉r✐❝✱ ❛♥❞ ❘❡♠✐❣✐✉s③ ▼♦❞r③❡❥❡✇s❦✐✳ ❲❡✐❣❤t❡❞ ■♠♣r♦♣❡r ❈♦✲
❧♦✉r✐♥❣✳ ❘❡s❡❛r❝❤ ❘❡♣♦rt ❘❘✲✼✺✾✵✱ ■◆❘■❆✱ ❆♣r✐❧ ✷✵✶✶✳ ❙✉❜♠✐tt❡❞ t♦
❏♦✉r♥❛❧ ♦❢ ❉✐s❝r❡t❡ ❆❧❣♦r✐t❤♠s ✭s♣❡❝✐❛❧ ✐ss✉❡✮✳
✷✳ ❙té♣❤❛♥❡ ❈❛r♦♥✱ ❋ré❞ér✐❝ ●✐r♦✐r❡✱ ❉♦r✐❛♥ ▼❛③❛✉r✐❝✱ ❏✉❧✐❛♥ ▼♦♥t❡✐r♦✱ ❙té✲
♣❤❛♥❡ Pér❡♥♥❡s✳ ❙✉r✈❡②✐♥❣ ❉✐✛❡r❡♥t P❧❛❝❡♠❡♥t P♦❧✐❝✐❡s ✐♥ P✷P ❙t♦r❛❣❡
❙②st❡♠s✳ ❘❡s❡❛r❝❤ ❘❡♣♦rt ❘❘✲✼✷✵✾✱ ■◆❘■❆✱ ❋❡❜r✉❛r② ✷✵✶✵✳ ❙✉❜♠✐tt❡❞
t♦ P❡❡r✲t♦✲P❡❡r ◆❡t✇♦r❦✐♥❣ ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✳
✸✳ ❋ré❞ér✐❝ ●✐r♦✐r❡✱ ❉♦r✐❛♥ ▼❛③❛✉r✐❝✱ ❏♦❛♥♥❛ ▼♦✉❧✐❡r❛❝✱ ❛♥❞ ❇r✐❝❡ ❖♥❢r♦②✳
▼✐♥✐♠✐③✐♥❣ ❘♦✉t✐♥❣ ❊♥❡r❣② ❈♦♥s✉♠♣t✐♦♥ ✿ ❢r♦♠ ❚❤❡♦r❡t✐❝❛❧ t♦ Pr❛❝t✐❝❛❧
❘❡s✉❧ts✳ ❘❡s❡❛r❝❤ ❘❡♣♦rt ❘❘✲✼✷✸✹✱ ■◆❘■❆✱ ▼❛② ✷✵✶✵✳ ❚♦ ❜❡ s✉❜♠✐tt❡❞
t♦ ❛ ❥♦✉r♥❛❧✳
✹✳ ❏❡❛♥✲❈❧❛✉❞❡ ❇❡r♠♦♥❞✱ ❉♦r✐❛♥ ▼❛③❛✉r✐❝✱ ❱✐s❤❛❧ ▼✐sr❛✱ ❛♥❞ P❤✐❧✐♣♣❡
◆❛✐♥✳ ❉✐str✐❜✉t❡❞ ❈❛❧❧ ❙❝❤❡❞✉❧✐♥❣ ✐♥ ❲✐r❡❧❡ss ◆❡t✇♦r❦✳ ❘❡s❡❛r❝❤ ❘❡♣♦rt
❘❘✲✻✼✻✸✱ ■◆❘■❆✱ ❉❡❝❡♠❜❡r ✷✵✵✽✳ ❚♦ ❜❡ s✉❜♠✐tt❡❞ t♦ ❛ ❥♦✉r♥❛❧✳
✺✳ ❏❡❛♥✲❈❧❛✉❞❡ ❇❡r♠♦♥❞✱ ❆❧❛✐♥ ❏❡❛♥✲▼❛r✐❡✱ ❉♦r✐❛♥ ▼❛③❛✉r✐❝✱ ❛♥❞ ❏♦s❡♣❤
❨✉✳ ❲❡❧❧ ❇❛❧❛♥❝❡❞ ❉❡s✐❣♥s ❢♦r ❉❛t❛ P❧❛❝❡♠❡♥t✳ ❘❡s❡❛r❝❤ ❘❡♣♦rt ❘❘✲
✼✼✷✺✱ ■◆❘■❆✱ ❙❡♣t❡♠❜❡r ✷✵✶✶✳ ❚♦ ❜❡ s✉❜♠✐tt❡❞ t♦ ❛ ❥♦✉r♥❛❧✳
✻✳ ❋❡❞♦r ❱✳ ❋♦♠✐♥✱ ❋ré❞ér✐❝ ●✐r♦✐r❡✱ ❆❧❛✐♥ ❏❡❛♥✲▼❛r✐❡✱ ❉♦r✐❛♥ ▼❛③❛✉r✐❝✱
❛♥❞ ◆✐❝♦❧❛s ◆✐ss❡✳ ❚♦ ❙❛t✐s❢② ■♠♣❛t✐❡♥t ❲❡❜ s✉r❢❡rs ✐s ❍❛r❞✳ ❘❡s❡❛r❝❤
❘❡♣♦rt ❘❘✲✼✼✹✵✱ ■◆❘■❆✱ ❙❡♣t❡♠❜❡r ✷✵✶✶✳ ❙✉❜♠✐tt❡❞ t♦ ▲❛t✐♥ ✷✵✶✷✳
❈❤❛♣✐tr❡ ✷
❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s
❧❡s rés❡❛✉① ♦♣t✐q✉❡s
❙♦♠♠❛✐r❡
✷✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✷✳✶✳✶ ▼♦t✐✈❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✷✳✶✳✷ ❉✐❣r❛♣❤❡s ❞❡ ❞é♣❡♥❞❛♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✷✳✶✳✸ ❙tr❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✶✳✹ ➱t❛t ❞❡ ❧✬❛rt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✷✳✶✳✺ ❈♦♥tr✐❜✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✷✳✷ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✳ ✷✾
✷✳✷✳✶ Pré❧✐♠✐♥❛✐r❡s ❡t ❞é✜♥✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✷✳✷✳✷ ❆r❜r❡ st❛❜❧❡ ❡t ❛r❜r❡ ✐♥st❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✷✳✷✳✸ ❉é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ✭♠✐♥✐♠❛❧❡✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
✷✳✷✳✹ ❆❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ♣♦✉r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
✷✳✷✳✺ ❆❧❣♦r✐t❤♠❡ ❞②♥❛♠✐q✉❡ ❡t ✐♥❝ré♠❡♥t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
✷✳✷✳✻ ❈♦♠♣❧❡①✐té ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✷✳✷✳✼ ❊①t❡♥s✐♦♥s ❡t ♣❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✷✳✸ ❈♦♠♣r♦♠✐s ❡♥tr❡ ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛♥é❡s ❡t
❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
✷✳✸✳✶ ▲❡s ♣❛r❛♠ètr❡s ❞❡ ❝♦♠♣r♦♠✐s s♦♥t ❞✐✣❝✐❧❡s à ❛♣♣r♦①✐♠❡r ✳ ✳ ✺✹
✷✳✸✳✷ ▲❡s r❛♣♣♦rts ❞❡ ❝♦♠♣r♦♠✐s ♥❡ s♦♥t ♣❛s ❜♦r♥és ❞❛♥s ❧❡s ❞✐❣r❛♣❤❡s ✺✻
✷✳✸✳✸ ❘❛♣♣♦rts ❞❡ ❝♦♠♣r♦♠✐s ❞❛♥s ❧❡s ❞✐❣r❛♣❤❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✺✽
✷✳✸✳✹ P❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶
✷✳✹ ❊①t❡♥s✐♦♥s ❡t ❛✉tr❡s ♠♦❞é❧✐s❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶
✷✳✹✳✶ ▼♦❞è❧❡ ❛✈❡❝ r❡q✉êt❡s ♣r✐♦r✐t❛✐r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✷✳✹✳✷ ▼♦❞è❧❡ ❛✈❡❝ ♣❛rt❛❣❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻
✷✳✹✳✸ ▼♦❞è❧❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ♣❤②s✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷
✷✳✺ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺
✷✳✶ ■♥tr♦❞✉❝t✐♦♥
❈❡ tr❛✈❛✐❧ ❛ été ré❛❧✐sé ❛✈❡❝ ❙♦♥✐❛ ❇❡❧❤❛r❡t❤✱ ◆❛t❤❛♥♥ ❈♦❤❡♥✱ ❉❛✈✐❞ ❈♦✉❞❡rt✱
❋❧♦r✐❛♥ ❍✉❝✱ ◆❛♣♦❧❡ã♦ ◆❡♣♦♠✉❝❡♥♦✱ ◆✐❝♦❧❛s ◆✐ss❡✱ ❏❡❛♥✲❙é❜❛st✐❡♥ ❙❡r❡♥✐ ❡t ■s✲
s❛♠ ❚❛❤✐r✐ ❬❈▼◆✵✾❝✱ ❈▼◆✵✾❜✱ ❈❍▼+✵✾❛✱ ❈❍▼✶✶✱ ❈▼✵✽✱ ❈❍▼✵✽❛✱ ❈❈▼+✵✾✱
❈❈▼+✶✵❜✱ ❈❈▼+❛r✱ ❈❈▼+✶✵❛✱ ❈❍▼+✵✾❜✱ ❈❍▼✵✽❜❪✳
✶✷ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
✷✳✶✳✶ ▼♦t✐✈❛t✐♦♥s
◆♦✉s ❝♦♥s✐❞ér♦♥s ❞❡s rés❡❛✉① ♦♣t✐q✉❡s à ♠✉❧t✐♣❧❡①❛❣❡ ❡♥ ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡ ✭❲❛✲
✈❡❧❡♥❣t❤ ❉✐✈✐s✐♦♥ ▼✉❧t✐♣❧❡①✐♥❣✱ ❲❉▼✮✳ ➚ ❝❤❛q✉❡ ❞❡♠❛♥❞❡ ❞❡ ❝♦♥♥❡①✐♦♥✱ ✉♥ ❝❤❡♠✐♥
❞❛♥s ❧❡ rés❡❛✉ ❞♦✐t ❧✉✐ êtr❡ ❛ttr✐❜✉é ❛✐♥s✐ q✉✬✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ▲❡ ♠✉❧t✐♣❧❡①❛❣❡
❞❛♥s ❝❡s rés❡❛✉① ❝♦♥tr❛✐♥t ❧❡s r❡q✉êt❡s ♣❛ss❛♥t ♣❛r ✉♥❡ ♠ê♠❡ ✜❜r❡ ❞✉ rés❡❛✉ à ❛✈♦✐r
t♦✉t❡s ❞❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡ ❞✐✛ér❡♥t❡s ✭❝♦♥tr❛✐♥t❡ ❞❡ ♠✉❧t✐♣❧❡①❛❣❡✮✳ ❉❡ ♣❧✉s✱ ♥♦✉s
s✉♣♣♦s♦♥s q✉✬✉♥❡ ❝♦♥♥❡①✐♦♥ ❞♦✐t ❛✈♦✐r ❧❛ ♠ê♠❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❜♦✉t ❡♥ ❜♦✉t
✭❝♦♥tr❛✐♥t❡ ❞❡ ♥♦♥ ❝♦♥✈❡rs✐♦♥✮✳ ❯♥ r♦✉t❛❣❡ ♦♣t✐q✉❡ ♣♦✉r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❝♦♥♥❡①✐♦♥s
❝♦♥s✐st❡ ❛❧♦rs à ❞ét❡r♠✐♥❡r ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s r❡q✉êt❡s ✉♥ ❝❤❡♠✐♥ ❞❛♥s ❧❡ rés❡❛✉ ❡t
✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ r❡s♣❡❝t❛♥t ❧❡s ❝♦♥tr❛✐♥t❡s ❞❡ ♠✉❧t✐♣❧❡①❛❣❡ ❡t ❞❡ ♥♦♥ ❝♦♥✈❡rs✐♦♥✳
◆♦✉s ♠♦❞é❧✐s♦♥s ✉♥ rés❡❛✉ ❲❉▼ ♣❛r ✉♥ ♠✉❧t✐✲❞✐❣r❛♣❤❡ G = (V,E) ❛✈❡❝ V
r❡♣rés❡♥t❛♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s ♥÷✉❞s ❞✉ rés❡❛✉ ❡t ❝❤❛q✉❡ ❛rêt❡ (u, v) ∈ E r❡♣rés❡♥t❡
✉♥❡ ✜❜r❡ ❞✬✉♥ ❧✐❡♥ r❡❧✐❛♥t ❧❡ ♥÷✉❞ u ❡t ❧❡ ♥÷✉❞ v✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s W ❧♦♥❣✉❡✉rs
❞✬♦♥❞❡ ❞✉ rés❡❛✉ ❡st ♥♦té Λ = {λ1, . . . , λW }✳ ◆♦✉s ✉t✐❧✐s❡r♦♥s ❧✬❡♥s❡♠❜❧❡ ❞✬❡♥t✐❡rs
✭♦✉ ❞❡ ❝♦✉❧❡✉rs✮ C = {1, . . . ,W} ♣♦✉r r❡♣rés❡♥t❡r ❧❡s ❞✐✛ér❡♥t❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡✳
❙♦✐t Υ = {d1, . . . , d|Υ|} ❧✬❡♥s❡♠❜❧❡ ❞❡s r❡q✉êt❡s ❞❡ ❝♦♥♥❡①✐♦♥✳ ❯♥❡ r♦✉t❡ ♦♣t✐q✉❡
❞✬✉♥❡ r❡q✉êt❡ di = (ui, vi) ❡st ✉♥ ❝❤❡♠✐♥ ❝♦❧♦ré (Pi, ci) ❛✈❡❝ Pi ✉♥ ❝❤❡♠✐♥ ❡♥tr❡
ui ❡t vi ❞❛♥s G ❡t ci ∈ C ✉♥❡ ❝♦✉❧❡✉r r❡♣rés❡♥t❛♥t ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ✉t✐❧✐sé❡✳ ▲❛
❝♦♥tr❛✐♥t❡ ❞❡ ♥♦♥ ❝♦♥✈❡rs✐♦♥ ❡①♣r✐♠❡ ❧❡ ❢❛✐t q✉❡ ❞❡ ❜♦✉t ❡♥ ❜♦✉t✱ ❧❛ ❝♦♥♥❡①✐♦♥ di
✉t✐❧✐s❡ ❧❛ ♠ê♠❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ci ∈ C✳ ❯♥ r♦✉t❛❣❡ ♦♣t✐q✉❡ ❞❡ Υ ❡st ✉♥ ❡♥s❡♠❜❧❡ ❞❡
❝❤❡♠✐♥s ❝♦❧♦rés r❡s♣❡❝t❛♥t ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♠✉❧t✐♣❧❡①❛❣❡ ✿ s✐ ❞❡✉① ❝❤❡♠✐♥s ❝♦❧♦rés
✉t✐❧✐s❡♥t ❧❡ ♠ê♠❡ ❛r❝✱ ❛❧♦rs ❧❡✉rs ❝♦✉❧❡✉rs r❡s♣❡❝t✐✈❡s ❞♦✐✈❡♥t êtr❡ ❞✐✛ér❡♥t❡s✳
Pr♦❜❧è♠❡ ✶ ✭Pr♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❡t ❞✬❛✛❡❝t❛t✐♦♥ ❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✮
➱t❛♥t ❞♦♥♥és ✉♥ ♠✉t❧✐✲❞✐❣r❛♣❤❡ G = (V,E) r❡♣rés❡♥t❛♥t ✉♥ rés❡❛✉ ♦♣t✐q✉❡
❲❉▼✱ ✉♥ ❡♥s❡♠❜❧❡ C = {1, . . . ,W} r❡♣rés❡♥t❛♥t ❧❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡ ❞✐s♣♦♥✐❜❧❡s
❡t ✉♥ ❡♥s❡♠❜❧❡ Υ = {d1, . . . , d|Υ|} r❡♣rés❡♥t❛♥t ❧❡s r❡q✉êt❡s ❞❡ ❝♦♥♥❡①✐♦♥✱ ❧❡
♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❡t ❞✬❛✛❡❝t❛t✐♦♥ ❞❡ ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡ ✭❘♦✉t✐♥❣ ❛♥❞ ❲❛✈❡✲
❧❡♥❣t❤ ❆ss✐❣♥♠❡♥t✱ ❘❲❆✮ ❝♦♥s✐st❡ à ❞ét❡r♠✐♥❡r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❝❤❡♠✐♥s ❝♦❧♦rés
{(P1, c1), . . . , (P|Υ|, c|Υ|)} t❡❧ q✉❡ ∀i, j ∈ {1, . . . ,Υ}✱ i 6= j ✿ s✐ E(Pi) ∩ E(Pj) 6= ∅✱
❛❧♦rs ci 6= cj ✭❝♦♥tr❛✐♥t❡ ❞❡ ♠✉❧t✐♣❧❡①❛❣❡✮✳
❉❛♥s ❬❈♦✉✶✵❪✱ ❈♦✉❞❡rt ❞é❝r✐t ❧❡s ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s q✉✐ s❡♠❜❧❡♥t êtr❡ ❧❡s ♣❧✉s
❡✣❝❛❝❡s ♣♦✉r rés♦✉❞r❡ ❧❡ Pr♦❜❧è♠❡ ✶ ✿ ♣r♦❣r❛♠♠❛t✐♦♥ ❧✐♥é❛✐r❡ ❛✈❡❝ ❣é♥ér❛t✐♦♥ ❞❡
❝♦❧♦♥♥❡s ❬❏▼❚✵✼❪ ❡t ♠ét❤♦❞❡s ❜❛sé❡s s✉r ❧✬❛rr♦♥❞✐ ❛❧é❛t♦✐r❡ ❞✉ ♠✉❧t✐✢♦t ❢r❛❝t✐♦♥✲
♥❛✐r❡ ❬❇❈▲❘✵✸✱ ❈❘✵✷❜✱ ❈❘❘✵✸✱ ❇❈▲+✵✸✱ ❈❘✵✷❛❪✳
▲♦rsq✉❡ ❞❡s ❝❤❛♥❣❡♠❡♥ts ❞❡ ❧❛ t♦♣♦❧♦❣✐❡ ♣❤②s✐q✉❡ ❡t✴♦✉ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s r❡✲
q✉êt❡s s✉r✈✐❡♥♥❡♥t✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ tr❛✜❝ s❡ ♣♦s❡✳ ❊♥ ❡✛❡t✱ ❧❡s
♦♣ér❛t❡✉rs ❞❡ rés❡❛✉① ♦♣t✐q✉❡s ❞♦✐✈❡♥t ♣❛r❢♦✐s ♣❧❛♥✐✜❡r ❞❡s ♦♣ér❛t✐♦♥s ❞❡ ♠❛✐♥t❡✲
♥❛♥❝❡ s✉r ❝❡rt❛✐♥s ❧✐❡♥s ❞✉ rés❡❛✉ ✭❝❤❛♥❣❡♠❡♥t t❡♠♣♦r❛✐r❡ ❞❡ ❧❛ t♦♣♦❧♦❣✐❡✮ ❡t✴♦✉
❢❛✐r❡ ❢❛❝❡ à ❞❡s ✈❛r✐❛t✐♦♥s ❞✉ tr❛✜❝ ✭❝❤❛♥❣❡♠❡♥t ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s r❡q✉êt❡s✮✳ ❉❛♥s ❞❡
t❡❧❧❡s s✐t✉❛t✐♦♥s✱ ✐❧ ❡st ♣❛r❢♦✐s ♥é❝❡ss❛✐r❡ ❞❡ ♠♦❞✐✜❡r ❧❡ r♦✉t❛❣❡ ✿ ❧❡s r♦✉t❡s ♦♣t✐q✉❡s
❞✬✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ r❡q✉êt❡s ✉t✐❧✐s❡♥t ❞❡s ❧✐❡♥s q✉✐ s♦♥t✴s❡r♦♥t ✐♥❞✐s♣♦♥✐❜❧❡s ♦✉
❞❡ ♥♦✉✈❡❧❧❡s r❡q✉êt❡s ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ❛❝❝❡♣té❡s s❛♥s ♠♦❞✐✜❡r ❧❡ r♦✉t❛❣❡ ❝♦✉r❛♥t✳
✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✸
❉✐✛ér❡♥t❡s q✉❡st✐♦♥s s❡ ♣♦s❡♥t ❛❧♦rs s✉r ❧❡ ❝❤♦✐① ❞✉ ♥♦✉✈❡❛✉ r♦✉t❛❣❡✳ ❈♦♠♠❡♥t ❝❛❧✲
❝✉❧❡r ❧❡ ♥♦✉✈❡❛✉ r♦✉t❛❣❡ ❄ ◗✉❡❧❧❡ ❡st ❧✬✐♠♣♦rt❛♥❝❡ à ❞♦♥♥❡r ❛✉ r♦✉t❛❣❡ ❝♦✉r❛♥t ❞❛♥s
❝❡ ❝❛❧❝✉❧ ❄ ❈♦♠♠❡♥t ❡✛❡❝t✉❡r ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡ t♦✉t❡s ❧❡s ❝♦♥♥❡①✐♦♥s ❞✉ r♦✉t❛❣❡
❝♦✉r❛♥t ✈❡rs ❧❡ r♦✉t❛❣❡ ✜♥❛❧ ❄
❈❡s q✉❡st✐♦♥s ❧✐é❡s ❛✉① rés❡❛✉① ♦♣t✐q✉❡s s♦♥t ❝❡♥tr❛❧❡s ♣♦✉r t♦✉s ❧❡s rés❡❛✉①
♦r✐❡♥tés ❝♦♥♥❡①✐♦♥s ✿ rés❡❛✉① té❧é♣❤♦♥✐q✉❡s ❞❛♥s ❧❡s ❛♥♥é❡s ✶✾✼✵ ❬❆❝❦✼✾❪✱ ♣❧✉s ré✲
❝❡♠♠❡♥t ♣♦✉r ❧❡s rés❡❛✉① ❲❉▼ ❬▲❍❆✾✹✱ ❇❊P+✾✻✱ ▲▲✾✻✱ ▼▼✾✾✱ ▼▼✾✾✱ ❈❇▲✵✼✱
❈❍▼+✵✾❛❪ ❡t ▼P▲❙ ✭▼✉❧t✐✲Pr♦t♦❝♦❧ ▲❛❜❡❧ ❙✇✐t❝❤✐♥❣✮ ❬❇❑P✵✸✱ ❏▼✵✸✱ ❑❧♦✵✽❪✳
❉❛♥s ❞❡ t❡❧❧❡s s✐t✉❛t✐♦♥s✱ ✉♥❡ ❛♣♣r♦❝❤❡ ♣♦ss✐❜❧❡ ❡st ❞❡ ❝❤❛♥❣❡r ❧❡s r♦✉t❡s ♦♣t✐q✉❡s
❞❡s r❡q✉êt❡s séq✉❡♥t✐❡❧❧❡♠❡♥t ❥✉sq✉✬à ❛tt❡✐♥❞r❡ ✉♥ r♦✉t❛❣❡ s❛t✐s❢❛✐s❛♥t✱ q✉✐ ♥✬✉t✐❧✐s❡
♣❛s ❝❡rt❛✐♥❡s r❡ss♦✉r❝❡s ❞✉ rés❡❛✉✳ ▲❡ ❝❤❛♥❣❡♠❡♥t ❞❡ r♦✉t❡ ♦♣t✐q✉❡ ❞✬✉♥❡ r❡q✉êt❡
❞❡ ❝♦♥♥❡①✐♦♥ ♣❡✉t s❡ ❢❛✐r❡ ❡♥ ✉t✐❧✐s❛♥t ❧✬♦♣ér❛t✐♦♥ ▼♦✈❡✲❚♦✲❱❛❝❛♥t ✭▼❚❱✮ ❬▲▲✾✻✱
▼▼✾✾✱ ❈❇▲✵✼❪✳ ❈❡tt❡ ♦♣ér❛t✐♦♥ ❞❡ ♠✐❣r❛t✐♦♥ ét❛❜❧✐t ♣r❡♠✐èr❡♠❡♥t ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡
♦♣t✐q✉❡ ❞❡ ❧❛ r❡q✉êt❡ ❝♦♥❝❡r♥é❡ t♦✉t ❡♥ ♣rés❡r✈❛♥t ❧❛ tr❛♥s♠✐ss✐♦♥ s✉r ❧✬❛♥❝✐❡♥♥❡
❞✉r❛♥t t♦✉t❡ ❧✬♦♣ér❛t✐♦♥✳ ❯♥❡ ❢♦✐s ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ♦♣t✐q✉❡ ét❛❜❧✐❡✱ ❧❡s r❡ss♦✉r❝❡s
❞❡ ❧✬❛♥❝✐❡♥♥❡ ❞❡✈✐❡♥♥❡♥t ❞✐s♣♦♥✐❜❧❡s✳ ■❧ ♥✬② ❛ ❞♦♥❝ ♣❛s ❞✬✐♥t❡rr✉♣t✐♦♥ ❞✉ tr❛✜❝ ❧♦rs
❞❡ ❝❡tt❡ ♦♣ér❛t✐♦♥✳ ◆♦t♦♥s q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬✉t✐❧✐s❡r ❧✬♦♣ér❛t✐♦♥ ▼♦✈❡✲t♦✲❱❛❝❛♥t
♣❧✉s✐❡✉rs ❢♦✐s ♣♦✉r ✉♥❡ ♠ê♠❡ r❡q✉êt❡✳ ❯♥❡ q✉❡st✐♦♥ ✐♠♣♦rt❛♥t❡ ❡st ❛❧♦rs ❞❡ s❛✈♦✐r
s✐ ✉♥❡ séq✉❡♥❝❡ ❞✬♦♣ér❛t✐♦♥s ▼♦✈❡✲t♦✲❱❛❝❛♥t ♣❡r♠❡tt❛♥t ❞✬❛tt❡✐♥❞r❡ ✉♥ r♦✉t❛❣❡
s❛t✐s❢❛✐s❛♥t ❡①✐st❡ t♦✉❥♦✉rs ❄ ◗✉❡❧ ❡st ❧❡ t❡♠♣s ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ✭♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s✮
❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ❄ ◗✉❡ ❢❛✐r❡ s✐ ✉♥❡ t❡❧❧❡ séq✉❡♥❝❡ ♥✬❡①✐st❡ ♣❛s ❄
❯♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ ✐♥✈❡st✐❣✉é❡ ❡st ❞❡ ❝❛❧❝✉❧❡r ✉♥ ♥♦✉✈❡❛✉ r♦✉t❛❣❡ R′ ❡♥ ♠✐♥✐✲
♠✐s❛♥t ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦♥♥❡①✐♦♥s ❛②❛♥t ❞❡s r♦✉t❡s ❞✐✛ér❡♥t❡s ❞❛♥s ❧❡ r♦✉t❛❣❡ ❝♦✉r❛♥t
R ❡t ❧❡ ♥♦✉✈❡❛✉ R′✳ ▲❡s s♦❧✉t✐♦♥s ♣r♦♣♦sé❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ s♦♥t ❜❛sé❡s s✉r ❞❡s
♣r♦❣r❛♠♠❡s ❧✐♥é❛✐r❡s ❡♥ ♥♦♠❜r❡s ❡♥t✐❡rs ❬❇▼✵✵✱ ●▼✵✸❪✳ ❊♥ r❡✈❛♥❝❤❡✱ ❝♦♠♠❡ ❞é❝r✐t
❞❛♥s ❬●▼✵✸❪✱ ❝❡s s♦❧✉t✐♦♥s ♥✬❛♣♣♦rt❡♥t ♣❛s ❞❡ ré♣♦♥s❡s ♣♦✉r s❛✈♦✐r ❝♦♠♠❡♥t ♣❛ss❡r
❞❡ R à R′✳
❈❡rt❛✐♥s tr❛✈❛✉① ❛✈❛✐❡♥t ❡♥s✉✐t❡ ♣♦✉r ❞♦✉❜❧❡ ♦❜❥❡❝t✐❢ ❞❡ ❝❛❧❝✉❧❡r ❧❡ ♥♦✉✈❡❛✉ r♦✉✲
t❛❣❡ R′ ❡t ❧❛ séq✉❡♥❝❡ ❞✬♦♣ér❛t✐♦♥s ▼♦✈❡✲t♦✲❱❛❝❛♥t ❛ss♦❝✐é❡✳ ▲❡s s♦❧✉t✐♦♥s ✉t✐❧✐s❡♥t
✉♥❡ ♥♦✉✈❡❧❧❡ ❢♦✐s ❞❡s ♣r♦❣r❛♠♠❡s ❧✐♥é❛✐r❡s ❡♥ ♥♦♠❜r❡ ❡♥t✐❡rs ✭❞✐✣❝✐❧❡s à rés♦✉❞r❡ ❡♥
r❛✐s♦♥ ❞❡ ❧❡✉rs t❛✐❧❧❡s✮ ❡t ❛✉ss✐ ❞❡s ❤❡✉r✐st✐q✉❡s✳ ❱♦✐r ❬❇❑P✵✸✱ ❏▼✵✸✱ ❇P❋✵✹✱ ❑❧♦✵✽❪
♣♦✉r ❧❡s rés❡❛✉① ▼P▲❙ ❡t ❬❙▲✵✺✱ ❩❨❲❙✵✼❪ ♣♦✉r ❧❡s rés❡❛✉① ❲❉▼✳ ❈♦♠♠❡ ♣ré✲
❝é❞❡♠♠❡♥t✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ séq✉❡♥❝❡ ❞✬♦♣ér❛t✐♦♥s ▼♦✈❡✲t♦✲❱❛❝❛♥t
♣♦✉r ♣❛ss❡r ❞✉ r♦✉t❛❣❡ ❝♦✉r❛♥t R à R′ s❡ ♣♦s❡✳
❯♥ ❞❡s ♣r♦❜❧è♠❡s ❞❡ ❝❡s ❞✐✛ér❡♥t❡s ❛♣♣r♦❝❤❡s ❡st q✉❡ ♣♦✉r ❝❡rt❛✐♥❡s ✐♥st❛♥❝❡s✱
✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ séq✉❡♥❝❡ ❞✬♦♣ér❛t✐♦♥s ▼♦✈❡✲❚♦✲❱❛❝❛♥t ♣❡r♠❡tt❛♥t ❞✬❛tt❡✐♥❞r❡
✉♥ r♦✉t❛❣❡ ♦♣t✐q✉❡ s❛t✐s❢❛✐s❛♥t ✭♣❛r ❡①❡♠♣❧❡ ✉♥ r♦✉t❛❣❡ ♦♣t✐q✉❡ q✉✐ ♥✬✉t✐❧✐s❡ ♣❛s
❝❡rt❛✐♥❡s r❡ss♦✉r❝❡s ❞✉ rés❡❛✉ q✉✐ ✈♦♥t êtr❡ t❡♠♣♦r❛✐r❡♠❡♥t ✐♥❞✐s♣♦♥✐❜❧❡s✮✳ ❈♦♥s✐✲
❞ér♦♥s ❧✬✐♥st❛♥❝❡ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✶✳ ❈❤❛q✉❡ ❧✐❡♥ ❞✉ rés❡❛✉ r❡♣rés❡♥t❡ ❞❡✉① ❛r❝s ✭✉♥
❞❛♥s ❝❤❛q✉❡ s❡♥s✮ ❝❤❛❝✉♥ ❝♦♠♣♦sé ❞✬✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ▲❡ r♦✉t❛❣❡ ❝♦✉r❛♥t R
❞❡s ❝✐♥q r❡q✉êt❡s a✱ b✱ c✱ d ❡t e ❡st r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✭❛✮✳ ❙✉♣♣♦s♦♥s
q✉✬✉♥❡ ♦♣ér❛t✐♦♥ ❞❡ ♠❛✐♥t❡♥❛♥❝❡ ❞♦✐t êtr❡ ❡✛❡❝t✉é❡ s✉r ❧❡ ❧✐❡♥ (5, 8) à ❧❛ s✉✐t❡ ❞✬✉♥
♠❛❧❡♥❝♦♥tr❡✉① ❝♦✉♣ ❞❡ ♣❡❧❧❡t❡✉s❡ s✉r ❝❡ ❞❡r♥✐❡r✳ ❈❡tt❡ ♦♣ér❛t✐♦♥ ♣♦✉✈❛♥t ♣r❡♥❞r❡
q✉❡❧q✉❡s ❞✐③❛✐♥❡s ❞❡ ♠✐♥✉t❡s✱ ✐❧ ❡st ❛❧♦rs ♥é❝❡ss❛✐r❡ ❞❡ tr♦✉✈❡r ✉♥ ♥♦✉✈❡❛✉ r♦✉t❛❣❡
✶✹ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
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✭❛✮ ❘♦✉t❛❣❡ R✳
8
6
32
5
1
4
7 9
e
cb
a
d
✭❜✮ ❘♦✉t❛❣❡ R′✳
❋✐❣✳ ✷✳✶ ✕ ▲❡ rés❡❛✉ ❡st ✉♥❡ ❣r✐❧❧❡ 3× 3 ❛✈❡❝ ❞❡s ❧✐❡♥s s②♠étr✐q✉❡s ❝❤❛❝✉♥ ❝♦♠♣♦sé
❞✬✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ▲❡s ✜❣✉r❡s ✷✳✶✭❛✮ ❡t ✷✳✶✭❜✮ r❡♣rés❡♥t❡♥t ❞❡✉① r♦✉t❛❣❡s✱ R ❡t
R′ r❡s♣❡❝t✐✈❡♠❡♥t✱ ♣♦✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝♦♥♥❡①✐♦♥s {a, b, c, d, e}✳
♦♣t✐q✉❡ ♣♦✉r t♦✉t❡ ❝❡tt❡ ♣ér✐♦❞❡✳ ❊♥ ❡✛❡t✱ ❧❛ r♦✉t❡ ♦♣t✐q✉❡ ❞❡ ❧❛ r❡q✉êt❡ a ✉t✐❧✐s❡
❧❡ ❧✐❡♥ (5, 8) q✉✐ s❡r❛ ✐♥❞✐s♣♦♥✐❜❧❡✳ ■❧ ❡st ❢❛❝✐❧❡ ❞✬♦❜s❡r✈❡r q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ sé✲
q✉❡♥❝❡ ❞✬♦♣ér❛t✐♦♥s ▼♦✈❡✲❚♦✲❱❛❝❛♥t ♣❡r♠❡tt❛♥t ❞✬♦❜t❡♥✐r ✉♥ r♦✉t❛❣❡ ♦♣t✐q✉❡ ❞❡s
❝✐♥q r❡q✉êt❡s ❞❛♥s ❧❡ rés❡❛✉ ♣r✐✈é ❞✉ ❧✐❡♥ (5, 8)✳ ❊♥ ❡✛❡t✱ ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s r❡q✉êt❡s✱
✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ r♦✉t❡ ♦♣t✐q✉❡ ❛❧t❡r♥❛t✐✈❡✱ ❡♥ ❣❛r❞❛♥t ❧❡s r♦✉t❡s ♦♣t✐q✉❡s ❞✉ r♦✉✲
t❛❣❡ ❝♦✉r❛♥t R ♣♦✉r t♦✉t❡s ❧❡s ❛✉tr❡s r❡q✉êt❡s✳ ❈❡t ❡①❡♠♣❧❡ ♠♦♥tr❡ ❧❛ ♥é❝❡ss✐té ❞❡
s✬❛✉t♦r✐s❡r ❞❡s ✐♥t❡rr✉♣t✐♦♥s ❞✉ tr❛✜❝ ❧♦rs ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥✳
◆♦✉s ♥♦✉s ❛✉t♦r✐s♦♥s ❛✐♥s✐ à ✐♥t❡rr♦♠♣r❡ ❧❛ r♦✉t❡ ♦♣t✐q✉❡ ❞✬✉♥❡ r❡q✉êt❡ ❛✈❛♥t
❞✬ét❛❜❧✐r s❛ ♥♦✉✈❡❧❧❡ r♦✉t❡✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ✐❧ ❡st ❛❧♦rs ♣♦ss✐❜❧❡ ❞❡ ❝❤❛♥❣❡r ❧❛ r♦✉t❡
♦♣t✐q✉❡ ❞✬✉♥❡ ❝♦♥♥❡①✐♦♥ ❞❡ ❞❡✉① ♠❛♥✐èr❡s ✭❝♦♥❝❡♣ts st❛♥❞❛r❞✐sés ♣♦✉r ❧❡s rés❡❛✉①
▼P▲❙✮ ✿
✕ ❧❡ ♠❛❦❡✲❜❡❢♦r❡✲❜r❡❛❦ ❝♦♥s✐st❡ à ❞✬❛❜♦r❞ ét❛❜❧✐r ✉♥❡ ♥♦✉✈❡❧❧❡ r♦✉t❡ ♦♣t✐q✉❡ ❞❡
❧❛ r❡q✉êt❡ ❡t ❡♥s✉✐t❡ ✐♥t❡rr♦♠♣r❡ ❧❛ r♦✉t❡ ❝♦✉r❛♥t❡✳ ❈❡tt❡ ♦♣ér❛t✐♦♥ ❝♦rr❡s♣♦♥❞
❛✉ ▼♦✈❡✲❚♦✲❱❛❝❛♥t ♣rés❡♥té ♣ré❝é❞❡♠♠❡♥t ❡t ✐❧ ♥✬② ❛ ❞♦♥❝ ♣❛s ❞✬✐♥t❡rr✉♣t✐♦♥ ❞❡
tr❛✜❝ ♣♦✉r ❝❡tt❡ r❡q✉êt❡✳
✕ ❧❡ ❜r❡❛❦✲❜❡❢♦r❡✲♠❛❦❡ ❝♦♥s✐st❡ à ❞✬❛❜♦r❞ ✐♥t❡rr♦♠♣r❡ ❧❛ r♦✉t❡ ❝♦✉r❛♥t❡ ❛✈❛♥t
❞✬ét❛❜❧✐r ❧❡ ♥♦✉✈❡❛✉ ❝❤❡♠✐♥ ♦♣t✐q✉❡ ❞❡ ❧❛ r❡q✉êt❡✳ ■❧ ② ❛ ❞♦♥❝ ✉♥❡ ✐♥t❡rr✉♣t✐♦♥
t❡♠♣♦r❛✐r❡ ❞❡ ❧❛ ❝♦♥♥❡①✐♦♥✳
◆♦✉s ♥♦✉s ❢♦❝❛❧✐s♦♥s s✉r ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❡♥ s✉♣♣♦s❛♥t ❧❡ r♦✉t❛❣❡
♦♣t✐q✉❡ ❝♦✉r❛♥t ❡t ❧❡ r♦✉t❛❣❡ ♦♣t✐q✉❡ ✜♥❛❧ ❝♦♠♠❡ ét❛♥t ❞♦♥♥és✳ ▲❡s r❡q✉êt❡s s♦♥t
r❡r♦✉té❡s ✉♥❡ ♣❛r ✉♥❡ ❡t ❞✐r❡❝t❡♠❡♥t s✉r ❧❡✉rs r♦✉t❡s ✜♥❛❧❡s r❡s♣❡❝t✐✈❡s✳
Pr♦❜❧è♠❡ ✷ ✭Pr♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥✮ ➱t❛♥t ❞♦♥♥és ✉♥❡ t♦♣♦❧♦❣✐❡ ❞❡ ré✲
s❡❛✉ r❡♣rés❡♥té ♣❛r ✉♥ ♠✉❧t✐✲❞✐❣r❛♣❤❡ G = (V,E)✱ ✉♥ ❡♥s❡♠❜❧❡ C = {1, . . . ,W}
r❡♣rés❡♥t❛♥t ❧❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡ ❞✐s♣♦♥✐❜❧❡s✱ ✉♥ ❡♥s❡♠❜❧❡ Υ = {d1, . . . , d|Υ|} r❡✲
♣rés❡♥t❛♥t ❧❡s r❡q✉êt❡s ❞❡ ❝♦♥♥❡①✐♦♥✱ ❧❡ r♦✉t❛❣❡ ✐♥✐t✐❛❧ ❞❡s r❡q✉êt❡s R ❡t ❧❡ r♦✉t❛❣❡
✜♥❛❧ ❞❡s r❡q✉êt❡s R′✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❝♦♥s✐st❡ à ❞ét❡r♠✐♥❡r ✉♥ ♦r❞r❡
O = (d1, d2, · · · , d|Υ|) s✉r ❧❡s r❡q✉êt❡s✳
✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✺
P♦✉r i ❛❧❧❛♥t ❞❡ 1 à |Υ| ✿ s✐ ❧❡s r❡ss♦✉r❝❡s ♥é❝❡ss❛✐r❡s à ❧✬ét❛❜❧✐ss❡♠❡♥t ❞❡ ❧❛
♥♦✉✈❡❧❧❡ r♦✉t❡ ♦♣t✐q✉❡ ❞❡ ❧❛ r❡q✉êt❡ di s♦♥t ❞✐s♣♦♥✐❜❧❡s✱ ❛❧♦rs ✉♥ ♠❛❦❡✲❜❡❢♦r❡✲❜r❡❛❦
❡st ✉t✐❧✐sé ♣♦✉r di✳ ❙✐♥♦♥ s❛ r♦✉t❡ ❝♦✉r❛♥t❡ ❡st ✐♥t❡rr♦♠♣✉❡ ✭❧✐❜ér❛♥t ❧❡s r❡ss♦✉r❝❡s
❝♦rr❡s♣♦♥❞❛♥t❡s✮ ❡t s❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ s❡r❛ ét❛❜❧✐❡ ❞ès q✉❡ ♣♦ss✐❜❧❡ ✭❧♦rsq✉❡ ❧❡s r❡s✲
s♦✉r❝❡s ♥é❝❡ss❛✐r❡s s❡r♦♥t ❞✐s♣♦♥✐❜❧❡s✮✳ ◆♦✉s ét❛❜❧✐ss♦♥s ❧❡s ♥♦✉✈❡❧❧❡s r♦✉t❡s ♦♣t✐q✉❡s
❞❡s r❡q✉êt❡s ♣ré❝é❞❡♠♠❡♥t ✐♥t❡rr♦♠♣✉❡s ❧♦rsq✉❡ ❝❡❧❛ ❡st ♣♦ss✐❜❧❡✳
P♦✉r rés✉♠❡r✱ ✉♥ ♦r❞r❡ s✉r ❧❡s r❡q✉êt❡s ✐♥❞✉✐t ✉♥❡ séq✉❡♥❝❡ ❞✬♦♣ér❛t✐♦♥s é❧é♠❡♥✲
t❛✐r❡s✳ ❯♥❡ ♦♣ér❛t✐♦♥ é❧é♠❡♥t❛✐r❡ ❡st s♦✐t ✉♥ ♠❛❦❡ ✭ét❛❜❧✐r ✉♥❡ ♥♦✉✈❡❧❧❡ r♦✉t❡✮ s♦✐t
✉♥ ❜r❡❛❦ ✭✐♥t❡rr♦♠♣r❡ ✉♥❡ r♦✉t❡ ❝♦✉r❛♥t❡✮✳ ❯♥ ♠❛❦❡✲❜❡❢♦r❡✲❜r❡❛❦ ❡st ✉t✐❧✐sé ♣♦✉r
✉♥❡ r❡q✉êt❡ di ❞❛♥s ❝❡tt❡ séq✉❡♥❝❡✱ s✐ ❧❡ ♠❛❦❡ ❝♦rr❡s♣♦♥❞❛♥t à di s❡ s✐t✉❡ ❛✈❛♥t ❧❡
❜r❡❛❦ ❝♦rr❡s♣♦♥❞❛♥t à di✳ ❙✐♥♦♥ ✉♥ ❜r❡❛❦✲❜❡❢♦r❡✲♠❛❦❡ ❡st ✉t✐❧✐sé ♣♦✉r di✳
❉❡s q✉❡st✐♦♥s ✐♠♣♦rt❛♥t❡s s❡ ♣♦s❡♥t ❛❧♦rs✳ ◗✉❡❧ ♦r❞r❡ ❝❤♦✐s✐r ❄ ◗✉❡❧s s♦♥t ❧❡s
♣❛r❛♠ètr❡s ✐♠♣♦rt❛♥ts ❧✐és ❛✉① ✐♥t❡rr✉♣t✐♦♥s ❄
❈♦♥s✐❞ér♦♥s ❧✬✐♥st❛♥❝❡ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✶✳ ❈❤❛q✉❡ ❧✐❡♥ ❞✉ rés❡❛✉ r❡♣rés❡♥t❡ ❞❡✉①
❛r❝s ✭✉♥ ❞❛♥s ❝❤❛q✉❡ s❡♥s✮ ❝❤❛❝✉♥ ❝♦♠♣♦sé ❞✬✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ▲❡ r♦✉t❛❣❡ ✐♥✐t✐❛❧
R ❞❡s ❝✐♥q r❡q✉êt❡s a✱ b✱ c✱ d ❡t e ❡st r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✭❛✮✳ ❙✉♣♣♦s♦♥s
q✉✬✉♥❡ ♦♣ér❛t✐♦♥ ❞❡ ♠❛✐♥t❡♥❛♥❝❡ ❞♦✐t êtr❡ ❡✛❡❝t✉é❡ s✉r ❧❡ ❧✐❡♥ (5, 8)✳ ▲❡ r♦✉t❛❣❡
R′ ❞é❝r✐t ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✭❜✮ ❡st ❧❡ r♦✉t❛❣❡ ✜♥❛❧✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥
❝♦♥s✐st❡ ❛❧♦rs à r❡r♦✉t❡r ❧❡s r❡q✉êt❡s a✱ b✱ c ❡t d ✭❧❛ r❡q✉êt❡ e ♥❡ ❝❤❛♥❣❡ ♣❛s ❞❡
❝❤❡♠✐♥ ♦♣t✐q✉❡✮ ✉♥❡ ♣❛r ✉♥❡ ❡t ❞✐r❡❝t❡♠❡♥t s✉r ❧❡✉rs ♥♦✉✈❡❧❧❡s r♦✉t❡s r❡s♣❡❝t✐✈❡s✳
➮t❛♥t ❞♦♥♥é q✉❡ ❧❛ ❝❛♣❛❝✐té ❡st ✉♥✐t❛✐r❡ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ❛r❝s ✭✉♥✐q✉❡ ❧♦♥❣✉❡✉r
❞✬♦♥❞❡✮✱ ✐❧ ❡st ❢❛❝✐❧❡ ❞✬♦❜s❡r✈❡r q✉✬✐❧ ❡st ✐♠♣♦ss✐❜❧❡ ❞❡ r❡r♦✉t❡r ❧❡s q✉❛tr❡ r❡q✉êt❡s
s❛♥s ❛✉❝✉♥❡ ✐♥t❡rr✉♣t✐♦♥✳ ❊♥ ❡✛❡t✱ ❛✉❝✉♥❡ r❡q✉êt❡ ♥❡ ♣❡✉t êtr❡ r❡r♦✉té❡ s❛♥s ❡♥
✐♥t❡rr♦♠♣r❡ ✉♥❡ ❛✉tr❡ ♣ré❛❧❛❜❧❡♠❡♥t✳
P❧✉s ♣ré❝✐sé♠❡♥t✱ ✐❧ ❡st ✐♠♣♦ss✐❜❧❡ ❞✬ét❛❜❧✐r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡
✕ a ❝❛r ❧❛ r❡q✉êt❡ b ✉t✐❧✐s❡ ❧✬❛r❝ (4, 5) ❀
✕ b ❝❛r ❧❛ r❡q✉êt❡ c ✉t✐❧✐s❡ ❧✬❛r❝ (2, 5) ❡t ❧❛ r❡q✉êt❡ d ✉t✐❧✐s❡ ❧✬❛r❝ (1, 2) ❀
✕ c ❝❛r ❧❛ r❡q✉êt❡ d ✉t✐❧✐s❡ ❧✬❛r❝ (2, 3) ❀
✕ d ❝❛r ❧❛ r❡q✉êt❡ a ✉t✐❧✐s❡ ❧❡s ❛r❝s (4, 7) ❡t (7, 8)✱ ❧❛ r❡q✉êt❡ b ✉t✐❧✐s❡ ❧✬❛r❝ (1, 2)
❡t ❧❛ r❡q✉êt❡ c ✉t✐❧✐s❡ ❧✬❛r❝ (6, 3)✳
❉❛♥s ♥♦tr❡ ❡①❡♠♣❧❡✱ ✐❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞❡ ❞é❜✉t❡r ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ♣❛r
❧✬✐♥t❡rr✉♣t✐♦♥ ❞✬✉♥❡ r❡q✉êt❡ ❛✜♥ ❞❡ ❧✐❜ér❡r ❞❡s r❡ss♦✉r❝❡s ✭❝✬❡st✲à✲❞✐r❡ ❞✬✉t✐❧✐s❡r ✉♥
❜r❡❛❦✲❜❡❢♦r❡✲♠❛❦❡ ♣♦✉r ❝❡tt❡ r❡q✉êt❡✮✳
❙♦✐t ❧✬♦r❞r❡ O = (d, c, b, a)✳ ▲❛ séq✉❡♥❝❡ ❞✬♦♣ér❛t✐♦♥s é❧é♠❡♥t❛✐r❡s ❡st ✿
✕ ✐♥t❡rr♦♠♣r❡ ❧❛ r❡q✉êt❡ d ✭✜❣✉r❡ ✷✳✹✭❜✮✮ ❀
✕ ét❛❜❧✐r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ c ✭✜❣✉r❡ ✷✳✹✭❝✮✮ ❀
✕ ✐♥t❡rr♦♠♣r❡ ❧✬❛♥❝✐❡♥♥❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ c ✭✜❣✉r❡ ✷✳✹✭❝✮✮ ❀
✕ ét❛❜❧✐r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ b ✭✜❣✉r❡ ✷✳✹✭❞✮✮ ❀
✕ ✐♥t❡rr♦♠♣r❡ ❧✬❛♥❝✐❡♥♥❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ b ✭✜❣✉r❡ ✷✳✹✭❞✮✮ ❀
✕ ét❛❜❧✐r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ a ✭✜❣✉r❡ ✷✳✹✭❡✮✮ ❀
✕ ✐♥t❡rr♦♠♣r❡ ❧✬❛♥❝✐❡♥♥❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ a ✭✜❣✉r❡ ✷✳✹✭❡✮✮ ❀
✕ ét❛❜❧✐r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ d ✭✜❣✉r❡ ✷✳✹✭❢✮✮✳
❊♥ rés✉♠é✱ ✉♥ ❜r❡❛❦✲❜❡❢♦r❡✲♠❛❦❡ ❡st ✉t✐❧✐sé ♣♦✉r ❧❛ r❡q✉êt❡ d ❡t ✉♥ ♠❛❦❡✲❜❡❢♦r❡✲
❜r❡❛❦ ❡st ✉t✐❧✐sé ♣♦✉r ❧❡s r❡q✉êt❡s a✱ b ❡t c✳
✶✻ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
v
i,2j+1
k,2j k,2j+1
k
i
R
R
Rk
R i
R R0 0
C2j 2jC
vi,2j vi,2j
v v
v v
vk,2j k,2j+1
i,2j+1
❋✐❣✳ ✷✳✷ ✕ ❙❝❤é♠❛ ❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞é❝r✐t❡ ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✶✳
✷✳✶✳✷ ❉✐❣r❛♣❤❡s ❞❡ ❞é♣❡♥❞❛♥❝❡s
◆♦✉s ♠♦❞é❧✐s♦♥s ✉♥❡ ✐♥st❛♥❝❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❡♥ ✉t✐❧✐s❛♥t ❧❛
♥♦t✐♦♥ ❞❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ✐♥tr♦❞✉✐t❡ ✐♥✐t✐❛❧❡♠❡♥t ❞❛♥s ❬❏❙✵✸❪✳ ❙♦✐t I ✉♥❡
✐♥st❛♥❝❡ ❞✉ ♣r♦❜❧è♠❡✳ ▲❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D = (V,A) ❛ss♦❝✐é à I ❡st t❡❧
q✉❡ ♥♦✉s ❛ss♦❝✐♦♥s à ❝❤❛❝✉♥❡ ❞❡s r❡q✉êt❡s ❞❡✈❛♥t ❝❤❛♥❣❡r ❞❡ r♦✉t❡✱ ✉♥ s♦♠♠❡t
u ∈ V ✳ ■❧ ② ❛ ✉♥ ❛r❝ (u, v) ∈ A s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡
❛ss♦❝✐é❡ ❛✉ s♦♠♠❡t u ✉t✐❧✐s❡ ❞❡s r❡ss♦✉r❝❡s ✉t✐❧✐sé❡s ♣❛r ❧❛ r❡q✉êt❡ ❛ss♦❝✐é à v ❞❛♥s
s❛ r♦✉t❡ ✐♥✐t✐❛❧❡✳ ❉❛♥s ❝❡ ❝❛s✱ ♣♦✉r r❡r♦✉t❡r ❧❛ r❡q✉êt❡ u ✈❡rs s❛ ♥♦✉✈❡❧❧❡ r♦✉t❡✱ ✐❧
❡st ♥é❝❡ss❛✐r❡ ❞❡ r❡r♦✉t❡r ♦✉ ❞✬✐♥t❡rr♦♠♣r❡ v ♣ré❛❧❛❜❧❡♠❡♥t✳
❘❡♠❛rq✉♦♥s q✉✬à ✉♥❡ ✐♥st❛♥❝❡ ❞♦♥♥é❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❝♦rr❡s✲
♣♦♥❞ ✉♥ ✉♥✐q✉❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s✳ ❊♥ r❡✈❛♥❝❤❡✱ ✉♥ ❞✐❣r❛♣❤❡ ♣❡✉t r❡♣rés❡♥t❡r
❞✐✛ér❡♥t❡s ✐♥st❛♥❝❡s ❞✉ ♣r♦❜❧è♠❡✳ ◆♦✉s ♣r♦✉✈♦♥s ❧❡ ❚❤é♦rè♠❡ ✶✱ ♠♦t✐✈❛♥t ❧✬ét✉❞❡
❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ s❛♥s r❡str✐❝t✐♦♥ ♣ré❛❧❛❜❧❡ ♣❛r♠✐ t♦✉s ❧❡s ❞✐❣r❛♣❤❡s
♣♦ss✐❜❧❡s✳
❚❤é♦rè♠❡ ✶ ❚♦✉t ❞✐❣r❛♣❤❡ D ❡st ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ❞✬✉♥❡ ✐♥st❛♥❝❡ ❞✉
♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞♦♥t ❧❡ rés❡❛✉ ❡st ✉♥❡ ❣r✐❧❧❡✳
Pr❡✉✈❡ ✿ ❈♦♥s✐❞ér♦♥s ✉♥❡ t♦♣♦❧♦❣✐❡ ❞❡ ❣r✐❧❧❡ ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ r❡q✉êt❡s ❛②❛♥t ♣♦✉r
r♦✉t❡ ♦♣t✐q✉❡ ✉♥❡ ❧✐❣♥❡ ❞❡ ❧❛ ❣r✐❧❧❡ ❞❛♥s ❧❡ r♦✉t❛❣❡ ❝♦✉r❛♥t✳ ❙✐ ❞❡✉① ❝♦♥♥❡①✐♦♥s i ❡t k
s♦♥t ❧✐é❡s ♣❛r ✉♥ ❛r❝ (i, k) ❞❛♥s ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s✱ ❛❧♦rs ♥♦✉s ❝♦♥str✉✐s♦♥s
❧❡s r♦✉t❡s ♦♣t✐q✉❡s ❞❡s ❞❡✉① ❝♦♥♥❡①✐♦♥s ❝♦♠♠❡ r❡♣rés❡♥té❡s ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✷ ❛✜♥
❞❡ ❝ré❡r ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞és✐ré❡✳ ❘❡♠❛rq✉♦♥s q✉❡ ❧❛ r♦✉t❡ ♦♣t✐q✉❡ ❞❡ ❧❛ ❝♦♥♥❡①✐♦♥
k ❡st ❞é♣♦rté❡ s✉r ✉♥❡ ❧✐❣♥❡ ❛❞❞✐t✐♦♥♥❡❧❧❡✱ ❝✬❡st✲à✲❞✐r❡ ✉♥❡ ❧✐❣♥❡ ❞❡ ❧❛ ❣r✐❧❧❡ q✉✐ ♥❡
❝♦rr❡s♣♦♥❞ à ❛✉❝✉♥❡ ❝♦♥♥❡①✐♦♥✳ P♦✉r ❝❤❛q✉❡ ❛r❝ ❞✉ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s✱ ♥♦✉s
✉t✐❧✐s♦♥s ✉♥❡ ❝♦❧♦♥♥❡ ❞✐✛ér❡♥t❡ ❞❡ ❧❛ ❣r✐❧❧❡✳ ▲❡s tr❛♥s❢♦r♠❛t✐♦♥s ♣❡✉✈❡♥t ❞♦♥❝ s❡
❢❛✐r❡ ❞❡ ♠❛♥✐èr❡ ✐♥❞é♣❡♥❞❛♥t❡✳
❋♦r♠❡❧❧❡♠❡♥t✱ s♦✐t ❧❡ ❞✐❣r❛♣❤❡ D = (V,A) ❛✈❡❝ V = {c1, · · · , cn} ❡t A =
{a1, · · · , am}✳ ◆♦✉s ❞é✜♥✐ss♦♥s ❧❡ rés❡❛✉ G ❝♦♠♠❡ ✉♥❡ ❣r✐❧❧❡ (n + 2) × (2m) t❡❧❧❡
q✉❡ ❝❤❛q✉❡ ❛rêt❡ ❛ ❝❛♣❛❝✐té 1✳ ❙♦✐t Ri ❧❛ ie ❧✐❣♥❡ ❞❡ G ✭0 ≤ i ≤ n + 1✮ ❡t Ci s❛
ie ❝♦❧♦♥♥❡ ✭1 ≤ j ≤ 2m✮ ❡t s♦✐t vi,j ∈ V (G) ❧❡ s♦♠♠❡t ❞❛♥s Ri ∩ Cj ✳ P♦✉r t♦✉t i✱
✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✼
1 ≤ i ≤ n✱ ❧❛ ❝♦♥♥❡①✐♦♥ i✱ ❝♦rr❡s♣♦♥❞❛♥t à ci ❞❛♥s D✱ ❡st ❞é✜♥✐❡ ❡♥tr❡ vi,1 ∈ V (G)✱
❧❡ s♦♠♠❡t ❧❡ ♣❧✉s à ❣❛✉❝❤❡ ❞❡ Ri ❡t vi,2m ∈ V (G)✱ ❧❡ s♦♠♠❡t ❧❡ ♣❧✉s à ❞r♦✐t❡ ❞❡
Ri✳ ▲❛ r♦✉t❡ ♦♣t✐q✉❡ ✐♥✐t✐❛❧❡ ❞❡ ❧❛ r❡q✉êt❡ i s✉✐t Ri✳ ◆♦✉s ♣rés❡♥t♦♥s ♠❛✐♥t❡♥❛♥t
✉♥❡ ♠ét❤♦❞❡ ✐tér❛t✐✈❡ ♣♦✉r ❝♦♥str✉✐r❡ ❧❛ r♦✉t❡ ♦♣t✐q✉❡ ✜♥❛❧❡ ❞❡ ❝❤❛q✉❡ r❡q✉êt❡✳
■♥✐t✐❛❧❡♠❡♥t✱ ♣♦✉r t♦✉t i✱ 1 ≤ i ≤ n✱ ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ♦♣t✐q✉❡ P 0i ❞❡ ❧❛ r❡q✉êt❡ i ❡st
s❛ r♦✉t❡ ✐♥✐t✐❛❧❡ Ri✳ ❆♣rès ❧❛ (j− 1)e ét❛♣❡ ✭0 < j ≤ m✮ ❞❡ ❧❛ ♠ét❤♦❞❡✱ s♦✐t P j−1i ❧❛
✈❛❧❡✉r ❝♦✉r❛♥t❡ ❞❡ ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ♦♣t✐q✉❡ ❞❡ ❧❛ r❡q✉êt❡ i ❡t s✉♣♣♦s♦♥s q✉❡ ❞❛♥s
❧❡ s♦✉s✲❣r❛♣❤❡ ❞❡ G ✐♥❞✉✐t ♣❛r ❧❡s ❝♦❧♦♥♥❡s (C2j−1, · · · , C2m)✱ P j−1i ❡st é❣❛❧ à Ri✳
❈♦♥s✐❞ér♦♥s aj = (ci, ck) ∈ A ❡t ❡✛❡❝t✉♦♥s ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ s✉✐✈❛♥t❡ ❞é❝r✐t❡ ❞❛♥s
❧❛ ✜❣✉r❡ ✷✳✷✳ P♦✉r t♦✉t ℓ /∈ {i, k}✱ P jℓ = P j−1ℓ ✳ ❆✐♥s✐✱ P ji ❡st ❞é✜♥✐ ❡♥ r❡♠♣❧❛ç❛♥t
❧✬❛rêt❡ (vi,2j−1, vi,2j) ❞❛♥s P
j−1
i ♣❛r ❧❡ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ❞❡ vi,2j−1 à vk,2j−1 ✭s✉✐✈❛♥t
C2j−1✮✱ ❧✬❛rêt❡ (vk,2j−1, vk,2j) ❡t ❧❡ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ❞❡ vk,2j à vi,2j ✭s✉✐✈❛♥t C2j✮✳
❉❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡✱ P jk ❡st ❞é✜♥✐ ❡♥ r❡♠♣❧❛ç❛♥t ❧✬❛rêt❡ (vk,2j−1, vk,2j) ❞❛♥s P
j−1
k
♣❛r ❧❡ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ❞❡ vk,2j−1 à vn+1,2j−1 s✐ i < k ✭à v0,2j−1 s✐ i > k✱ r❡s♣❡❝t✐✲
✈❡♠❡♥t✮✱ ❧✬❛rêt❡ (vn+1,2j−1, vn+1,2j) ✭(v0,2j−1, v0,2j)✱ r❡s♣❡❝t✐✈❡♠❡♥t✮ ❡t ❧❡ ♣❧✉s ❝♦✉rt
❝❤❡♠✐♥ ❞❡ vn+1,2j à vk,2j ✭❞❡ v0,2j à vk,2j ✱ r❡s♣❡❝t✐✈❡♠❡♥t✮✳ ■❧ ❡st ❢❛❝✐❧❡ ❞❡ ✈ér✐✜❡r
q✉❡ ❧❛ ❣r✐❧❧❡ G✱ ❧✬❡♥s❡♠❜❧❡ ✐♥✐t✐❛❧ ❞❡ r♦✉t❡s ♦♣t✐q✉❡s {R1, · · · , Rn} ❡t ❧✬❡♥s❡♠❜❧❡ ✜♥❛❧
❞❡ r♦✉t❡s ♦♣t✐q✉❡s {Pm1 , · · · , Pmn } ❛❞♠❡t D ❝♦♠♠❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s✳ 
◆♦✉s ♠♦♥tr♦♥s ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✷✳✶✳✸ q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r ✉♥❡ r❡❝♦♥✜✲
❣✉r❛t✐♦♥ ✭✉♥ ♦r❞r❡ s✉r ❧❡s r❡q✉êt❡s ❞❡ ❝♦♥♥❡①✐♦♥✮ ♣♦✉r ✉♥❡ ✐♥st❛♥❝❡ I ❡st éq✉✐✈❛❧❡♥t
❛✉ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥✲
❞❛♥❝❡s D ❛ss♦❝✐é à I✳
✷✳✶✳✸ ❙tr❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t
▲❡ ❚❤é♦rè♠❡ ✶ ♠♦♥tr❡ ❧❛ ♣❡rt✐♥❡♥❝❡ ❞✬ét✉❞✐❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ✈✐❛
❧❛ ♥♦t✐♦♥ ❞❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s✳ ◆♦✉s ✐♥tr♦❞✉✐s♦♥s ✉♥ ❥❡✉ ❛✈❡❝ ❞❡s ❛❣❡♥ts ♠♦✲
❜✐❧❡s s✉r ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s q✉✐ ❝♦♥s✐st❡ à ♣❧❛❝❡r ❡t r❡t✐r❡r ❝❡s ❛❣❡♥ts s❡❧♦♥
❝❡rt❛✐♥❡s rè❣❧❡s✳ ❊♥ ❡✛❡t✱ ❧❡ ❥❡✉ ❛✈❡❝ ❞❡s ❛❣❡♥ts ❝♦♥s✐st❡ à tr❛✐t❡r t♦✉s ❧❡s s♦♠♠❡ts
❞✉ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D = (V,A) ❡♥ ✉t✐❧✐s❛♥t ❧❡s tr♦✐s rè❣❧❡s s✉✐✈❛♥t❡s✳
R1 P❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ✉♥ s♦♠♠❡t v ∈ V ✳
R2 ❙✉♣♣r✐♠❡r ✉♥ ❛❣❡♥t ❞✬✉♥ s♦♠♠❡t v ∈ V s✐ ❝❤❛❝✉♥ ❞❡ s❡s ✈♦✐s✐♥s s♦rt❛♥ts ❡st
s♦✐t ❞é❥à tr❛✐té s♦✐t ♦❝❝✉♣é ♣❛r ✉♥ ❛❣❡♥t✳ ❚r❛✐t❡r v✳
R3 ❚r❛✐t❡r ✉♥ s♦♠♠❡t ✐♥♦❝✉♣♣é v ∈ V s✐ ❝❤❛❝✉♥ ❞❡ s❡s ✈♦✐s✐♥s s♦rt❛♥ts ❡st s♦✐t
❞é❥à tr❛✐té s♦✐t ♦❝❝✉♣é ♣❛r ✉♥ ❛❣❡♥t✳
▲❡ ❞✐❣r❛♣❤❡ D ❡st tr❛✐té s✐ t♦✉s s❡s s♦♠♠❡ts s♦♥t tr❛✐tés✳ ❯♥❡ séq✉❡♥❝❡ ❞✬♦♣é✲
r❛t✐♦♥s ♣❡r♠❡tt❛♥t ❞❡ tr❛✐t❡r t♦✉s ❧❡s s♦♠♠❡ts ❞❡ D✱ ❡t ❞♦♥❝ ❞❡ tr❛✐t❡r D✱ ❡st
✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✳ ❘❡♠❛rq✉♦♥s q✉❡ ❧♦rs ❞✬✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✱ ✉♥
❛❣❡♥t r❡t✐ré ❞✬✉♥ s♦♠♠❡t tr❛✐té ♣❡✉t êtr❡ ré✉t✐❧✐sé✳ ❯♥ s♦♠♠❡t ❡st ❝♦✉✈❡rt ♣❛r ✉♥❡
str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t s✐ ✉♥ ❛❣❡♥t ❛ été ♣❧❛çé s✉r ❝❡ ❞❡r♥✐❡r ❛✉ ❝♦✉rs ❞❡ ❧❛ str❛té❣✐❡✳
◆♦✉s ♠♦♥tr♦♥s ❧✬éq✉✐✈❛❧❡♥❝❡ ❡♥tr❡ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡s r❡q✉êt❡s ♣♦✉r ✉♥❡
✐♥st❛♥❝❡ I ❡t ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D ❛ss♦❝✐é
à I✳ ❊♥ ❡✛❡t✱ ❧❡s tr♦✐s rè❣❧❡s ♣ré❝é❞❡♥t❡s ♣♦✉r ❧❡ ❥❡✉ ❛✈❡❝ ❞❡s ❛❣❡♥ts ❝♦rr❡s♣♦♥❞❡♥t
✶✽ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
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✭❛✮ ❘♦✉t❛❣❡ R✳
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d
✭❜✮ ❘♦✉t❛❣❡ R′✳
d
b
a c
✭❝✮ ❉✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥✲
❞❛♥❝❡s D✳
❋✐❣✳ ✷✳✸ ✕ ▲❡ rés❡❛✉ ❡st ✉♥❡ ❣r✐❧❧❡ 3× 3 ❛✈❡❝ ❞❡s ❧✐❡♥s s②♠étr✐q✉❡s ❝❤❛❝✉♥ ❝♦♠♣♦sé
❞✬✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ▲❡s ✜❣✉r❡s ✷✳✶✭❛✮ ❡t ✷✳✶✭❜✮ r❡♣rés❡♥t❡♥t ❧❡ r♦✉t❛❣❡ ✐♥✐t✐❛❧ R
❡t ❧❡ r♦✉t❛❣❡ ✜♥❛❧ R′ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝♦♥♥❡①✐♦♥s {a, b, c, d, e}✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❛
✜❣✉r❡ ✷✳✸✭❝✮ r❡♣rés❡♥t❡ ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ❞❡ ❝❡tt❡ ✐♥st❛♥❝❡✳
❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡s r❡q✉êt❡s ❞❡ ❝♦♥♥❡①✐♦♥ à✱ r❡s♣❡❝t✐✈❡♠❡♥t ✿
R1 ■♥t❡rr♦♠♣r❡ ❧❛ ❝♦♥♥❡①✐♦♥ ❞❡ ❧❛ r❡q✉êt❡ ❛ss♦❝✐é❡ à v✳
✭❜r❡❛❦ ❞✬✉♥ ❜r❡❛❦✲❜❡❢♦r❡✲♠❛❦❡✮✳
R2 ➱t❛❜❧✐r ❧❛ ❝♦♥♥❡①✐♦♥ ✭s✉r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡✮ ❞❡ ❧❛ r❡q✉êt❡ ❛ss♦❝✐é❡ à v ♣ré❝é✲
❞❡♠♠❡♥t ✐♥t❡rr♦♠♣✉❡ ❝❛r ❧❡s r❡ss♦✉r❝❡s s♦♥t ❞✐s♣♦♥✐❜❧❡s✳
✭♠❛❦❡ ❞✬✉♥ ❜r❡❛❦✲❜❡❢♦r❡✲♠❛❦❡✮✳
R3 ➱t❛❜❧✐r ❧❛ ❝♦♥♥❡①✐♦♥ ✭s✉r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡✮ ❞❡ ❧❛ r❡q✉êt❡ ❛ss♦❝✐é❡ à v ❝❛r ❧❡s
r❡ss♦✉r❝❡s s♦♥t ❞✐s♣♦♥✐❜❧❡s ✭❡t ✐♥t❡rr♦♠♣r❡ ❧✬❛♥❝✐❡♥♥❡ r♦✉t❡✮✳
✭♠❛❦❡✲❜❡❢♦r❡✲❜r❡❛❦✮✳
❆✐♥s✐✱ à ✉♥ ♦r❞r❡ s✉r ❧❡s r❡q✉êt❡s ❞❡ ❝♦♥♥❡①✐♦♥ ❞✬✉♥❡ ✐♥st❛♥❝❡ I ❝♦rr❡s♣♦♥❞ ✉♥❡
str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D✱ ❡t ré❝✐♣r♦q✉❡♠❡♥t✳
❉é❝r✐✈♦♥s ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D = (V,A) ❛ss♦❝✐é à ❧✬✐♥st❛♥❝❡ ❞❡ ❧❛ ✜✲
❣✉r❡ ✷✳✸✳ ◆♦✉s ❛✈♦♥s V = {a, b, c, d} ❝❛r ❧❛ r❡q✉êt❡ e ♥❡ ❝❤❛♥❣❡ ♣❛s ❞❡ r♦✉t❡✳ ■❧ ②
❛ ✉♥ ❛r❝ (b, c) ∈ A ❝❛r ❧❛ r❡q✉êt❡ b ✉t✐❧✐s❡✱ ❞❛♥s s❛ ♥♦✉✈❡❧❧❡ r♦✉t❡✱ ❞❡s r❡ss♦✉r❝❡s
✉t✐❧✐sé❡s ♣❛r ❧❛ r♦✉t❡ ✐♥✐t✐❛❧❡ ❞❡ ❧❛ r❡q✉êt❡ c ✭❛r❝ (2, 5) ❞✉ rés❡❛✉✮✳ ■❧ ❡st ❞♦♥❝ ✐♠♣é✲
r❛t✐❢ ❞❡ r❡r♦✉t❡r ♦✉ ❞✬✐♥t❡rr♦♠♣r❡ ❧❛ r❡q✉êt❡ c ❛✈❛♥t ❞✬ét❛❜❧✐r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ b✳
◆♦✉s ❝♦♥str✉✐s♦♥s ❧❡s ❛✉tr❡s ❛r❝s ❞❡ D ❞❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡✳ D ❡st r❡♣rés❡♥té ❞❛♥s
❧❛ ✜❣✉r❡ ✷✳✸✭❝✮✳
❉é❝r✐✈♦♥s à ♣rés❡♥t ❧❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ r❡❝♦♥✲
✜❣✉r❛t✐♦♥ ♣rés❡♥té❡ ♣ré❝é❞❡♠♠❡♥t ♣♦✉r ❝❡tt❡ ✐♥st❛♥❝❡✳
✕ rè❣❧❡ R1 ✿ ✐♥t❡rr♦♠♣r❡ ❧❛ r❡q✉êt❡ d ⇔ ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r d ✭✜❣✉r❡ ✷✳✹✭❜✮✮ ❀
✕ rè❣❧❡ R3 ✿ ét❛❜❧✐r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ c ♣✉✐s ✐♥t❡rr♦♠♣r❡ ❧✬❛♥❝✐❡♥♥❡
⇔ tr❛✐t❡r ❧❡ s♦♠♠❡t ✐♥♦❝✉♣♣é c ❝❛r s♦♥ ✉♥✐q✉❡ ✈♦✐s✐♥ s♦rt❛♥t d ❡st ♦❝❝✉♣é ♣❛r ✉♥
❛❣❡♥t ✭✜❣✉r❡ ✷✳✹✭❝✮✮ ❀
✕ rè❣❧❡ R3 ✿ ét❛❜❧✐r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ b ♣✉✐s ✐♥t❡rr♦♠♣r❡ ❧✬❛♥❝✐❡♥♥❡
⇔ tr❛✐t❡r ❧❡ s♦♠♠❡t ✐♥♦❝✉♣♣é b ❝❛r s♦♥ ✈♦✐s✐♥ s♦rt❛♥t c ❡st tr❛✐té ❡t s♦♥ ✈♦✐s✐♥
✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✾
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✭❛✮ ❘♦✉t❛❣❡ ✐♥✐t✐❛❧ R ❡t ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥✲
❞❛♥❝❡s D ❞❡ ❧✬✐♥st❛♥❝❡ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✸✳
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✭❜✮ ■♥t❡rr♦♠♣r❡ ❧❛ r❡q✉êt❡ d ⇔ P❧❛❝❡r ✉♥
❛❣❡♥t s✉r ❧❡ s♦♠♠❡t d✳
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d
✭❝✮ ❘❡r♦✉t❡r ❧❛ r❡q✉êt❡ c s❛♥s ✐♥t❡rr✉♣t✐♦♥⇔
❚r❛✐t❡r ❧❡ s♦♠♠❡t c✳
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✭❞✮ ❘❡r♦✉t❡r ❧❛ r❡q✉êt❡ b s❛♥s ✐♥t❡rr✉♣t✐♦♥⇔
❚r❛✐t❡r ❧❡ s♦♠♠❡t b✳
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✭❡✮ ❘❡r♦✉t❡r ❧❛ r❡q✉êt❡ a s❛♥s ✐♥t❡rr✉♣t✐♦♥⇔
❚r❛✐t❡r ❧❡ s♦♠♠❡t a✳
7 8 9
6
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b c
d
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d
✭❢✮ ❘♦✉t❡r ❧❛ r❡q✉êt❡ d ♣ré❧❛❜❧❡♠❡♥t ✐♥t❡r✲
r♦♠♣✉❡ ⇔ ❘❡t✐r❡r ❧✬❛❣❡♥t ❞✉ s♦♠♠❡t d ❡t
tr❛✐t❡r d✳
❋✐❣✳ ✷✳✹ ✕ ❙♦✐t D ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ❞❡ ❧✬✐♥st❛♥❝❡ I ❞❡ ❧❛ ✜❣✉r❡ ✷✳✸✳ ❈❡tt❡
✜❣✉r❡ r❡♣rés❡♥t❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡ I ❡t ❧❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ D ❝♦rr❡s✲
♣♦♥❞❛♥t❡✳ ▲❡s s♦♠♠❡ts tr❛✐tés s♦♥t ❡♥ ❣r✐s ❡t ❝❡✉① ❝♦✉✈❡rts ♣❛r ✉♥ ❛❣❡♥t ❡♥ ♥♦✐r✳
❚♦✉s ❧❡s s♦♠♠❡ts ❞❡ ❧❛ ✜❣✉r❡ ✷✳✹✭❜✮ ♦♥t ❛✉ ♠♦✐♥s ✉♥ ✈♦✐s✐♥ s♦rt❛♥t✳ ■❧ ❢❛✉t ❞♦♥❝
♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ✉♥ s♦♠♠❡t✳ ◆♦✉s ❝❤♦✐s✐ss♦♥s ❞❡ ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ❧❡ s♦♠♠❡t
d ✭✜❣✉r❡ ✷✳✹✭❜✮✮✳ ❈❡❧❛ ❝♦rr❡s♣♦♥❞ à ✐♥t❡rr♦♠♣r❡ ❧❛ r❡q✉êt❡ d ✭❜r❡❛❦ ❞✬✉♥ ❜r❡❛❦✲
❜❡❢♦r❡✲♠❛❦❡✮✳ ▲✬✉♥✐q✉❡ ✈♦✐s✐♥ s♦rt❛♥t ❞✉ s♦♠♠❡t c ❡st ❛❧♦rs tr❛✐té✱ ♥♦✉s ♣♦✉✈♦♥s
❞♦♥❝ tr❛✐t❡r c ✭✜❣✉r❡ ✷✳✹✭❝✮✮✳ ❈❡❧❛ ❝♦rr❡s♣♦♥❞ à ✉t✐❧✐s❡r ✉♥ ♠❛❦❡✲❜❡❢♦r❡✲❜r❡❛❦ ♣♦✉r
❧❛ r❡q✉êt❡ c✳ ❊♥s✉✐t❡✱ ♥♦✉s ♣♦✉✈♦♥s tr❛✐t❡r ❧❡ s♦♠♠❡t b ✭✜❣✉r❡ ✷✳✹✭❞✮✮✱ ♣✉✐s ❧❡ s♦♠✲
♠❡t a ✭✜❣✉r❡ ✷✳✹✭❡✮✮✳ ◆♦✉s ✉t✐❧✐s♦♥s ✉♥ ♠❛❦❡✲❜❡❢♦r❡✲❜r❡❛❦ ♣♦✉r ❧❡s ❞❡✉① r❡q✉êt❡s
❝♦rr❡s♣♦♥❞❛♥t❡s✳ ❋✐♥❛❧❡♠❡♥t✱ ♥♦✉s ♣♦✉✈♦♥s tr❛✐t❡r ❧❡ s♦♠♠❡t d ✭✜❣✉r❡ ✷✳✹✭❢✮✮ ❡t
r❡t✐r❡r ❧✬❛❣❡♥t✳ ❆✉tr❡♠❡♥t ❞✐t✱ ♥♦✉s ét❛❜❧✐ss♦♥s ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ d
♣ré❛❧❛❜❧❡♠❡♥t ✐♥t❡rr♦♠♣✉❡ ✭♠❛❦❡ ❞✬✉♥ ❜r❡❛❦✲❜❡❢♦r❡✲♠❛❦❡✮✳
✷✵ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
s♦rt❛♥t d ❡st ♦❝❝✉♣é ♣❛r ✉♥ ❛❣❡♥t ✭✜❣✉r❡ ✷✳✹✭❞✮✮ ❀
✕ rè❣❧❡ R3 ✿ ét❛❜❧✐r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ a ♣✉✐s ✐♥t❡rr♦♠♣r❡ ❧✬❛♥❝✐❡♥♥❡
⇔ tr❛✐t❡r ❧❡ s♦♠♠❡t ✐♥♦❝✉♣♣é a ❝❛r s♦♥ ✉♥✐q✉❡ ✈♦✐s✐♥ s♦rt❛♥t b ❡st tr❛✐té ✭✜✲
❣✉r❡ ✷✳✹✭❡✮✮ ❀
✕ rè❣❧❡ R2 ✿ ét❛❜❧✐r ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ d ⇔ s✉♣♣r✐♠❡r ❧✬❛❣❡♥t ❞✉
s♦♠♠❡t d ❝❛r s❡s tr♦✐s ✈♦✐s✐♥s s♦rt❛♥ts a✱ b ❡t c s♦♥t tr❛✐tés✳ ❚r❛✐t❡r d ✭✜❣✉r❡ ✷✳✹✭❢✮✮✳
❉❛♥s ❧❛ ❙❡❝t✐♦♥ ✷✳✶✳✹✱ ♥♦✉s ♣rés❡♥t♦♥s ❞❡s rés✉❧t❛ts ❡①✐st❛♥ts ❝♦♥❝❡r♥❛♥t ❞❡s
♣❛r❛♠ètr❡s ❧✐és ❛✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ q✉❡ ♥♦✉s ét✉❞✐❡r♦♥s ❛✉ ❝♦✉rs ❞❡
❝❡ ❝❤❛♣✐tr❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❞é❝r✐✈♦♥s q✉❡❧q✉❡s tr❛✈❛✉① r❡❧✐és à ❧❛ ♠✐♥✐♠✐✲
s❛t✐♦♥ ❞✉ ♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s ❡t à ❧❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ♠❛①✐♠✉♠
❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛♥é❡s✳
✷✳✶✳✹ ➱t❛t ❞❡ ❧✬❛rt
◆♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ✉♥❡ ♣❛rt✐❡ ❞❡s tr❛✈❛✉① ❡①✐st❛♥ts ❝♦♥❝❡r♥❛♥t
❞❡s ♣❛r❛♠ètr❡s ✐♠♣♦rt❛♥ts ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ q✉❡ ♥♦✉s ét✉❞✐♦♥s
❡t ❧❡s str❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t ❞❡s ❞✐❣r❛♣❤❡s ❝♦rr❡s♣♦♥❞❛♥t❡s✳
✷✳✶✳✹✳✶ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡s r❡q✉êt❡s s❛♥s ❛✉❝✉♥❡ ✐♥t❡rr✉♣t✐♦♥
■❧ ❡①✐st❡ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ s❛♥s ✐♥t❡rr✉♣t✐♦♥ ♣♦✉r ✉♥❡ ✐♥st❛♥❝❡ I s✐ ❡t s❡✉❧❡♠❡♥t
s✐ ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D ❛ss♦❝✐é à I ❡st s❛♥s ❝✐r❝✉✐t ✭❞✐r❡❝t❡❞ ❛❝②❝❧✐❝ ❣r❛♣❤✱
❉❆●✮✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ■❧ ❡①✐st❡ ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D s❛♥s ✉t✐❧✐s❡r
❞✬❛❣❡♥t s✐ ❡t s❡✉❧❡♠❡♥t s✐ D ❡st s❛♥s ❝✐r❝✉✐t✳
❊♥ ❡✛❡t✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ tr❛✐t❡r t♦✉s ❧❡s s♦♠♠❡ts ❞❡ D ❡♥ ✉t✐❧✐s❛♥t ✉♥✐q✉❡♠❡♥t
❧❛ rè❣❧❡ R3 ❡t ❡♥ s✉✐✈❛♥t ✉♥ ♦r❞r❡ ❞✬❡✛❡✉✐❧❧❛❣❡ ❞❡s s♦♠♠❡ts ❞❡ D✳ ❯♥ ♦r❞r❡ ❞✬❡❢✲
❢❡✉✐❧❧❛❣❡ ❝♦♥s✐st❡ à ❞✬❛❜♦r❞ ❝♦♥s✐❞ér❡r ❧❡s ❢❡✉✐❧❧❡s ✭s♦♠♠❡ts s❛♥s ✈♦✐s✐♥ s♦rt❛♥t✮ ❡t
s❡ ♣♦✉rs✉✐t ❛✐♥s✐ ré❝✉rs✐✈❡♠❡♥t✳
❉❡ ♣❧✉s s✐ D ❝♦♥t✐❡♥t ✉♥ ❝✐r❝✉✐t (u0, u1, . . . , uk−1, uk, u0)✱ ❛❧♦rs ✐❧ ❡st ❢❛❝✐❧❡ ❞✬♦❜✲
s❡r✈❡r q✉✬✉♥ ❛❣❡♥t ❡st ♥é❝❡ss❛✐r❡✳ ❙✉♣♣♦s♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
s❛♥s ❛❣❡♥t ♣♦✉r D✱ ❝✬❡st✲à✲❞✐r❡ ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t q✉✐ ✉t✐❧✐s❡ ✉♥✐q✉❡♠❡♥t
❧❛ rè❣❧❡ R3✳ P♦✉r tr❛✐t❡r u0✱ ♥♦✉s ❞❡✈♦♥s ♣ré❛❧❛❜❧❡♠❡♥t tr❛✐t❡r u1 ❝❛r (u0, u1) ∈ A✳
P♦✉r tr❛✐t❡r u1✱ ♥♦✉s ❞❡✈♦♥s tr❛✐t❡r u2 ❝❛r (u1, u2) ∈ A✳ ❊t ❛✐♥s✐ ❞❡ s✉✐t❡ ❥✉sq✉✬à
♦❜s❡r✈❡r q✉❡ ♣♦✉r tr❛✐t❡r uk✱ ♥♦✉s ❞❡✈♦♥s tr❛✐t❡r u0 ❝❛r (uk, u0) ∈ A✳ P♦✉r rés✉♠❡r✱
♣♦✉r tr❛✐t❡r u0✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ tr❛✐t❡r u0 ♣ré❛❧❛❜❧❡♠❡♥t✳ ❯♥❡ ❝♦♥tr❛❞✐❝t✐♦♥✳
❙✐ ✉♥❡ ✐♥st❛♥❝❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❛❞♠❡t ✉♥ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥✲
❞❛♥❝❡s D s❛♥s ❝✐r❝✉✐t✱ ❛❧♦rs ❧✬♦r❞r❡ s✉r ❧❡s r❡q✉êt❡s ✐♥❞✉✐t ♣❛r t♦✉t ♦r❞r❡ ❞✬❡✛❡✉✐❧❧❛❣❡
❞❡s s♦♠♠❡ts ❞❡ D✱ ❞♦♥♥❡ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡s r❡q✉êt❡s s❛♥s ❛✉❝✉♥❡ ✐♥t❡rr✉♣t✐♦♥✳
✷✳✶✳✹✳✷ ▼✐♥✐♠✐s❛t✐♦♥ ❞✉ ♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s
▼✐♥✐♠✐s❡r ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ r❡q✉êt❡s ✐♥t❡rr♦♠♣✉❡s ❛✉ ❝♦✉rs ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛✲
t✐♦♥ r❡✈✐❡♥t à ♠✐♥✐♠✐s❡r ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ s♦♠♠❡ts ❝♦✉✈❡rts ♣❛r ✉♥ ❛❣❡♥t ❛✉ ❝♦✉rs
❞✬✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞✉ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D ❛ss♦❝✐é✳
✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✷✶
❉❡ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❞✐❣r❛♣❤❡s ♣♦✉r ❧❡sq✉❡❧s ✐❧ ❡①✐st❡ ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐✲
t❡♠❡♥t s❛♥s ❛❣❡♥t✱ ♥♦✉s ❞é❞✉✐s♦♥s q✉❡ ♣♦✉r t♦✉t❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r
D = (V,A)✱ ❧✬❡♥s❡♠❜❧❡ F ⊆ V ❞❡s s♦♠♠❡ts ❝♦✉✈❡rts ♣❛r ✉♥ ❛❣❡♥t ❢♦r♠❡ ✉♥ ❢❡❡❞✲
❜❛❝❦ ✈❡rt❡① s❡t ❞❡ D✳ ❯♥ ❡♥s❡♠❜❧❡ F ❞❡ s♦♠♠❡ts ❞❡ D ❡st ✉♥ ❢❡❡❞❜❛❝❦ ✈❡rt❡① s❡t
✭❋❱❙✮ s✐ ❧❡ ❞✐❣r❛♣❤❡ ✐♥❞✉✐t ♣❛r ❧❡s s♦♠♠❡ts V \ F ❡st s❛♥s ❝✐r❝✉✐t✳ ❯♥ ♠✐♥✐♠✉♠
❢❡❡❞❜❛❝❦ ✈❡rt❡① s❡t ✭▼❋❱❙✮ ❡st ✉♥ ❋❱❙ ❞❡ ❝❛r❞✐♥❛❧✐té ♠✐♥✐♠✉♠✳ ❆✐♥s✐✱ ♠✐♥✐♠✐s❡r ❧❡
♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ❝♦✉✈❡rts r❡✈✐❡♥t à ❞ét❡r♠✐♥❡r ✉♥ ▼❋❱❙ ♣♦✉r D✳ ❈❡tt❡ ✈❛❧❡✉r
❡st ❧✬✐♥❞✐❝❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❞❡ D✳
❉é✜♥✐t✐♦♥ ✶ ✭✐♥❞✐❝❡ ❞❡ tr❛♥s♠✐ss✐♦♥✱ ♠❢✈s✮ ▲✬✐♥❞✐❝❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❞✬✉♥ ❞✐✲
❣r❛♣❤❡ D✱ ♥♦té mfvs(D)✱ ❡st ❧❡ ♣❧✉s ♣❡t✐t ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ❝♦✉✈❡rts ♣❛r ✉♥❡
str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D✳
❚❤é♦rè♠❡ ✷ ✭❬❑❛♥✾✷❪✮ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❞✬✉♥ ❞✐✲
❣r❛♣❤❡ ❡st ◆P✲❝♦♠♣❧❡t ❡t ❆P❳✲❞✐✣❝✐❧❡✳
❊♥ r❡✈❛♥❝❤❡✱ ❞ét❡r♠✐♥❡r s✐ ❝❡ ♣r♦❜❧è♠❡ ❡st ❞❛♥s ❆P❳ ♦✉ ♥♦♥✱ ❡st ♦✉✈❡rt✳
❉❛♥s ❬▲❏✾✾❪✱ ❧❡s ❛✉t❡✉rs ♣r♦♣♦s❡♥t ❞❡s ♦♣ér❛t✐♦♥s ❞❡ ré❞✉❝t✐♦♥ ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧
♣♦✉r ré❞✉✐r❡ ❧❛ t❛✐❧❧❡ ❞✉ ❣r❛♣❤❡✱ ❛✈❛♥t ❞❡ ♣r♦♣♦s❡r ✉♥ ❛❧❣♦r✐t❤♠❡ ❡①♣♦♥❡♥t✐❡❧ ❡①❛❝t✳
P♦✉r t❡r♠✐♥❡r ❝❡tt❡ s❡❝t✐♦♥✱ ✐❧ ❡st ❢❛❝✐❧❡ ❞✬♦❜s❡r✈❡r q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r
❧✬✐♥❞✐❝❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❞✬✉♥ ❞✐❣r❛♣❤❡ D r❡✈✐❡♥t à ❞ét❡r♠✐♥❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛♥s♠✐s✲
s✐♦♥ ❞❡ ❝❤❛❝✉♥❡ ❞❡ s❡s ❝♦♠♣♦s❛♥t❡s ❢♦rt❡♠❡♥t ❝♦♥♥❡①❡s✳
❚❤é♦rè♠❡ ✸ ➱t❛♥t ❞♦♥♥é ✉♥ ❞✐❣r❛♣❤❡ D✱ ♥♦✉s ♥♦t♦♥s {SCCi} ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦♠✲
♣♦s❛♥t❡s ❢♦rt❡♠❡♥t ❝♦♥♥❡①❡s ❞❡ D✳ ❆❧♦rs mfvs(D) =
∑
imfvs(SCCi)✳
Pr❡✉✈❡ ✿ ❚♦✉s ❧❡s s♦♠♠❡ts ❞✬✉♥ ❝✐r❝✉✐t ❞❡ D s♦♥t✱ ♣❛r ❞é✜♥✐t✐♦♥ ❞❡ ❧✬❡♥s❡♠❜❧❡
{SCCi}✱ ❞❛♥s ✉♥❡ s❡✉❧❡ ❝♦♠♣♦s❛♥t❡ ❢♦rt❡♠❡♥t ❝♦♥♥❡①❡✳ ❆✐♥s✐✱ tr♦✉✈❡r ❧❡ ♥♦♠❜r❡
♠✐♥✐♠✉♠ ❞❡ s♦♠♠❡ts à s✉♣♣r✐♠❡r ♣♦✉r r❡♥❞r❡ D s❛♥s ❝✐r❝✉✐t✱ r❡✈✐❡♥t à tr♦✉✈❡r ❧❡
♥♦♠❜r❡ ♠✐♥✐♠✉♠ ❞❡ s♦♠♠❡ts à s✉♣♣r✐♠❡r ♣♦✉r r❡♥❞r❡ ❝❤❛❝✉♥❡ ❞❡s ❝♦♠♣♦s❛♥t❡s
SCCi s❛♥s ❝✐r❝✉✐t✳ 
✷✳✶✳✹✳✸ ▼✐♥✐♠✐s❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ♠❛①✐♠✉♠ ❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛♥é❡s
➱t❛♥t ❞♦♥♥é❡ ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ✉♥ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s
D✱ ❧❡ ♥♦♠❜r❡ ♠❛①✐♠✉♠ ❞❡ r❡q✉êt❡s s✐♠✉❧t❛♥é♠❡♥t ✐♥t❡rr♦♠♣✉❡s ❛✉ ❝♦✉rs ❞❡ ❧❛
r❡❝♦♥✜❣✉r❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t❡✱ ❡st ❧❡ ♥♦♠❜r❡ ♠❛①✐♠✉♠ ❞✬❛❣❡♥ts ♣♦s✐t✐♦♥♥és s✉r
❞❡s s♦♠♠❡ts ❞❡ D ❛✉ ❝♦✉rs ❞❡ ❧❛ str❛té❣✐❡✱ ❡t ❞♦♥❝ ❧❡ ♥♦♠❜r❡ ❞✬❛❣❡♥ts ✉t✐❧✐sés✳ ▲❡
♣r♦❜❧è♠❡ ❞❡ ♠✐♥✐♠✐s❡r ❧❡ ♥♦♠❜r❡ ♠❛①✐♠✉♠ ❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛♥é❡s r❡✈✐❡♥t à
❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞✉ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ❬❈PP❙✵✺❪✳
❉é✜♥✐t✐♦♥ ✷ ✭♣✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✱ ♣✲♣r♦❝❡ss str❛t❡❣②✮ ❯♥❡ ♣✲
str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ✉♥ ❞✐❣r❛♣❤❡ D ❡st ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♣♦✉r D q✉✐ ✉t✐❧✐s❡ ❛✉ ♣❧✉s ♣ ❛❣❡♥ts✳
✷✷ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
❉é✜♥✐t✐♦♥ ✸ ✭✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t✱ ♣r♦❝❡ss ♥✉♠❜❡r✱ ♣♥✮ ▲✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡✲
♠❡♥t ❞✬✉♥ ❞✐❣r❛♣❤❡ D✱ ♥♦té pn(D)✱ ❡st ❧❡ ♣❧✉s ♣❡t✐t p t❡❧ q✉✬✐❧ ❡①✐st❡ ✉♥❡ ♣✲str❛té❣✐❡
❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D✳
❉❛♥s ❬❈PP❙✵✺❪✱ ❧❡s ❛✉t❡✉rs ♦♥t r❡❧✐é ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t à ❧❛ ♥♦t✐♦♥ ❞❡ s♦♠♠❡t
sé♣❛r❛t✐♦♥ ❬❉P❙✵✷❪✳
❉é✜♥✐t✐♦♥ ✹ ✭s♦♠♠❡t sé♣❛r❛t✐♦♥✱ ✈❡rt❡① s❡♣❛r❛t✐♦♥✱ ✈s✮ ❯♥ ❛rr❛♥❣❡♠❡♥t
❧✐♥é❛✐r❡ ❞✬✉♥ ❣r❛♣❤❡ ♦r✐❡♥té D = (V,A) ❡st ✉♥❡ ❜✐❥❡❝t✐♦♥ L : V → {1, . . . , |V |}✳
▲❛ ❝♦✉♣❡ ♠❛①✐♠✉♠ ✐♥❞✉✐t❡ ♣❛r ❧❡s ❛r❝s r❡t♦✉r ❞❡ ❧✬❛rr❛♥❣❡♠❡♥t L ❡st ♠❡s✉ré❡ ♣❛r
max1≤i≤|V | |M(i)| ❛✈❡❝ M(i) := {v ∈ V : L(v) > i ❡t ∃u ∈ N(v) : L(u) ≤ i}✳
▲❛ s♦♠♠❡t sé♣❛r❛t✐♦♥ ❞❡ D✱ ♥♦té❡ ✈s(D)✱ ❡st ❧❡ ♠✐♥✐♠✉♠ ♣r✐s s✉r t♦✉s ❧❡s
❛rr❛♥❣❡♠❡♥ts ✿ ✈s(D) = minLmax1≤i≤|V | |M(i)|✳
Pr♦♣♦s✐t✐♦♥ ✶ ✭❬❈PP❙✵✺❪✮ P♦✉r t♦✉t ❞✐❣r❛♣❤❡ D✱ ✈s(D) ≤ ♣♥(D) ≤ ✈s(D) + 1✳
❈♦♠♠❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r ❧❛ s♦♠♠❡t sé♣❛r❛t✐♦♥ ❞✬✉♥ ❞✐❣r❛♣❤❡ ♥❡ ♣❡✉t
♣❛s êtr❡ ❛♣♣r♦❝❤é à ✉♥❡ ❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès ❬❉❑▲✽✼❪✱ à ♠♦✐♥s q✉❡ P❂◆P✱ ❛❧♦rs
❈♦r♦❧❧❛✐r❡ ✶ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞✬✉♥ ❞✐❣r❛♣❤❡ ♥❡
♣❡✉t ♣❛s êtr❡ ❛♣♣r♦❝❤é à ✉♥❡ ❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧✱ à ♠♦✐♥s
q✉❡ P❂◆P✳
❉❛♥s ❬❙♦❧✵✾❪✱ ❙♦❧❛♥♦ ♣r♦♣♦s❡ ❞❡ ❞✐✈✐s❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐✲
t❡♠❡♥t ❞✬✉♥ ❞✐❣r❛♣❤❡ D ❡♥ ❞❡✉① s♦✉s✲♣r♦❜❧è♠❡s ✿
✕ ✭P1✮ ❞ét❡r♠✐♥❡r ❧❡ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡ s♦♠♠❡ts ❞❡ D ♣♦✉r ❧❡sq✉❡❧s ✉♥ ❛❣❡♥t
s❡r❛ ♣❧❛❝é ❀
✕ ✭P2✮ ❝❛❧❝✉❧❡r ❧✬♦r❞r❡ ♦♣t✐♠❛❧ s✉r ❝❡s s♦♠♠❡ts✳
❉❛♥s ❬❙♦❧✵✾❪✱ ❙♦❧❛♥♦ ❝♦♥❥❡❝t✉r❛✐t q✉❡ ❧❛ ❝♦♠♣❧❡①✐té ❞✉ ♣r♦❜❧è♠❡ rés✐❞❛✐t ❞❛♥s ❧❛
♣r❡♠✐èr❡ ♣❤❛s❡ ❡t q✉❡ ❧❛ s❡❝♦♥❞❡ ♣♦✉✈❛✐t êtr❡ rés♦❧✉❡ ♦✉ ❛♣♣r♦❝❤é❡ ♣❛r ✉♥ ❛❧❣♦r✐t❤♠❡
❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧✳ ◆♦✉s ♣r♦✉✈♦♥s ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✹ q✉❡ ❝❡❧❛ ❡st ❢❛✉①✳
❚❤é♦rè♠❡ ✹ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞✬✉♥ ❞✐❣r❛♣❤❡ D ❡st
◆P✲❝♦♠♣❧❡t ❡t ♥✬❡st ♣❛s ❛♣♣r♦①✐♠❛❜❧❡ à ✉♥❡ ❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès ❡♥ t❡♠♣s ♣♦❧②✲
♥♦♠✐❛❧✱ à ♠♦✐♥s q✉❡ P❂◆P✱ ♠ê♠❡ s✐ ❧❡ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡ s♦♠♠❡ts q✉✐ ♣❡✉✈❡♥t êtr❡
❝♦✉✈❡rts ❡st ❞♦♥♥é✳
Pr❡✉✈❡ ✿ ❙♦✐t D = (V,A) ✉♥ ❞✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ ❛✈❡❝ V = {u1, . . . , un}✳
❙♦✐t Dˆ = (V ′, A′) ✉♥ ❞✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ ❛✈❡❝ V ′ = V ∪ {v1, . . . , vn} ❡t
Dˆ ❡st ♦❜t❡♥✉ à ♣❛rt✐r ❞❡ D ❡♥ ❛❥♦✉t❛♥t ❞❡✉① ❛r❝s s②♠étr✐q✉❡s ❡♥tr❡ ui ❡t vi ♣♦✉r
i = 1, . . . , n✳ ■❧ ❡st ❢❛❝✐❧❡ ❞✬♦❜s❡r✈❡r q✉✬✐❧ ❡①✐st❡ ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♦♣t✐♠❛❧❡
♣♦✉r Dˆ t❡❧❧❡ q✉❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦♠♠❡ts ♦❝❝✉♣és ❡st V ✳ ❊♥ ❡✛❡t✱ ♥♦t♦♥s q✉❡✱ ♣♦✉r
t♦✉t i✱ ❛✉ ♠♦✐♥s ✉♥ ❞❡s ❞❡✉① s♦♠♠❡ts ui ♦✉ vi ❞♦✐t êtr❡ ❝♦✉✈❡rt ♣❛r ✉♥ ❛❣❡♥t ✭t♦✉t
❋❱❙ ❞❡ D ❝♦♥t✐❡♥t ❛✉ ♠♦✐♥s ✉♥ ❞❡s ❞❡✉① s♦♠♠❡ts vi ♦✉ ui✮✳ ❉❡ ♣❧✉s✱ s✐ ✉♥❡ ét❛♣❡
❞❡ ❧❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r Dˆ ❝♦♥s✐st❡ à ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ❧❡ s♦♠♠❡t vi✱
✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✷✸
❛❧♦rs ❧❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣❡✉t êtr❡ ❢❛❝✐❧❡♠❡♥t tr❛♥s❢♦r♠é❡ ❡♥ ♣♦s❛♥t ✉♥ ❛❣❡♥t
s✉r ui à ❧❛ ♣❧❛❝❡✳
❈♦♥s✐❞ér♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞✉ ❝❛❧❝✉❧ ❞✬✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♦♣t✐♠❛❧❡ ♣♦✉r
Dˆ s✐ ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦♠♠❡ts ❝♦✉✈❡rts ♣❛r ❧❡s ❛❣❡♥ts ❡st ❝♦♥tr❛✐♥t ❞✬êtr❡ V ✳ P❛r ❧❛
r❡♠❛rq✉❡ ♣ré❝é❞❡♥t❡✱ ✉♥❡ t❡❧❧❡ str❛té❣✐❡ ♦♣t✐♠❛❧❡ ❡①✐st❡ t♦✉❥♦✉rs✳ ■❧ ❡st ❛❧♦rs ❢❛❝✐❧❡
❞❡ ✈ér✐✜❡r q✉❡ ❝❡ ♣r♦❜❧è♠❡ ❡st éq✉✐✈❛❧❡♥t à ❝❡❧✉✐ ❞❡ ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t
s♦♠♠❡t ✭✈♦✐r ❧❛ s❡❝t✐♦♥ ✷✳✶✳✹✳✹✮✱ ❡t ❞♦♥❝ ❧❛ ♣❛t❤✇✐❞t❤✱ ❞✉ ❣r❛♣❤❡ ♥♦♥ ❞✐r✐❣é s♦✉s✲
❥❛❝❡♥t ❞❡ D q✉✐ ❡st ◆P✲❝♦♠♣❧❡t ❬▼❍●+✽✽❪ ❡t q✉✐ ♥✬❡st ♣❛s ❛♣♣r♦①✐♠❛❜❧❡ à ✉♥❡
❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ ❬❉❑▲✽✼❪✱ à ♠♦✐♥s q✉❡ P❂◆P✳ 
■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ r❡♠❛rq✉❡r q✉❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞✬✉♥ ❞✐❣r❛♣❤❡ D ❡st
❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ♠❛①✐♠✉♠ ♣❛r♠✐ s❡s ❝♦♠♣♦s❛♥t❡s ❢♦rt❡♠❡♥t ❝♦♥♥❡①❡s✳
❚❤é♦rè♠❡ ✺ ✭❬❈❙✶✶❪✮ ➱t❛♥t ❞♦♥♥é ✉♥ ❞✐❣r❛♣❤❡ D✱ ♥♦✉s ♥♦t♦♥s {SCCi} ❧✬❡♥✲
s❡♠❜❧❡ ❞❡s ❝♦♠♣♦s❛♥t❡s ❢♦rt❡♠❡♥t ❝♦♥♥❡①❡s ❞❡ D✳ ❆❧♦rs pn(D) = maxi{pn(SCCi)}✳
❉❛♥s ❬❈❙✶✶❪✱ ❈♦✉❞❡rt ❡t ❙❡r❡♥✐ ♦♥t ❝❛r❛❝tér✐sé ❧❡s ❞✐❣r❛♣❤❡s ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡✲
♠❡♥t ❛✉ ♣❧✉s 2✳ ❙♦✐t D = (V,A) ✉♥ ❞✐❣r❛♣❤❡ ❛✈❡❝ n = |V | ❡t m = |A|✳ ❘❛♣♣❡❧♦♥s
q✉✬✐❧ ❡①✐st❡ ✉♥❡ 0✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t s✐ ❡t s❡✉❧❡♠❡♥t s✐ D ❡st s❛♥s ❝✐r❝✉✐t✳ ❘❛♣✲
♣❡❧♦♥s q✉❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ D ❡st ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ♠❛①✐♠✉♠ ♣❛r♠✐
t♦✉t❡s ❧❡s ❝♦♠♣♦s❛♥t❡s ❢♦rt❡♠❡♥t ❝♦♥♥❡①❡s ❞❡ D ✭❚❤é♦rè♠❡ ✺✮✳ ❙✉♣♣♦s♦♥s✱ s❛♥s
♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✱ q✉❡ D ❡st ❢♦rt❡♠❡♥t ❝♦♥♥❡①❡ ❡t q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ 0✲str❛té❣✐❡
❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D✳ ■❧ ❡①✐st❡ ✉♥❡ 1✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D s✐✱ ❡t s❡✉❧❡✲
♠❡♥t s✐✱ ✐❧ ❡①✐st❡ ✉♥ s♦♠♠❡t u ∈ V t❡❧ q✉❡ D − {u} ❡st s❛♥s ❝✐r❝✉✐t ✭❉❆●✮✳ ▲❡s
❛✉t❡✉rs ♠❡tt❡♥t ❡♥ ❡①❡r❣✉❡ ✉♥ ❛❧❣♦r✐t❤♠❡ ❛✈❡❝ ✉♥❡ ❝♦♠♣❧❡①✐té ❡♥ t❡♠♣s ❡t ❡♥ ❡s✲
♣❛❝❡ ❞❡ O(n+m)✳ ❊♥✜♥✱ ✐❧s ❝❛r❛❝tér✐s❡♥t ❧❡s ❞✐❣r❛♣❤❡s ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t 2 ❡t
♣r♦♣♦s❡♥t ✉♥ ❛❧❣♦r✐t❤♠❡ ❡♥ O(n(n+m)) ♣♦✉r ❧❛ r❡❝♦♥♥❛✐ss❛♥❝❡ ❞❡ t❡❧s ❞✐❣r❛♣❤❡s✳
✷✳✶✳✹✳✹ ❉✐❣r❛♣❤❡s ♦r✐❡♥tés s②♠étr✐q✉❡s
❆✈❛♥t ❞❡ ♣rés❡♥t❡r ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s ❧✐és à ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s
❣r❛♣❤❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ❡t ❧❡✉rs r❡❧❛t✐♦♥s ♠✉t✉❡❧❧❡s✱ ♥♦✉s ❡①♣♦s♦♥s q✉❡❧q✉❡s
r❡♠❛rq✉❡s ❝♦♥❝❡r♥❛♥t ❧❡ ❝❛❧❝✉❧ ❞❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❞❛♥s ❞❡ t❡❧s ❞✐❣r❛♣❤❡s✳
❙♦✐t D ✉♥ ❞✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r mfvs(D) ❡st
éq✉✐✈❛❧❡♥t ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦✉✈❡rt✉r❡ ♠✐♥✐♠✉♠ ❞❡ s♦♠♠❡ts ✭♠✐♥✐♠✉♠ ✈❡rt❡① ❝♦✈❡r✮
❞❛♥s ❧❡ ❣r❛♣❤❡ ♥♦♥✲♦r✐❡♥té s♦✉s✲❥❛❝❡♥t✳ ❊♥ ❡✛❡t✱ ❝❤❛q✉❡ ♣❛✐r❡ ❞✬❛r❝s ❡♥tr❡ ❞❡✉①
s♦♠♠❡ts u ∈ V (D) ❡t v ∈ V (D) ❢♦r♠❡ ✉♥ ❝✐r❝✉✐t✳ ❆✐♥s✐✱ ❞❛♥s ❧❡ ❣r❛♣❤❡ ♥♦♥✲♦r✐❡♥té
s♦✉s✲❥❛❝❡♥t✱ ❧❡ ♣r♦❜❧è♠❡ r❡✈✐❡♥t à ❞ét❡r♠✐♥❡r ❧❡ ♣❧✉s ♣❡t✐t ❡♥s❡♠❜❧❡ ❞❡ s♦♠♠❡ts
❝♦✉✈r❛♥t ❝❤❛❝✉♥❡ ❞❡s ❛rêt❡s✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦✉✈❡rt✉r❡ ♠✐♥✐♠✉♠ ❞❡ s♦♠♠❡ts ❡st
◆P✲❝♦♠♣❧❡t ♠ê♠❡ ♣♦✉r ❧❛ ❝❧❛ss❡ ❞❡s ❣r❛♣❤❡s ❝✉❜✐q✉❡s ❬●❏✼✾❪ ❡t ♣♦✉r ❧❛ ❝❧❛ss❡ ❞❡s
❣r❛♣❤❡s ♣❧❛♥❛✐r❡s ❞❡ ❞❡❣ré ❛✉ ♣❧✉s 3 ❬●❏✼✼❪✳ ❉❡ ♣❧✉s✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r ✉♥❡
❝♦✉✈❡rt✉r❡ ♠✐♥✐♠✉♠ ❞❡ s♦♠♠❡ts ❡st ❆P❳✲❝♦♠♣❧❡t ❡t ✐❧ ❛ été ♣r♦✉✈é ❞❛♥s ❬❉❙✵✹❪✱
q✉✬✐❧ ♥✬❡①✐st❛✐t ♣❛s ❞✬❛❧❣♦r✐t❤♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ à ✉♥ ❢❛❝t❡✉r
❛✉ ♣❧✉s 1.3606✱ à ♠♦✐♥s q✉❡ P❂◆P✳
✷✹ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❧❛ s❡❝t✐♦♥✱ ♥♦✉s ♣rés❡♥t♦♥s t♦✉t ❞✬❛❜♦r❞ ❧❛ ♥♦t✐♦♥ ❞✬✐♥❞✐❝❡
❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✱ ❧✬❤♦♠♦❧♦❣✉❡ ❛❧❣♦r✐t❤♠✐q✉❡ ❞❡ ❧❛ ♥♦t✐♦♥ ❞❡ ♣❛t❤✇✐❞t❤ ✐♥✲
tr♦❞✉✐t❡ ♣❛r ❘♦❜❡rts♦♥ ❡t ❙❡②♠♦✉r ❬❘❙✽✸❪✳ ❈❡t ✐♥❞✐❝❡ ❡st ❞é✜♥✐ ❡♥ t❡r♠❡s ❞❡ ❥❡✉
❞❡s ❣❡♥❞❛r♠❡s ❡t ❞✉ ✈♦❧❡✉r ✭❣r❛♣❤ s❡❛r❝❤✐♥❣ ♣r♦❜❧❡♠✮ ❬❇r❡✻✼✱ ❉P❙✵✷✱ ❋❚✵✽✱ ❑P✽✻✱
P❛r✼✽❪✳ ◆♦✉s ♣rés❡♥t♦♥s ❡♥s✉✐t❡ ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t ❛rêt❡ ❛✈❛♥t ❞❡ ✭r❡✮❞é✜♥✐r
❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❡♥ t❡r♠❡s ❞❡ ❥❡✉ ❞❡ ❣❡♥❞❛r♠❡s ❡t ❞❡ ✈♦❧❡✉r✳
■♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✳ ▲✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t ❡st ❧❡
♥♦♠❜r❡ ♠✐♥✐♠✉♠ ❞✬❛❣❡♥ts ♥é❝❡ss❛✐r❡s à ❧❛ ❝❛♣t✉r❡ ❞✬✉♥ ❢✉❣✐t✐❢ ✐♥✈✐s✐❜❧❡ ❡t ❛r❜✐✲
tr❛✐r❡♠❡♥t r❛♣✐❞❡ ❝❛❝❤é ❞❛♥s ✉♥ ❣r❛♣❤❡✳ ▲❡s rè❣❧❡s ❞❡ ❝❡ ❥❡✉ à ❞❡✉① ❥♦✉❡✉rs s♦♥t ❧❡s
s✉✐✈❛♥t❡s ✿ à ❝❤❛q✉❡ ét❛♣❡✱ ❧❡ ♣r❡♠✐❡r ❥♦✉❡✉r ♣❡✉t ❞é♣❧❛❝❡r ❧❡ ❢✉❣✐t✐❢ ❞✬✉♥ s♦♠♠❡t
à ✉♥ ❛✉tr❡ ✈✐❛ ✉♥ ❝❤❡♠✐♥ ❞❛♥s ❧❡q✉❡❧ ❛✉❝✉♥ s♦♠♠❡t ♥✬❡st ❝♦✉✈❡rt ♣❛r ✉♥ ❛❣❡♥t✳ ▲❡
s❡❝♦♥❞ ❥♦✉❡✉r ♣❡✉t ❛❧♦rs ❡✛❡❝t✉❡r ✉♥❡ ❞❡s ❞❡✉① ❛❝t✐♦♥s s✉✐✈❛♥t❡s ✿
✭✶✮ ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ✉♥ s♦♠♠❡t ❀
✭✷✮ ❡♥❧❡✈❡r ✉♥ ❛❣❡♥t ❞✬✉♥ s♦♠♠❡t✳
▲❡ ❢✉❣✐t✐❢ ❡st ❝❛♣t✉ré ❧♦rsq✉✬✉♥ ❛❣❡♥t ❡st s✐t✉é s✉r ❧❡ ♠ê♠❡ s♦♠♠❡t✳ ❘❛♣♣❡❧♦♥s
q✉❡ ❧❡ s❡❝♦♥❞ ❥♦✉❡✉r ♥❡ ❝♦♥♥❛ît ♣❛s ❧❛ ♣♦s✐t✐♦♥ ❞✉ ❢✉❣✐t✐❢ ✭✐♥✈✐s✐❜❧❡✮✳
❉é✜♥✐t✐♦♥ ✺ ✭♣✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡✱ ♣✲s❡❛r❝❤ str❛t❡❣②✮ ❯♥❡ ♣✲str❛té❣✐❡ ❞❡
❝❛♣t✉r❡ ♣♦✉r ✉♥ ❣r❛♣❤❡ G ❡st ✉♥❡ str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♣♦✉r G q✉✐ ✉t✐❧✐s❡ ❛✉ ♣❧✉s
♣ ❛❣❡♥ts✳
❉é✜♥✐t✐♦♥ ✻ ✭✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✱ ♥♦❞❡ s❡❛r❝❤ ♥✉♠❜❡r✱ ♥s✮
▲✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t ❞✬✉♥ ❣r❛♣❤❡ G✱ ♥♦té s♥(G)✱ ❡st ❧❡ ♣❧✉s ♣❡t✐t p t❡❧
q✉✬✐❧ ❡①✐st❡ ✉♥❡ ♣✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♣♦✉r G✳
P❛r ❡①❡♠♣❧❡✱ ✉♥❡ ét♦✐❧❡ ❛ ✉♥ ✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t ❞❡ ✷✱ ✉♥ ❝❤❡♠✐♥ ❛
✉♥ ✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t ❞❡ ✷✱ ✉♥ ❝②❝❧❡ ❛ ✉♥ ✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t
❞❡ ✸ ❡t ✉♥❡ ❣r✐❧❧❡ n× n✱ ❛✈❡❝ n ≥ 2✱ ❛ ✉♥ ✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t ❞❡ n+ 1✳
❚❤é♦rè♠❡ ✻ ✭❬❑P✽✻❪✮ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t
❞✬✉♥ ❣r❛♣❤❡ ❡st ◆P✲❞✐✣❝✐❧❡✳
❚♦✉t ❛✉ ❧♦♥❣ ❞✬✉♥❡ p✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡✱ ❧❡s s♦♠♠❡ts ♣❡✉✈❡♥t êtr❡ ❞✐✈✐sés ❡♥
tr♦✐s ❝❛té❣♦r✐❡s ✿ ❧❡s s♦♠♠❡ts ❣❛r❞és ♣❛r ❞❡s ❛❣❡♥ts✱ ❧❡s s♦♠♠❡ts ♥♦♥ sé❝✉r✐sés s✉r
✉♥ ❞❡sq✉❡❧s ♣❡✉t s❡ tr♦✉✈❡r ❧❡ ❢✉❣✐t✐❢ ❡t ❧❡s s♦♠♠❡ts sé❝✉r✐sés ♦ù ❧❡ ❢✉❣✐t✐❢ ♥❡ ♣❡✉t
♣❛s êtr❡✳
❉é✜♥✐t✐♦♥ ✼ ✭p✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♠♦♥♦t♦♥❡✮ ❯♥❡ p✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡
♣♦✉r ✉♥ ❣r❛♣❤❡ G ❡st ♠♦♥♦t♦♥❡ s✐ ❧❛ ♣❛rt✐❡ ♥♦♥ sé❝✉r✐sé❡ ❞❡ G ♥✬❛✉❣♠❡♥t❡ ❥❛✲
♠❛✐s ❛✉ ❝♦✉rs ❞❡ ❝❡tt❡ str❛té❣✐❡✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ✉♥ s♦♠♠❡t q✉✐ ❛ été ❣❛r❞é ♣❛r
✉♥ ❛❣❡♥t✱ ♥❡ ♣❡✉t ❥❛♠❛✐s ❛❜r✐t❡r ❧❡ ❢✉❣✐t✐❢ ❛♣rès ❧❡ r❡tr❛✐t ❞❡ ❧✬❛❣❡♥t ❞❡ ❝❡ s♦♠♠❡t✳
▲❛P❛✉❣❤ ❛ ♣r♦✉✈é ❞❛♥s ❬▲❛P✾✸❪ q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❝♦♥s✐❞ér❡r ✉♥✐q✉❡♠❡♥t ❞❡s
str❛té❣✐❡s ♠♦♥♦t♦♥❡s✳
✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✷✺
❚❤é♦rè♠❡ ✼ ✭❬▲❛P✾✸❪✮ ❙✐ ✉♥❡ p✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♣♦✉r ✉♥ ❣r❛♣❤❡ G ❡①✐st❡✱
❛❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ p✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♠♦♥♦t♦♥❡ ♣♦✉r G✳
❯♥❡ p✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♠♦♥♦t♦♥❡ ♣♦✉r G = (V,E) ❡st ✉♥❡ séq✉❡♥❝❡ ❞❡ 2n =
2|V | ❛❝t✐♦♥s ❞❡s p ❛❣❡♥ts ✿ m1, . . . ,m2n✱ ❛✈❡❝ mi✱ 1 ≤ i ≤ 2n✱ ✉♥❡ ❞❡s ❞❡✉① ❛❝t✐♦♥s
s✉✐✈❛♥t❡s ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ✉♥ s♦♠♠❡t u ∈ V ❡t ❡♥❧❡✈❡r ✉♥ ❛❣❡♥t ❞✬✉♥ s♦♠♠❡t
u ∈ V ✳ ❘❡♠❛rq✉♦♥s q✉✬✉♥ ❛❣❡♥t ♣❡✉t êtr❡ ❡♥❧❡✈é ❞✬✉♥ s♦♠♠❡t s✐✱ ❡t s❡✉❧❡♠❡♥t
s✐✱ ✐❧ ❛ été ♣❧❛❝é ♣ré❛❧❛❜❧❡♠❡♥t ❛✉ ❝♦✉rs ❞❡ ❧❛ str❛té❣✐❡✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s
✉♥✐q✉❡♠❡♥t ❞❡s str❛té❣✐❡s q✉✐ ♥❡ ♣❧❛❝❡♥t ♣❛s ♣❧✉s ❞✬✉♥ ❛❣❡♥t ♣❛r s♦♠♠❡t✳ ❆✐♥s✐✱
♥♦✉s s✉♣♣♦s♦♥s q✉✬✉♥ ❛❣❡♥t ♥✬❡st ❥❛♠❛✐s ♣❧❛❝é s✉r ✉♥ s♦♠♠❡t ❣❛r❞é ♦✉ sé❝✉r✐sé✳ ❊♥
rés✉♠é✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥✐q✉❡♠❡♥t ❞❡s str❛té❣✐❡s ❛✈❡❝ ✉♥ ♥♦♠❜r❡ n ❞✬❛❝t✐♦♥s ❡t
♦ù t♦✉s ❧❡s ❛❣❡♥ts s♦♥t ❡♥❧❡✈és ❞✉ ❣r❛♣❤❡ à ❧❛ ✜♥ ❞❡ ❧❛ str❛té❣✐❡✳
❆✈❛♥t ❞❡ ♣rés❡♥t❡r ❧❡s ❧✐❡♥s ❡♥tr❡ ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✱ ❧❛ ♣❛t❤✇✐❞t❤
❡t ❧❛ s♦♠♠❡t sé♣❛r❛t✐♦♥✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ❝✐t❡r ❧❛ ♥♦t✐♦♥ ❞✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t
❝♦♥♥❡①❡ ✭❝♦♥♥❡❝t❡❞ s❡❛r❝❤ ♥✉♠❜❡r✮✱ q✉✐ ❡st s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ❞❡ ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣✲
♣❡♠❡♥t s♦♠♠❡t✳ ❊♥ ❡✛❡t✱ ❧❛ s❡✉❧❡ ❞✐✛ér❡♥❝❡ ❡st q✉❡ ❧❛ ♣❛rt✐❡ tr❛✐té❡ ❞✉ ❣r❛♣❤❡✱
❞❛♥s ❧❛q✉❡❧❧❡ ❧❡ ❢✉❣✐t✐❢ ♥❡ ♣❡✉t ♣❛s êtr❡✱ ❞♦✐t êtr❡ ✉♥ s♦✉s✲❣r❛♣❤❡ ❝♦♥♥❡①❡✳ P♦✉r
❧❡s ❛r❜r❡s✱ ✐❧ ❛ été ♠♦♥tré q✉❡ ❝❡ ♣❛r❛♠ètr❡ ❡st ❛✉ ♣❧✉s ❞❡✉① ❢♦✐s ❧❛ ✈❛❧❡✉r ❞❡ ❧✬✐♥✲
❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t ❬❇❋❙❚✵✸❪✳ ❯♥ ❛❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ❧✐♥é❛✐r❡ ❡st ♣r♦♣♦sé
❞❛♥s ❬❇❋❋❙✵✷❪✳
▲✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t ❡st ❧✬❤♦♠♦❧♦❣✉❡ ❛❧❣♦r✐t❤♠✐q✉❡ ❞❡ ❧❛ ♥♦t✐♦♥
❞❡ ♣❛t❤✇✐❞t❤ ✐♥tr♦❞✉✐t❡ ♣❛r ❘♦❜❡rts♦♥ ❡t ❙❡②♠♦✉r ❬❘❙✽✸❪✳ ❑✐♥♥❡rs❧❡② ❬❑✐♥✾✷❪
❛ ♣r♦✉✈é q✉❡ ❧❛ ♣❛t❤✇✐❞t❤ ❞✬✉♥ ❣r❛♣❤❡ ❡st é❣❛❧❡ à s❛ s♦♠♠❡t sé♣❛r❛t✐♦♥✳ ❉♦♥❝
❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✱ ❧❛ ♣❛t❤✇✐❞t❤ ❡t ❧❛ s♦♠♠❡t sé♣❛r❛t✐♦♥ s♦♥t éq✉✐✲
✈❛❧❡♥ts ✿ s♥(G) = ♣✇(G) + 1 = ✈s(G) + 1✳ ❈❡♣❡♥❞❛♥t ✐❧ ♥✬❡st ♣❛s ❝♦♥♥✉ s✐ ✉♥❡
éq✉✐✈❛❧❡♥❝❡ ❡①✐st❡ ❛✈❡❝ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ét❛♥t ❞♦♥♥é❡
❧❛ ✈❛❧❡✉r ❞✬✉♥ ♣❛r❛♠ètr❡✱ ❡st✲✐❧ ♣♦ss✐❜❧❡ ❞❡ ❝❛❧❝✉❧❡r ❧✬❛✉tr❡ ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧
✭❧❛ ❝♦♠♣❧❡①✐té ♥❡ ❞é♣❡♥❞❛♥t ♣❛s ❞❡ ❧❛ ✈❛❧❡✉r ❝♦♥♥✉❡ ❞✉ ♣❛r❛♠ètr❡✮ ❄ ▲❡s ❛✉t❡✉rs
❞❡ ❬P❍❍+✵✵❪ ré♣♦♥❞❡♥t à ❝❡tt❡ q✉❡st✐♦♥ ❧♦rsq✉❡ ❧❡ ❣r❛♣❤❡ ❡st ✉♥ ❛r❜r❡✳ ❘❛♣♣❡❧♦♥s
q✉❡ ✈s(D) ≤ ♣♥(D) ≤ ✈s(D) + 1 ❬❈PP❙✵✺❪✳
■♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t ❛rêt❡✳ ❘❛♣♣❡❧♦♥s q✉❡ ♣♦✉r ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t
s♦♠♠❡t✱ ❧❡ ♣r❡♠✐❡r ❥♦✉❡✉r ♣❡✉t ❞é♣❧❛❝❡r ❧❡ ❢✉❣✐t✐❢ ❞✬✉♥ s♦♠♠❡t à ✉♥ ❛✉tr❡ s✐✱ ❡t
s❡✉❧❡♠❡♥t s✐✱ ✐❧ ❡①✐st❡ ✉♥ ❝❤❡♠✐♥ ❞❛♥s ❧❡q✉❡❧ ❛✉❝✉♥ s♦♠♠❡t ♥✬❡st ❝♦✉✈❡rt ♣❛r ✉♥
❛❣❡♥t✳ P♦✉r ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t ❛rêt❡✱ ❧❡ ❢✉❣✐t✐❢ ♣❡✉t é❣❛❧❡♠❡♥t s❡ ♣♦s✐t✐♦♥♥❡r
s✉r ✉♥❡ ❛rêt❡ ❞✉ ❣r❛♣❤❡✳ ❆✐♥s✐✱ ✐❧ ② ❛ ✉♥❡ tr♦✐s✐è♠❡ ❛❝t✐♦♥ ♣♦ss✐❜❧❡ ♣♦✉r ❧❡ s❡❝♦♥❞
❥♦✉❡✉r✳
✭✶✮ ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ✉♥ s♦♠♠❡t ❀
✭✷✮ ❡♥❧❡✈❡r ✉♥ ❛❣❡♥t ❞✬✉♥ s♦♠♠❡t ❀
✭✸✮ ✉♥ ❛❣❡♥t ♣♦s✐t✐♦♥♥é s✉r ✉♥ s♦♠♠❡t u ♣❡✉t tr❛✈❡rs❡r ✉♥❡ ❛rêt❡ (u, v)✳
❈♦♠♠❡ ♣♦✉r ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✱ ❧❡s s♦♠♠❡ts ❡t ❧❡s ❛rêt❡s ♣❡✉✈❡♥t
êtr❡ ❞✐✈✐sés ❡♥ tr♦✐s ❝❛té❣♦r✐❡s ✿ ❧❡s s♦♠♠❡ts ❣❛r❞és s✉r ❧❡sq✉❡❧s ❞❡s ❛❣❡♥ts s♦♥t ♣♦✲
s✐t✐♦♥♥és✱ ❧❡s s♦♠♠❡ts ❡t ❛rêt❡s ♥♦♥ sé❝✉r✐sés s✉r ❧❡sq✉❡❧s ❧❡ ❢✉❣✐t✐❢ ♣❡✉t s❡ tr♦✉✈❡r
✷✻ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
❡t ❧❡s s♦♠♠❡ts ❡t ❛rêt❡s sé❝✉r✐sés s✉r ❧❡sq✉❡❧s ❧❡ ❢✉❣✐t✐❢ ♥❡ ♣❡✉t ♣❛s s❡ tr♦✉✈❡r✳ ❯♥❡
❛rêt❡ (u, v) ❞❡✈✐❡♥t sé❝✉r✐sé❡ s✐ ✉♥ ❛❣❡♥t tr❛✈❡rs❡ (u, v) ❡t s✐ ❧❡ ❢✉❣✐t✐❢ ♥❡ ♣❡✉t ♣❛s
❛tt❡✐♥❞r❡ (u, v)✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ s✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ ❝❤❡♠✐♥ ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❝♦✉✲
r❛♥t❡ ❞✉ ❢✉❣✐t✐❢ ✈❡rs (u, v) ❝♦♠♣♦sé ✉♥✐q✉❡♠❡♥t ❞❡ s♦♠♠❡ts ❡t ❛rêt❡s ♥♦♥ sé❝✉r✐sés✳
▲✬❛❣❡♥t ❡st ❛❧♦rs ♣♦s✐t✐♦♥♥é s✉r ❧❡ s♦♠♠❡t v ♠❛✐s ✐❧ ❡st ♣❛r❢♦✐s ♣♦ss✐❜❧❡ ❞❡ ❧❡ r❡t✐r❡r
❥✉st❡ ❛♣rès✳ ▲❛ ❞é✜♥✐t✐♦♥ ❞❡ str❛té❣✐❡ ♠♦♥♦t♦♥❡ ❡st ❧❛ ♠ê♠❡ q✉❡ ❝❡❧❧❡ ❞♦♥♥é❡ ❞❛♥s
❧❛ ❉é✜♥✐t✐♦♥ ✼ ✿ ❧❛ ♣❛rt✐❡ ♥♦♥ sé❝✉r✐sé❡ ❞✉ ❣r❛♣❤❡ ♥✬❛✉❣♠❡♥t❡ ❥❛♠❛✐s ❛✉ ❝♦✉rs ❞❡ ❧❛
str❛té❣✐❡✳ ❘❛♣♣❡❧♦♥s q✉❡ ❧❡ s❡❝♦♥❞ ❥♦✉❡✉r ♥❡ ❝♦♥♥❛ît ♣❛s ❧❛ ♣♦s✐t✐♦♥ ❞✉ ❢✉❣✐t✐❢✳
❉é✜♥✐t✐♦♥ ✽ ✭♣✲str❛té❣✐❡✱ ♣✲str❛t❡❣②✮ ❯♥❡ ♣✲str❛té❣✐❡ ♣♦✉r ✉♥ ❣r❛♣❤❡ G ❡st ✉♥❡
str❛té❣✐❡ ♣♦✉r G q✉✐ ✉t✐❧✐s❡ ❛✉ ♣❧✉s ♣ ❛❣❡♥ts✳
❉é✜♥✐t✐♦♥ ✾ ✭✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t ❛rêt❡✱ ❡❞❣❡ s❡❛r❝❤ ♥✉♠❜❡r✱ ❡s✮
▲✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t ❛rêt❡ ❞✬✉♥ ❣r❛♣❤❡ G✱ ♥♦té ❡s(G)✱ ❡st ❧❡ ♣❧✉s ♣❡t✐t p t❡❧ q✉✬✐❧
❡①✐st❡ ✉♥❡ ♣✲str❛té❣✐❡ ♣♦✉r G✳
❈♦♥s✐❞ér♦♥s ♣❛r ❡①❡♠♣❧❡ ✉♥ ❝❤❡♠✐♥ ❝♦♠♣♦sé ❞❡s 3 s♦♠♠❡ts u1✱ u2 ❡t u3 ❡t ❞❡s
❛rêt❡s (u1, u2) ❡t (u2, u3)✳ ❚♦✉s ❧❡s s♦♠♠❡ts ❡t ❛rêt❡s s♦♥t ✐♥✐t✐❛❧❡♠❡♥t ♥♦♥ sé❝✉r✐sés✳
▲❡ s❡❝♦♥❞ ❥♦✉❡✉r ♣❡✉t ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r u1✳ ❊♥s✉✐t❡ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬✉t✐❧✐s❡r ❧❛
tr♦✐s✐è♠❡ ❛❝t✐♦♥ ❛✜♥ ❞❡ ♣❛r❝♦✉r✐r ❧✬❛rêt❡ (u1, u2) ❡t ♣♦s✐t✐♦♥♥❡r ❧✬❛❣❡♥t s✉r u2✳ ❉❛♥s
❝❡ ❝❛s✱ ❧❡ s♦♠♠❡t u1 ❡t ❧✬❛rêt❡ (u1, u2) ❞❡✈✐❡♥♥❡♥t sé❝✉r✐sés✳ ❉❛♥s ❝❡t ❡①❡♠♣❧❡✱ ✐❧ ❡st
♣ré❢ér❛❜❧❡ ❞❡ ❧❛✐ss❡r ❧✬❛❣❡♥t s✉r u2 ❡t ❞❡ ❝♦♥t✐♥✉❡r ❞❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡ ❧❛ str❛té❣✐❡✳
❊♥ ❡✛❡t✱ ❡♥❧❡✈❡r ❧✬❛❣❡♥t ❞❡ u2 r❡♥❞r❛✐t✱ à ♥♦✉✈❡❛✉✱ t♦✉t ❧❡ ❣r❛♣❤❡ ♥♦♥ sé❝✉r✐sé✳
◆♦t♦♥s q✉❡ ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t ❛rêt❡ ❞❡ ❝❡ ❣r❛♣❤❡ ❡st 1 ❛❧♦rs q✉❡ s♦♥ ✐♥❞✐❝❡
❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t ❡st 2✳
❉❛♥s ❬❑P✽✻❪✱ ❑✐r♦✉s✐s ❡t ❛❧✳ ♦♥t ♣r♦✉✈é q✉❡ s♥(G) − 1 ≤ ❡s(G) ≤ s♥(G) + 1✳
❉❛♥s ❬P❍❍+✵✵❪✱ P❡♥❣ ❡t ❛❧✳ ♦♥t ❝❛r❛❝tér✐sé ❧❡s ❛r❜r❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ✐❧ ② ❛ é❣❛❧✐té ✿
❧❡s ❛r❜r❡s ✈ér✐✜❛♥t q✉❡ ❝❤❛❝✉♥ ❞❡ s❡s s♦♠♠❡ts ❡st ✐♥❝✐❞❡♥t à ✉♥❡ ❢❡✉✐❧❧❡ ❡t ❧❡s ❛r❜r❡s
s❛♥s s♦♠♠❡t ❞❡ ❞❡❣ré 2✳
■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t✳ ◆♦✉s ❛✈♦♥s ❢♦r♠❡❧❧❡♠❡♥t ❞é✜♥✐ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t
❞✬✉♥ ❞✐❣r❛♣❤❡ D ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✶✳✹✳✸✳ P♦✉r ❧❡s ❞✐❣r❛♣❤❡s ♦r✐❡♥tés s②♠étr✐q✉❡s✱ ✐❧
♣❡✉t êtr❡ ❞é✜♥✐ ❝♦♠♠❡ ✉♥ ❥❡✉ ❞❡s ❣❡♥❞❛r♠❡s ❡t ❞✉ ✈♦❧❡✉r ❞❛♥s ❧❡ ❣r❛♣❤❡ ♥♦♥ ♦r✐❡♥té
s♦✉s✲❥❛❝❡♥t✳ ❈♦♠♠❡ ♣♦✉r ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✱ ❧❡ ❢✉❣✐t✐❢ ❡st ❝❛♣t✉ré ❧♦rs✲
q✉✬✉♥ ❛❣❡♥t s❡ tr♦✉✈❡ s✉r ❧❡ ♠ê♠❡ s♦♠♠❡t ♠❛✐s ✐❧ ♣❡✉t êtr❡ é❣❛❧❡♠❡♥t ❝❛♣t✉ré
❧♦rsq✉✬✐❧ ❡st ❡♥t♦✉ré ❞✬❛❣❡♥ts✳ ❈❡❧❛ ✈❡✉t ❞✐r❡ q✉❡ ❧❡ s❡❝♦♥❞ ❥♦✉❡✉r ✭❝♦♥trô❧❛♥t ❧❡s
❛❣❡♥ts✮ ❛ ✉♥❡ tr♦✐s✐è♠❡ ❛❝t✐♦♥ ♣♦ss✐❜❧❡ ✿
✭✶✮ ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ✉♥ s♦♠♠❡t ❀
✭✷✮ ❡♥❧❡✈❡r ✉♥ ❛❣❡♥t ❞✬✉♥ s♦♠♠❡t ❀
✭✸✮ tr❛✐t❡r ✉♥ s♦♠♠❡t s✐ t♦✉s s❡s ✈♦✐s✐♥s s♦♥t ❝♦✉✈❡rts ♣❛r ❞❡s ❛❣❡♥ts✳
❘❛♣♣❡❧♦♥s q✉❡ ❧❡ s❡❝♦♥❞ ❥♦✉❡✉r ♥❡ ❝♦♥♥❛ît ♣❛s ❧❛ ♣♦s✐t✐♦♥ ❞✉ ❢✉❣✐t✐❢✳ ❯♥ s♦♠♠❡t
❡st tr❛✐té s✐ ❧❡ ❢✉❣✐t✐❢ ♥❡ ♣❡✉t ♣❛s êtr❡ ♣♦s✐t✐♦♥♥é s✉r ❝❡ ❞❡r♥✐❡r ❡t ❧❡ ❣r❛♣❤❡ ❡st
tr❛✐té s✐ t♦✉s s❡s s♦♠♠❡ts s♦♥t tr❛✐tés✳ ◆♦✉s ♣♦✉✈♦♥s ✭r❡✮❞é✜♥✐r ❧❛ ♥♦t✐♦♥ ❞✬✐♥❞✐❝❡
❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ✉♥ ❞✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ ❡♥ t❡r♠❡s ❞❡ ❝❛♣t✉r❡ ❞❡ ❢✉❣✐t✐❢✳
✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✷✼
❉é✜♥✐t✐♦♥ ✶✵ ▲✬ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞✬✉♥ ❣r❛♣❤❡ G ❡st ❧❡ ♥♦♠❜r❡ ♠✐♥✐♠✉♠
❞✬❛❣❡♥ts ♣♦✉r ❝❛♣t✉r❡r ❧❡ ❢✉❣✐t✐❢ ✭♣♦✉r tr❛✐t❡r G✮✳
P❛r ❡①❡♠♣❧❡✱ ✉♥❡ ét♦✐❧❡ ❛ ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ 1✱ ✉♥ ❝❤❡♠✐♥ ❛ ✉♥ ✐♥❞✐❝❡
❞❡ tr❛✐t❡♠❡♥t ❞❡ 2✱ ✉♥ ❝②❝❧❡ ❛ ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ 3 ❡t ✉♥❡ ❣r✐❧❧❡ n× n✱ ❛✈❡❝
n ≥ 2✱ ❛ ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ n+ 1✳
❈♦✉❞❡rt ❡t ❛❧✳ ❬❈PP❙✵✺❪ ♦♥t ♣r♦✉✈é q✉❡ ✈s(G) ≤ ♣♥(G) ≤ ✈s(G) + 1✳ ❈❡❧❛
✐♠♣❧✐q✉❡ q✉❡ s♥(G)− 1 ≤ ♣♥(G) ≤ s♥(G) ❡t q✉❡ ♣✇(G) ≤ ♣♥(G) ≤ ♣✇(G) + 1✳
◆♦✉s ♣♦✉✈♦♥s✱ ❝♦♠♠❡ ♣♦✉r ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✱ ❞✐✈✐s❡r ❧❡s s♦♠♠❡ts
❡♥ tr♦✐s ❝❛té❣♦r✐❡s ✿ ❣❛r❞és✱ ♥♦♥ sé❝✉r✐sés ❡t sé❝✉r✐sés✳
❉é✜♥✐t✐♦♥ ✶✶ ✭p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡✮ ❯♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐✲
t❡♠❡♥t ❡st ♠♦♥♦t♦♥❡ s✐ ❧❛ ③♦♥❡ ♥♦♥ sé❝✉r✐sé❡ ❞✉ ❣r❛♣❤❡ ♥❡ ❣r❛♥❞✐t ❥❛♠❛✐s✳ ❊♥
❞✬❛✉tr❡s t❡r♠❡s✱ ✉♥ s♦♠♠❡t q✉✐ ❛ été tr❛✐té ♥❡ ♣❡✉t ♣❛s ❛❜r✐t❡r ❧❡ ❢✉❣✐t✐❢✳
▲❡♠♠❡ ✶ P♦✉r t♦✉t ❣r❛♣❤❡ G✱ ✐❧ ❡①✐st❡ ✉♥❡ ♣♥(G)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡
♣♦✉r G✳
Pr❡✉✈❡ ✿ ❙♦✐t ✉♥ ❣r❛♣❤❡ G = (V,E)✳ ◆♦✉s s❛✈♦♥s q✉❡ s♥(G) − 1 ≤ ♣♥(G) ≤
s♥(G) ❬❈PP❙✵✺❪✳ ▲❡ ▲❡♠♠❡ ✶ ❡st ✈r❛✐ s✐ ♣♥(G) = s♥(G) ❝❛r ♥♦✉s ♣♦✉✈♦♥s ✉t✐❧✐s❡r
❧❡ ❢❛✐t q✉✬✐❧ ❡①✐st❡ ✉♥❡ s♥(G)✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♠♦♥♦t♦♥❡ ♣♦✉r G✳ ❙✐ ♣♥(G) =
s♥(G) − 1✱ ❝♦♥s✐❞ér♦♥s ✉♥❡ ♣♥(G)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♥♦♥ ♠♦♥♦t♦♥❡ ❡t s♦✐t
X ⊆ V ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦♠♠❡ts ♥♦♥ ❝♦✉✈❡rts ♣❛r ❞❡s ❛❣❡♥ts ❛✉ ❝♦✉rs ❞❡ ❧❛ str❛té❣✐❡✳
X ❡st ✉♥ ❡♥s❡♠❜❧❡ ✐♥❞é♣❡♥❞❛♥t ❞❡ G✳ ◆♦✉s ❝♦♥str✉✐s♦♥s ❛❧♦rs ❧❡ ❣r❛♣❤❡ G′ =
(V ′, E′) ❛✈❡❝ V ′ = V \X ❡t E′ = E∪(∪x∈X {(u1, u2), u1, u2 ∈ N(x) ❛♥❞ u1 6= u2})\
(∪x∈X {(u, x), u ∈ N(x)})✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♣♦✉r ❝❤❛q✉❡ s♦♠♠❡t x ∈ X✱ ♥♦✉s
❝ré♦♥s ✉♥❡ ❝❧✐q✉❡ ❡♥tr❡ ❧❡s ✈♦✐s✐♥s N(x) ❞❡ x✱ ❡t ♥♦✉s s✉♣♣r✐♠♦♥s ❡♥s✉✐t❡ x ❞❡ G
❛✐♥s✐ q✉❡ ❝❤❛❝✉♥❡ ❞❡s ❛rêt❡s ✐♥❝✐❞❡♥t❡s✳ ➚ ♣❛rt✐r ❞❡ ♣♥(G)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♣♦✉r G✱ ♥♦✉s ❞é❞✉✐s♦♥s ✉♥❡ (s♥(G) − 1)✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♣♦✉r G′✳ ❘❛♣♣❡❧♦♥s
q✉❡ ♣♥(G) = s♥(G)− 1✳ ❙✐ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥✐q✉❡♠❡♥t ❧❡s ❛❝t✐♦♥s ♣❧❛❝❡r ✉♥ ❛❣❡♥t
s✉r ✉♥ s♦♠♠❡t u ∈ V ❡t s✉♣♣r✐♠❡r ✉♥ ❛❣❡♥t ❞✉ s♦♠♠❡t u ∈ V ❞❡ ❧❛ str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t ♣♦✉r G✱ ❛❧♦rs ❧❛ séq✉❡♥❝❡ ❞✬❛❝t✐♦♥s ❞❡ ❧❛ str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♣♦✉r G′
❡st ❡①❛❝t❡♠❡♥t ❧❛ ♠ê♠❡ q✉❡ ❧❛ séq✉❡♥❝❡ ❞✬❛❝t✐♦♥s ❞❡ ❧❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r
G✳ ❈♦♠♠❡ ♥♦✉s ❛✈♦♥s ✉♥❡ (s♥(G)− 1)✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♣♦✉r G′✱ ❛❧♦rs ✐❧ ❡①✐st❡
✉♥❡ (s♥(G)− 1)✲sr❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♠♦♥♦t♦♥❡ ♣♦✉r G′ ❬▲❛P✾✸❪✳ ❊♥✜♥✱ à ♣❛rt✐r ❞❡s
❛❝t✐♦♥s ❞❡s ❛❣❡♥ts ❞❡ ❧❛ (s♥(G) − 1)✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♠♦♥♦t♦♥❡ ♣♦✉r G′✱ ♥♦✉s
❞é❞✉✐s♦♥s ✉♥❡ ♣♥(G)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡ ♣♦✉r G✳
❊♥ ❡✛❡t✱ ❧❛ ♣♥(G)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡ ♣♦✉r G ❡st ❝♦♠♣♦sé❡ ❞❡
t♦✉t❡s ❧❡s ❛❝t✐♦♥s ❞❡ ❧❛ (s♥(G)− 1)✲str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♠♦♥♦t♦♥❡ ♣♦✉r G′ ♣❧✉s |X|
ét❛♣❡s q✉✐ ❝♦♥s✐st❡♥t à tr❛✐t❡r ❝❤❛q✉❡ s♦♠♠❡t x ∈ X s❛♥s ❛❣❡♥t✳ ❘❛♣♣❡❧♦♥s q✉❡
t♦✉t❡ str❛té❣✐❡ ❞❡ ❝❛♣t✉r❡ ♣♦✉r ✉♥❡ ❝❧✐q✉❡ ❝♦✉✈r❡ s✐♠✉❧t❛♥é♠❡♥t t♦✉s ❧❡s s♦♠♠❡ts
à ✉♥❡ ❝❡rt❛✐♥❡ ét❛♣❡✳ ❈❡❧❛ ✈❡✉t ❞✐r❡ q✉❡ x ♣❡✉t êtr❡ tr❛✐té ❧♦rsq✉❡ t♦✉s s❡s ✈♦✐s✐♥s
❞❛♥s G s♦♥t ❝♦✉✈❡rts ♣❛r ❞❡s ❛❣❡♥ts✱ ❝✬❡st✲à✲❞✐r❡ q✉❛♥❞ t♦✉s ❧❡s s♦♠♠❡ts ❞❡ ❧❛ ❝❧✐q✉❡
❝♦rr❡s♣♦♥❞❛♥t❡ ❞❛♥s G′ ✭❢♦r♠é❡ ♣❛r ❧❡s ✈♦✐s✐♥s ❞❡ x ❞❛♥s G✮ s♦♥t ❝♦✉✈❡rts ♣❛r ❞❡s
❛❣❡♥ts✳ ❆✐♥s✐✱ ♣♦✉r ❝❤❛q✉❡ s♦♠♠❡t x ∈ X✱ ♥♦✉s ✐♥sér♦♥s ❧✬ét❛♣❡ q✉✐ ❝♦♥s✐st❡ à
tr❛✐t❡r x ❧♦rsq✉❡ ❧❛ ♣ré❝é❞❡♥t❡ ❝♦♥❞✐t✐♦♥ ❡st ✈ér✐✜é❡✳ 
✷✽ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
❈♦r♦❧❧❛✐r❡ ✷ ❙✐ ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ✉♥ ❣r❛♣❤❡ G ❡①✐st❡✱ ❛❧♦rs ✐❧
❡①✐st❡ ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡ ♣♦✉r G✳
P♦✉r ❝♦♥❝❧✉r❡ ❝❡tt❡ s❡❝t✐♦♥✱ ✉♥❡ ♣❡rs♣❡❝t✐✈❡ ✐♥tér❡ss❛♥t❡ ❡st ❞❡ t❡♥t❡r ❞✬ét❛❜❧✐r
❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞✬✉♥ ❞✐❣r❛♣❤❡ D ❡t ✉♥ ❥❡✉ ❛✈❡❝ ❞❡s ❣❡♥❞❛r♠❡s
❡t ✉♥ ✈♦❧❡✉r✳ ❈❡❧❛ ♣❡r♠❡ttr❛✐t ♣❡✉t êtr❡ ❡♥s✉✐t❡ ❞❡ ❧✐❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❛✈❡❝
❧❛ ♥♦t✐♦♥ ❞❡ ♣❛t❤✇✐❞t❤ ❞✐r✐❣é❡✳
✷✳✶✳✺ ❈♦♥tr✐❜✉t✐♦♥s
▲❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ét❛♥t ◆P✲❝♦♠♣❧❡t ❡♥ ❣é♥ér❛❧✱ ♥♦✉s
❞é❝r✐✈♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✷ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ♣❡r♠❡tt❛♥t ❞❡ ❝❛❧❝✉❧❡r ❝❡ ♣❛✲
r❛♠ètr❡ ♣♦✉r t♦✉t ❛r❜r❡ ♦r✐❡♥té s②♠étr✐q✉❡✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♥♦tr❡ ❛❧❣♦r✐t❤♠❡
♣❡r♠❡t ❞❡ ❞ét❡r♠✐♥❡r ❧✬♦r❞r❡ s✉r ❧❡s r❡q✉êt❡s ♣❡r♠❡tt❛♥t ❞❡ ♠✐♥✐♠✐s❡r ❧❡ ♥♦♠❜r❡
♠❛①✐♠✉♠ ❞❡ r❡q✉êt❡s s✐♠✉❧t❛♥é♠❡♥t ✐♥t❡rr♦♠♣✉❡s s✐ ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s
❞❡ ❧✬✐♥st❛♥❝❡ ❝♦rr❡s♣♦♥❞❛♥t❡ ❡st ✉♥ ❛r❜r❡ ♦r✐❡♥té s②♠étr✐q✉❡✳ ◆♦tr❡ ❛❧❣♦r✐t❤♠❡ ♣❡✉t
êtr❡ ❡①❡❝✉té ❞❛♥s ✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t ❛s②♥❝❤r♦♥❡✱ r❡q✉✐❡rt ✉♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❞❡
O(n log n) ❡t ❧✬❡♥✈♦✐ ❞❡ n ♠❡ss❛❣❡s ❞❡ t❛✐❧❧❡ log3 n + 4 ❜✐ts ❝❤❛❝✉♥✳ ◆♦tr❡ ❝♦♥tr✐✲
❜✉t✐♦♥ ♣r✐♥❝✐♣❛❧❡ ❡st ❧❛ str✉❝t✉r❡ ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡s ❛r❜r❡s q✉❡ ♥♦✉s ♣r♦♣♦s♦♥s
✭s❡❝t✐♦♥ ✷✳✷✳✸✮✳ ❊♥ ❡✛❡t✱ ♥♦✉s ♠♦♥tr♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✷✳✺✱ ❧❡s ♣♦ss✐❜✐❧✐tés ♣❡r✲
♠✐s❡s ♣❛r ❝❡tt❡ str✉❝t✉r❡ s✐♠♣❧❡ ❡t ✢❡①✐❜❧❡ ✿ ♠✐s❡ à ❥♦✉r ❞❡ ♠❛♥✐èr❡ ❞✐str✐❜✉é❡ ❞❡
❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❛♣rès ❛❥♦✉t ♦✉ s✉♣♣r❡ss✐♦♥ ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❛rêt❡ ❀ ❝❛❧❝✉❧
❞❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞✬✉♥ ❛r❜r❡ ♦ù ❧❡s ❛rêt❡s s♦♥t ❛❥♦✉té❡s séq✉❡♥t✐❡❧❧❡♠❡♥t ❡t
❞❛♥s ♥✬✐♠♣♦rt❡ q✉❡❧ ♦r❞r❡ ❀ ❡①t❡♥s✐♦♥s ❞❡ ♥♦s ❛❧❣♦r✐t❤♠❡s ❛✉ ❝❛❧❝✉❧ ❞❡s ❞✐✛ér❡♥ts ♣❛✲
r❛♠ètr❡s ❧✐és à ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞é❝r✐ts ♣ré❝é❞❡♠♠❡♥t ✭✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t
s♦♠♠❡t✱ ♣❛t❤✇✐❞t❤✱ s♦♠♠❡t sé♣❛r❛t✐♦♥✱ ✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t ❛rêt❡✮✳ ❈❡❧❛ ❡st ♣♦s✲
s✐❜❧❡ ❡♥ ♠♦❞✐✜❛♥t ✉♥✐q✉❡♠❡♥t ❧❡s rè❣❧❡s ❞✬✐♥✐t✐❛❧✐s❛t✐♦♥✳ ◆♦s ❛❧❣♦r✐t❤♠❡s s♦♥t é❣❛✲
❧❡♠❡♥t ✈❛❧✐❞❡s ♠ê♠❡ s✐ ❧✬❛r❜r❡ ❡st ❞❡ t❛✐❧❧❡ ✐♥❝♦♥♥✉❡✳ ◆♦✉s ❞♦♥♥♦♥s ❡♥✜♥ q✉❡❧q✉❡s
♣❡rs♣❡❝t✐✈❡s ✐♥tér❡ss❛♥t❡s ❝♦♠♠❡ ❧❡ ❝❛❧❝✉❧ ❞❡ ❝❡s ♣❛r❛♠ètr❡s ♣♦✉r ❞✬❛✉tr❡s ❝❧❛ss❡s
❞❡ ❣r❛♣❤❡s ✏♣r♦❝❤❡s✑ ❞❡ ❧✬❛r❜r❡✳
❉❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✸✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧❡ ♣r♦❜❧è♠❡ ❞✬ét❛❜❧✐r ❞❡ ❜♦♥s ❝♦♠♣r♦✲
♠✐s ❡♥tr❡ ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s q ❡t ❧❡ ♥♦♠❜r❡ ♠❛①✐♠✉♠ ❞✬✐♥t❡rr✉♣t✐♦♥s
s✐♠✉❧t❛♥é❡s p✳ ◆♦✉s ❛✈♦♥s r❡❣❛r❞é✱ ❡♥tr❡ ❛✉tr❡s✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ♠✐♥✐♠✐s❡r p ✭r❡s♣❡❝✲
t✐✈❡♠❡♥t q✮ ❧♦rsq✉❡ q ✭r❡s♣❡❝t✐✈❡♠❡♥t p✮ ét❛✐t ✜①é✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ❛✈♦♥s ✐♥tr♦❞✉✐t
❞❡ ♥♦✉✈❡❛✉① ♣❛r❛♠ètr❡s ✈✐s❛♥t à ❝❛❧❝✉❧❡r ❝❡tt❡ ❞é❣r❛❞❛t✐♦♥✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✸✳✶✱
♥♦✉s ♠♦♥tr♦♥s ❧❛ ♥♦♥✲❛♣♣r♦①✐♠❛❜✐❧✐té ❞❡s ❞✐✛ér❡♥ts ♣r♦❜❧è♠❡s ✈✐s❛♥t à ❝❛❧❝✉❧❡r ❝❡s
♣❛r❛♠ètr❡s ❞❡ ❝♦♠♣r♦♠✐s✳ ❉❡ ♣❧✉s✱ ♥♦✉s ♠♦♥tr♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✸✳✷ q✉❡ ❝❡tt❡
❞é❣r❛❞❛t✐♦♥ ♣❡✉t êtr❡ ❛r❜✐tr❛✐r❡♠❡♥t ❧❛r❣❡✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✸✳✸✱ ♥♦✉s ét✉❞✐♦♥s ❧❛
❝❧❛ss❡ ❞❡s ❞✐❣r❛♣❤❡s ♦r✐❡♥tés s②♠étr✐q✉❡s✳ ❊♥✜♥ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✸✳✹✱ ♥♦✉s ❡①♣❧✐✲
q✉♦♥s q✉❡❧s s♦♥t ❧❡s ❛✉tr❡s ❝♦♠♣r♦♠✐s ✐♥tér❡ss❛♥ts à ét✉❞✐❡r ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡
r❡❝♦♥✜❣✉r❛t✐♦♥ ✭♣❛r ❡①❡♠♣❧❡ ❧❛ ❞✉ré❡ ❞✬✐♥t❡rr✉♣t✐♦♥ ❞✬✉♥❡ ❝♦♥♥❡①✐♦♥ ♦✉ ❧❛ ❞✉ré❡
t♦t❛❧❡ ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥✮✳
❉❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✹✳✶✱ ♥♦✉s ♠♦♥tr♦♥s ❝♦♠♠❡♥t ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❞❡s r❡q✉êt❡s
♣r✐♦r✐t❛✐r❡s q✉✐ ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ✐♥t❡rr♦♠♣✉❡s ❞✉r❛♥t ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥✳ ❊♥ ❡❢✲
✷✳✷✳ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✷✾
❢❡t✱ ♥♦✉s ❝❛r❛❝tér✐s♦♥s ❧❡s ✐♥st❛♥❝❡s ❛✈❡❝ r❡q✉êt❡s ♣r✐♦r✐t❛✐r❡s ❛❞♠❡tt❛♥t ✉♥❡ r❡✲
❝♦♥✜❣✉r❛t✐♦♥ ✈❛❧✐❞❡ ❞❡s ❝♦♥♥❡①✐♦♥s✱ ❝✬❡st✲à✲❞✐r❡ s❛♥s ✐♥t❡rr✉♣t✐♦♥ ❞❡ ❝❡s r❡q✉êt❡s
♣❛rt✐❝✉❧✐èr❡s✳ ◆♦✉s ♠♦♥tr♦♥s ❡♥s✉✐t❡ q✉❡ s✬✐❧ ❡①✐st❡ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ✈❛❧✐❞❡ ❛❧♦rs
❧❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❛✈❡❝ r❡q✉êt❡s ♣r✐♦r✐t❛✐r❡s s❡ r❛♠è♥❡ ❛✉ ♣r♦❜❧è♠❡ ❞❡
r❡❝♦♥✜❣✉r❛t✐♦♥ s❛♥s r❡q✉êt❡s ♣r✐♦r✐t❛✐r❡s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❝♦♥str✉✐s♦♥s ✉♥ ❞✐✲
❣r❛♣❤❡ D∗ à ♣❛rt✐r ❞✉ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ❡t ♥♦✉s r❛♠❡♥♦♥s ❧❡ ♣r♦❜❧è♠❡ ❛✉①
❝❛❧❝✉❧s ❞❡ str❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D∗✳ ◆♦✉s ♠❡tt♦♥s ❡♥ ❡①❡r❣✉❡ ✉♥❡ ❜♦r♥❡
s✉♣ér✐❡✉r❡ s✉r ❧❡ ♥♦♠❜r❡ ❞✬❛❣❡♥ts s✉♣♣❧é♠❡♥t❛✐r❡s à ✉t✐❧✐s❡r✳ ◆♦✉s ❡①♣❧✐q✉♦♥s ❡♥✲
s✉✐t❡ ❞❡✉① ❛✉tr❡s ♠♦❞é❧✐s❛t✐♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ✐♥tr♦❞✉✐t❡s✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✹✳✷✱
♥♦✉s ♠♦♥tr♦♥s q✉❡ s✐ t♦✉t❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ♣❡✉t êtr❡ ♣❛rt❛❣é❡ ♣❛r ❛✉ ♣❧✉s tr♦✐s
❝♦♥♥❡①✐♦♥s✱ ❛❧♦rs ❧❡ ♣r♦❜❧è♠❡ ❞❡ tr♦✉✈❡r ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ✈❛❧✐❞❡ s❛♥s ✐♥t❡rr✉♣✲
t✐♦♥ ❡st ◆P✲❝♦♠♣❧❡t✳ ❘❛♣♣❡❧♦♥s q✉❡ ❝❡ ♣r♦❜❧è♠❡ ❡st très ❢❛❝✐❧❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ✐♥✐t✐❛❧✳
❉❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✹✳✸✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ✉♥ ♥♦✉✈❡❛✉ ♠♦❞è❧❡ ♣❡r♠❡tt❛♥t ❞❡ ♣r❡♥❞r❡
❡♥ ❝♦♠♣t❡ ❝❡rt❛✐♥❡s ❝♦♥tr❛✐♥t❡s ♣❤②s✐q✉❡s ❧✐é❡s à ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ♠❛✐s
s❛♥s s❡ ♣ré♦❝❝✉♣❡r ❞❡s ✐♥t❡rr✉♣t✐♦♥s✳ ◆♦✉s ♠♦♥tr♦♥s ♣❛r ❡①❡♠♣❧❡ q✉❡ ♠✐♥✐♠✐s❡r ❧❡
❝♦ût ❞✬✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❡st ✉♥ ♣r♦❜❧è♠❡ ◆P✲❝♦♠♣❧❡t ♠ê♠❡ s✐ ❧❡ rés❡❛✉ ❡st ❝♦♠✲
♣♦sé ❞❡ ❞❡✉① ♥÷✉❞s✳ ◆♦✉s ♣r♦♣♦s♦♥s ❡♥s✉✐t❡ ❞❡s ❜♦r♥❡s ❣é♥ér❛❧❡s ❡t ❞❡s s♦❧✉t✐♦♥s
s✐♠♣❧❡s ♣♦✉r ❝❡rt❛✐♥❡s ✐♥st❛♥❝❡s✳ ❉❛♥s ❬❇❈▼+✶✶❪✱ ♥♦✉s ♣r♦♣♦s♦♥s é❣❛❧❡♠❡♥t ❞❡s
❤❡✉r✐st✐q✉❡s ♣♦✉r ❝❡ ♣r♦❜❧è♠❡ ❡t ❧❡s ❝♦♠♣❛r♦♥s ✈✐❛ ❞❡s s✐♠✉❧❛t✐♦♥s✳
❉❛♥s ❬❈❍▼+✵✾❛❪✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ❞❡s ❤❡✉r✐st✐q✉❡s ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ str❛✲
té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❞✐❣r❛♣❤❡s✳ ◆♦✉s s♦♠♠❡s ❛❝t✉❡❧❧❡♠❡♥t ❡♥ tr❛✐♥ ❞❡ ❧❡s
❝♦♠♣❛r❡r à ❞❡✉① ❤❡✉r✐st✐q✉❡s ♣r♦♣♦sé❡s ♣❛r ❏♦s❡ ❡t ❙♦♠❛♥✐ ❬❏❙✵✸❪ ❡t ♣❛r ❙♦❧❛♥♦ ❡t
P✐ór♦ ❬❙P❛✶✵❪✳
◆♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✷✳✺ q✉❡❧q✉❡s ♣❡rs♣❡❝t✐✈❡s ❝♦♥❝❡r♥❛♥t ❧❡ ♣r♦✲
❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡s r❡q✉êt❡s ❞❡ ❝♦♥♥❡①✐♦♥✳
✷✳✷ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠é✲
tr✐q✉❡s
◆♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ♣♦✉r ❝❛❧❝✉❧❡r ❧✬✐♥✲
❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s✳ ❉❡s ❛❧❣♦r✐t❤♠❡s ❝❡♥tr❛❧✐sés
❡①✐st❡♥t ♣♦✉r ❝❛❧❝✉❧❡r ❧❛ ♣❛t❤✇✐❞t❤ ❞✬✉♥ ❛r❜r❡ ❡♥ t❡♠♣s ❧✐♥é❛✐r❡ ❬❊❙❚✾✹✱ ❙❝❤✾✵✱
❙❦♦✵✸✱ ●♦❧✾✶❪✱ ♠❛✐s ♣❛s ❞✬❛❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é✳
◆♦tr❡ ❆❧❣♦r✐t❤♠❡✱ ❆❧❣♦r✐t❤♠❡ ▼❍❉✱ ét❡♥❞ ❧✬❛❧❣♦r✐t❤♠❡ ♣r♦♣♦sé ♣❛r ❊❧❧✐s ❡t
❛❧✳ ❬❊❙❚✾✹❪ ♣♦✉r ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✳ ■❧ ♣❡✉t êtr❡ ❡①❡❝✉té ❞❛♥s ✉♥ ❡♥✲
✈✐r♦♥♥❡♠❡♥t ❛s②♥❝❤r♦♥❡✱ r❡q✉✐❡rt ✉♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❞❡ O(n log n) ❡t n ♠❡ss❛❣❡s
❞❡ t❛✐❧❧❡ log3 n + 4 ❜✐ts ❝❤❛❝✉♥✳ ▲❛ ❝♦♥tr✐❜✉t✐♦♥ ♣r✐♥❝✐♣❛❧❡ rés✐❞❡ ❞❛♥s ❧❛ str✉❝t✉r❡
❞❡ ❞♦♥♥é❡s ♣r♦♣♦sé❡ ❞❛♥s ❧✬❆❧❣♦r✐t❤♠❡ ▼❍❉✱ ❛♣♣❡❧é❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐❡r❛r❝❤✐q✉❡✳
❈❡tt❡ str✉❝t✉r❡ s✐♠♣❧❡ ❡t ✢❡①✐❜❧❡ ♣❡r♠❡t ♣❧✉s✐❡✉rs ♦♣ér❛t✐♦♥s ✿ ♠✐s❡ à ❥♦✉r ❞✐str✐✲
❜✉é❡ ❞❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❛♣rès ❛❥♦✉t ♦✉ s✉♣♣r❡ss✐♦♥ ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❛rêt❡ ❀
❝❛❧❝✉❧ ❞❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ✉♥ ❛r❜r❡ ♦ù ❧❡s ❛rêt❡s s♦♥t ❛❥♦✉té❡s séq✉❡♥✲
t✐❡❧❧❡♠❡♥t ❡t ❞❛♥s ♥✬✐♠♣♦rt❡ q✉❡❧ ♦r❞r❡ ✭❆❧❣♦r✐t❤♠❡ ✐♥❝ré♠❡♥t❛❧ ▼❍❉✮ ❀ ❝❛❧❝✉❧ ❞❡s
✐♥✈❛r✐❛♥ts ❞❡ ❣r❛♣❤❡s ♣rés❡♥tés ♣ré❝é❞❡♠♠❡♥t ✭✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✱ ♣❛✲
✸✵ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
1
r
2 3
4 5 6
7 8 9
10 11 12
13 14 15
❋✐❣✳ ✷✳✺ ✕ 2✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡✳
t❤✇✐❞t❤✱ s♦♠♠❡t sé♣❛r❛t✐♦♥✱ ✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t ❛rêt❡✮ ❡♥ ♠♦❞✐✜❛♥t ✉♥✐q✉❡♠❡♥t
❧❡s rè❣❧❡s ❞✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❀ ❡①t❡♥s✐♦♥ ❞✬❆❧❣♦r✐t❤♠❡ ▼❍❉ ♣♦✉r ❧❡s ❛r❜r❡s ❡t ❢♦rêts ❞❡
t❛✐❧❧❡s ✐♥❝♦♥♥✉❡s ✭♠❡ss❛❣❡s ❞❡ t❛✐❧❧❡s ❛✉ ♣❧✉s 2 log3 n+ 5 ❜✐ts✮✳
❉❛♥s ♥♦tr❡ ❛rt✐❝❧❡ ♣❛r✉ ❞❛♥s ❆❧❣♦r✐t❤♠✐❝❛ ❬❈❍▼✶✶❪✱ ♥♦✉s ♣rés❡♥t♦♥s
❧✬❆❧❣♦r✐t❤♠❡ ▼❍❉ ❡t ❧✬❆❧❣♦r✐t❤♠❡ ✐♥❝ré♠❡♥t❛❧ ▼❍❉ ♣♦✉r ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t
s♦♠♠❡t ❛✈❛♥t ❞❡ ❧✬ét❡♥❞r❡ ❛✉① ❛✉tr❡s ✐♥✈❛r✐❛♥ts ✭❝♦♠♠❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t
♥♦t❛♠♠❡♥t✮✳ ◆♦✉s ❛✈♦♥s ❝❤♦✐s✐ ✐❝✐✱ ♣❛r ✉♥ s♦✉❝✐ ❞❡ ❝♦❤ér❡♥❝❡✱ ❞❡ ♣rés❡♥t❡r
❧✬❆❧❣♦r✐t❤♠❡ ▼❍❉ ❡t ❧✬❆❧❣♦r✐t❤♠❡ ✐♥❝ré♠❡♥t❛❧ ▼❍❉ ♣♦✉r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t✳
✷✳✷✳ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✸✶
✷✳✷✳✶ Pré❧✐♠✐♥❛✐r❡s ❡t ❞é✜♥✐t✐♦♥s
◆♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r r❛♣♣❡❧❡r ✉♥ t❤é♦rè♠❡ ❝❡♥tr❛❧ r❡❧❛t✐❢ à ❧❛ ✈❛❧❡✉r ❞❡ t♦✉s
❧❡s ♣❛r❛♠ètr❡s q✉❡ ♥♦✉s ❝❛❧❝✉❧♦♥s ❞❛♥s ❧❡s ❛r❜r❡s✳
❚❤é♦rè♠❡ ✽ ✭❬P❛r✼✽✱ P❍❍+✵✵✱ ❈PP❙✵✺✱ ❈❙✶✶❪✮ ➱t❛♥t ❞♦♥♥és ✉♥ ❛r❜r❡ T ❡t
✉♥ ❡♥t✐❡r p ≥ 1✱ ❡s(T ) ≥ p+ 1 s✐ ❡t s❡✉❧❡♠❡♥t s✐ T ❛ ✉♥ s♦♠♠❡t v ♣♦✉r ❧❡q✉❡❧ ✐❧ ②
❛ ❛✉ ♠♦✐♥s tr♦✐s ❜r❛♥❝❤❡s Ti✱ i = 1, 2, 3✱ t❡❧❧❡s q✉❡ ❡s(Ti) ≥ p✳ ❈❡❧❛ ❡st é❣❛❧❡♠❡♥t
✈r❛✐ ♣♦✉r ✈s(T ) ❡t ♣✇(T )✱ ♠❛✐s ❛✉ss✐ ♣♦✉r s♥(T ) ❡t ♣♥(T ) q✉❛♥❞ p ≥ 2✳
▲❡ ❚❤é♦rè♠❡ ✽ ❛ été ✐♥✐t✐❛❧❡♠❡♥t ♣r♦✉✈é ♣❛r P❛rs♦♥ ♣♦✉r ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡✲
♠❡♥t ❛rêt❡ ❬P❛r✼✽❪✳ P❧✉s t❛r❞✱ ❧❛ ♣r❡✉✈❡ ❛ été ❛❞❛♣té❡ ♣♦✉r ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t
s♦♠♠❡t ❬P❍❍+✵✵❪ ❡t ♣♦✉r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❬❈PP❙✵✺✱ ❈❙✶✶❪ ✭q✉❛♥❞ p ≥ 2✮✳ ▲❡
t❤é♦rè♠❡ ❡st é❣❛❧❡♠❡♥t ✈r❛✐ ♣♦✉r ♣✇(T ) ❡t ✈s(T )✳ ◆♦✉s ❛✈♦♥s ❛✐♥s✐ ✉♥❡ ❝♦♥str✉❝t✐♦♥
❢♦rç❛♥t ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t ❛rêt❡ à ❛✉❣♠❡♥t❡r ❞❡ 1✳ ▲❡ s♦♠♠❡t v ❞✉ ❚❤é♦rè♠❡ ✽
❡st ❝♦♠♠✉♥é♠❡♥t ❛♣♣❡❧é ✉♥ P❛rs♦♥s ♥♦❞❡ ❬P❛r✼✽❪✳ ❊♥✜♥✱ ❧❡ ❚❤é♦rè♠❡ ✽ ✐♠♣❧✐q✉❡
q✉❡ ♣♦✉r t♦✉t ❛r❜r❡ T ❀ s♥(T )✱ ♣✇(T )✱ ✈s(T )✱ ♣♥(T ) ❡t ❡s(T ) s♦♥t ❛✉ ♣❧✉s log3(n)✱
❛✈❡❝ n ❧❡ ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ❞❡ T ✳ ❈❡❧❛ ♣❡✉t êtr❡ ♣r♦✉✈é ♣❛r ✐♥❞✉❝t✐♦♥ s✉r ❧❛ ✈❛❧❡✉r
❞✉ ♣❛r❛♠ètr❡✳ ❊♥ ❡✛❡t✱ ❧❛ t❛✐❧❧❡ ♠✐♥✐♠✉♠ ❞✬✉♥ ❛r❜r❡ ❞❡ ♣❛r❛♠ètr❡ é❣❛❧ à p+ 1 ❡st
❛✉ ♠♦✐♥s tr♦✐s ❢♦✐s ❧❛ t❛✐❧❧❡ ♠✐♥✐♠✉♠ ❞✬✉♥ ❛r❜r❡ ❞❡ ♣❛r❛♠ètr❡ é❣❛❧ à p✳
◆♦✉s ✐♥tr♦❞✉✐s♦♥s ❞❛♥s ❧❡s ❞❡✉① ♣r♦❝❤❛✐♥❡s ❞é✜♥✐t✐♦♥s ❞❡s str❛té❣✐❡s ❞❡ tr❛✐✲
t❡♠❡♥t ♣❛rt✐❝✉❧✐èr❡s q✉✐ ♥♦✉s s❡r✈✐r♦♥t ❞❛♥s ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✬❆❧❣♦r✐t❤♠❡ ▼❍❉ ❡t
❞✬❆❧❣♦r✐t❤♠❡ ✐♥❝ré♠❡♥t❛❧ ▼❍❉✳
❉é✜♥✐t✐♦♥ ✶✷ ✭♣✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t t❡r♠✐♥❛♥t ❡♥ ✈✮ ➱t❛♥t ❞♦♥♥és ✉♥
❣r❛♣❤❡ G = (V,E) ❡t ✉♥ s♦♠♠❡t v ∈ V ✱ ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t t❡r♠✐♥❡
❡♥ v s✐ ❧❛ ❞❡r♥✐èr❡ ❛❝t✐♦♥ ❡st s✉♣♣r✐♠❡r ❧✬❛❣❡♥t ❞✉ s♦♠♠❡t v✳
❉é✜♥✐t✐♦♥ ✶✸ ✭♣✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞é❜✉t❛♥t ❡♥ ✈✮ ➱t❛♥t ❞♦♥♥és ✉♥
❣r❛♣❤❡ G = (V,E) ❡t ✉♥ s♦♠♠❡t v ∈ V ✱ ✉♥❡ p✲sr❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞é❜✉t❡ ❡♥
v s✐ v ❡st ❧❡ ♣r❡♠✐❡r s♦♠♠❡t ❝♦✉✈❡rt ♣❛r ✉♥ ❛❣❡♥t✳
▲❛ ✜❣✉r❡ ✷✳✺ ❞é❝r✐t ✉♥❡ 2✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡ ♣♦✉r ✉♥ ❛r❜r❡ ❞❡ 17
s♦♠♠❡ts✳ ■❧ ❡st ❛ss❡③ ❢❛❝✐❧❡ ❞❡ r❡♠❛rq✉❡r q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ 2✲str❛té❣✐❡ ❞❡ tr❛✐t❡✲
♠❡♥t t❡r♠✐♥❛♥t ✭♦✉ ❞é❜✉t❛♥t✮ ❛✈❡❝ ✉♥ ❛❣❡♥t s✉r ❧❛ r❛❝✐♥❡ ❞❡ ❧✬❛r❜r❡ r ✭✜❣✉r❡ ✷✳✺✭❛✮✮✳
❘❡♠❛rq✉❡ ✶ ❈♦♠♠❡ ♥♦✉s ❝♦♥s✐❞ér♦♥s s❡✉❧❡♠❡♥t ❞❡s str❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t ♠♦✲
♥♦t♦♥❡s✱ ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞é❜✉t❛♥t ❡♥ v ❛ss✉r❡ q✉❡ ❞✉r❛♥t t♦✉t❡s ❧❡s
♣r♦❝❤❛✐♥❡s ét❛♣❡s✱ ❧❡ ❢✉❣✐t✐❢ ♥❡ ♣❡✉t ♣❛s s❡ tr♦✉✈❡r s✉r v✳
▲❡ ▲❡♠♠❡ ✷ ♠♦♥tr❡ q✉❡ ❧❡s ❞❡✉① ♥♦t✐♦♥s ❞é❜✉t❡r ❡t ✜♥✐r ❧❛ str❛té❣✐❡ ❞❡ tr❛✐✲
t❡♠❡♥t s✉r ✉♥ s♦♠♠❡t ❞♦♥♥é✱ s♦♥t éq✉✐✈❛❧❡♥t❡s ♣♦✉r ❧❡s str❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t
♠♦♥♦t♦♥❡s✳
▲❡♠♠❡ ✷ ➱t❛♥t ❞♦♥♥és ✉♥ ❣r❛♣❤❡ G = (V,E) ❡t ✉♥ s♦♠♠❡t v ∈ V ✱ ✐❧ ❡①✐st❡ ✉♥❡
p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡ ❞é❜✉t❛♥t ❡♥ v ♣♦✉r G s✐✱ ❡t s❡✉❧❡♠❡♥t s✐✱ ✐❧ ❡①✐st❡
✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡ ✜♥✐ss❛♥t ❡♥ v ♣♦✉r G✳
✸✷ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
Pr❡✉✈❡ ✿ ❙♦✐t S ✉♥❡ séq✉❡♥❝❡ ❞❡ x ≤ 2|V | ❛❝t✐♦♥s m1,m2, . . . ,mx ❞é❝r✐✈❛♥t ✉♥❡
p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡ ♣♦✉r G ✜♥✐ss❛♥t ❡♥ v✱ ❝✬❡st✲à✲❞✐r❡ ✜♥✐ss❛♥t ❛✈❡❝
❧✬❛❝t✐♦♥ mx r❡t✐r❡r ✉♥ ❛❣❡♥t ❞✬✉♥ s♦♠♠❡t v✳ ◆♦✉s ♥♦t♦♥s V cov ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦♠✲
♠❡ts ❝♦✉✈❡rts ♣❛r ✉♥ ❛❣❡♥t ❛✉ ❝♦✉rs ❞❡ ❧❛ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞é✜♥✐ ♣❛r ❧❛
séq✉❡♥❝❡ S ❡t ♥♦✉s ♥♦t♦♥s V cov ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦♠♠❡ts ♥♦♥ ❝♦✉✈❡rts✳
❙♦✐t mi ❧✬❛❝t✐♦♥ ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ✉♥ s♦♠♠❡t u ∈ V cov ✭r❡t✐r❡r ✉♥ ❛❣❡♥t ❞✬✉♥
s♦♠♠❡t u ∈ V cov✱ r❡s♣❡❝t✐✈❡♠❡♥t✮ s✐ mi ❡st ❧✬❛❝t✐♦♥ r❡t✐r❡r ✉♥ ❛❣❡♥t ❞✬✉♥ s♦♠♠❡t
u ∈ V cov ✭♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ✉♥ s♦♠♠❡t u ∈ V cov✱ r❡s♣❡❝t✐✈❡♠❡♥t✮✳ ❉❡ ♣❧✉s✱ s♦✐t
mi ❧✬❛❝t✐♦♥ tr❛✐t❡r ✉♥ s♦♠♠❡t u ∈ V cov s✐mi ❡st ❧✬❛❝t✐♦♥ tr❛✐t❡r ✉♥ s♦♠♠❡t u ∈ V cov✳
❙♦✐t S ❧❛ séq✉❡♥❝❡ ❞✬❛❝t✐♦♥s mσ(1),mσ(2), . . . ,mσ(x) ❛✈❡❝ σ(i) = x− i+ 1✳
◆♦✉s ♣r♦✉✈♦♥s ♠❛✐♥t❡♥❛♥t q✉❡ S ❞♦♥♥❡ ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡
❞é❜✉t❛♥t ❡♥ v✱ ❝✬❡st✲à✲❞✐r❡ ❞é❜✉t❛♥t ❛✈❡❝ ❧✬❛❝t✐♦♥ mx = ✬♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ❧❡ s♦♠✲
♠❡t v✬✳ ◆♦t♦♥s ♣r❡♠✐èr❡♠❡♥t q✉❡ s✐ S ❞♦♥♥❡ ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞é❜✉t❛♥t
❡♥ v✱ ❛❧♦rs ♥é❝❡ss❛✐r❡♠❡♥t ❝❡❧❧❡✲❝✐ ❡st ♠♦♥♦t♦♥❡✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧❛ str❛té❣✐❡ ❛✐♥s✐
♦❜t❡♥✉❡✱ ❝❤❛q✉❡ s♦♠♠❡t ❡st tr❛✐té ✉♥❡ ✉♥✐q✉❡ ❢♦✐s✳ ❉❡ ♣❧✉s s✐ S ❡st ✉♥❡ str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t✱ ❛❧♦rs ❝❡tt❡ ❞❡r♥✐èr❡ ❡st ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✳ ❊♥ ❡✛❡t s✐ ♥♦✉s
♥✉♠ér♦t♦♥s ❧❡s p ❛❣❡♥ts✱ ❛❧♦rs t♦✉t s♦♠♠❡t u ∈ V cov ❝♦✉✈❡rt ♣❛r ❧✬❛❣❡♥t i✱ 1 ≤ i ≤ p✱
❞❛♥s S✱ ❡st ❛✉ss✐ ❝♦✉✈❡rt ♣❛r ❧✬❛❣❡♥t i ❞❛♥s S✳
❙✉♣♣♦s♦♥s q✉❡ S ♥✬❡st ♣❛s ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✳ ■❧ ② ❛ q✉❛tr❡ ❝❛s ♣♦ss✐❜❧❡s✳
❆✮ ❉❛♥s S✱ ✐❧ ② ❛ ✉♥❡ ❛rêt❡ (u, v) ∈ E t❡❧❧❡ q✉❡ ✶✮ ♥♦✉s ♣❧❛ç♦♥s ✉♥ ❛❣❡♥t s✉r u✱
✷✮ ♥♦✉s r❡t✐r♦♥s ❡♥s✉✐t❡ ❝❡t ❛❣❡♥t ❞❡ u✱ ✸✮ ♥♦✉s ♣❧❛ç♦♥s ❡♥s✉✐t❡ ✉♥ ❛❣❡♥t s✉r v✱ ✹✮
❡t ❡♥✜♥ ♥♦✉s r❡t✐r♦♥s ❧✬❛❣❡♥t ❞❡ v✳
◆♦t♦♥s q✉❡ ❝❡s ét❛♣❡s ♥❡ s♦♥t ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❝♦♥sé❝✉t✐✈❡s ❡t q✉✬✐❧ ♥✬② ❛ ♣❛s
❞✬❛✉tr❡s ❛❝t✐♦♥s ❝♦♥❝❡r♥❛♥t u ♦✉ v ❞❛♥s S ❝❛r S ❡st ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♠♦♥♦t♦♥❡ ✈❛❧✐❞❡✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❝❡❧❛ ✈❡✉t ❞✐r❡ q✉❡✱ ❞❛♥s S✱ ✶✮ ♥♦✉s ♣❧❛ç♦♥s ✉♥
❛❣❡♥t s✉r v✱ ✷✮ ♥♦✉s r❡t✐r♦♥s ❡♥s✉✐t❡ ❝❡t ❛❣❡♥t ❞❡ v✱ ✸✮ ♥♦✉s ♣❧❛ç♦♥s ❡♥s✉✐t❡ ✉♥
❛❣❡♥t s✉r u✱ ✹✮ ❡t ❡♥✜♥ ♥♦✉s r❡t✐r♦♥s ❧✬❛❣❡♥t ❞❡ u✳ ❯♥❡ ❝♦♥tr❛❞✐❝t✐♦♥ ❝❛r S ❡st ✉♥❡
p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ✈❛❧✐❞❡✳
❇✮ ❉❛♥s S✱ ✐❧ ② ❛ ✉♥❡ ❛rêt❡ (u, v) ∈ E t❡❧❧❡ q✉❡ ✶✮ ♥♦✉s ♣❧❛ç♦♥s ✉♥ ❛❣❡♥t s✉r u✱
✷✮ ♥♦✉s r❡t✐r♦♥s ❡♥s✉✐t❡ ❧✬❛❣❡♥t ❞❡ u✱ ✸✮ ❡t ❡♥✜♥ ♥♦✉s tr❛✐t♦♥s ❧❡ s♦♠♠❡t v✳
❉❛♥s ❧❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞é✜♥✐❡ ♣❛r S✱ ❝❡s ❛❝t✐♦♥s ❝♦rr❡s♣♦♥❞❡♥t à ✶✮
tr❛✐t❡r v✱ ✷✮ ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r u✱ ✸✮ ❡t r❡t✐r❡r ❧✬❛❣❡♥t ❞❡ u✳ ❈❡❧❛ ♥✬❡st ♣❛s ✉♥❡
str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ✈❛❧✐❞❡ ❝❛r ♥♦✉s tr❛✐t♦♥s v ❛❧♦rs q✉✬✉♥ ❞❡ s❡s ✈♦✐s✐♥s✱ u✱ ♥✬❡st
♥✐ tr❛✐té ♥✐ ♦❝❝✉♣é ♣❛r ✉♥ ❛❣❡♥t✳ ❯♥❡ ❝♦♥tr❛❞✐❝t✐♦♥ ❝❛r S ❡st ✉♥❡ p✲str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t ✈❛❧✐❞❡✳
❈✮ ❉❛♥s S✱ ✐❧ ② ❛ ✉♥❡ ❛rêt❡ (u, v) ∈ E t❡❧❧❡ q✉❡ ✶✮ ♥♦✉s tr❛✐t♦♥s v✱ ✷✮ ♥♦✉s
♣❧❛ç♦♥s ❡♥s✉✐t❡ ✉♥ ❛❣❡♥t s✉r u✱ ✸✮ ❡t ♥♦✉s r❡t✐r♦♥s ❡♥✜♥ ❧✬❛❣❡♥t ❞❡ u✳
❉❛♥s S✱ ❝❡❧❛ ❝♦rr❡s♣♦♥❞ à ✶✮ ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r u✱ ✷✮ r❡t✐r❡r ❧✬❛❣❡♥t ❞❡ u✱ ✸✮ ❡t
tr❛✐t❡r v✳ ❯♥❡ ❝♦♥tr❛❞✐❝t✐♦♥ ❝❛r S ❡st ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ✈❛❧✐❞❡✳
❉✮ ❉❛♥s S✱ ✐❧ ② ❛ ✉♥❡ ❛rêt❡ (u, v) ∈ E t❡❧❧❡ q✉❡ ✶✮ ♥♦✉s tr❛✐t♦♥s v✱ ✷✮ ❡t ♥♦✉s
tr❛✐t♦♥s u✳
❉❛♥s S✱ ❝❡❧❛ ❝♦rr❡s♣♦♥❞ à ✶✮ tr❛✐t❡r u✱ ✷✮ ❡t tr❛✐t❡r v✳ ❯♥❡ ❝♦♥tr❛❞✐❝t✐♦♥ ❝❛r S
❡st ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ✈❛❧✐❞❡✳ 
✷✳✷✳ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✸✸
v
<p
<p
w
pp
2w1
❋✐❣✳ ✷✳✻ ✕ ❆r❜r❡ ✐♥st❛❜❧❡ ❣é♥ér✐q✉❡ Tv ❡♥r❛❝✐♥é ❡♥ v✱ ❛✈❡❝ ♣♥(Tv) = p > 1✳ ■❧ ② ❛ ❞❡✉①
s♦✉s✲❛r❜r❡s st❛❜❧❡s Tw1 ❡t Tw2 ❡♥r❛❝✐♥és ❡♥ w1 ❡t w2 ✭❞❡✉① ✜❧s ❞❡ v✮ r❡s♣❡❝t✐✈❡♠❡♥t✱
❛✈❡❝ ♣♥(Tw1) = ♣♥(Tw2) = p✳ ▲❡s ❛✉tr❡s s♦✉s✲❛r❜r❡s ♦♥t ❞❡s ✐♥❞✐❝❡s ❞❡ tr❛✐t❡♠❡♥t
❛✉ ♣❧✉s p− 1✳
❘❡♠❛rq✉♦♥s q✉✬ét❛♥t ❞♦♥♥é ✉♥ ❣r❛♣❤❡ G = (V,E)✱ ♣♦✉r t♦✉t s♦♠♠❡t v ∈ V ✱
✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣❡✉t êtr❡ tr❛♥s❢♦r♠é❡ ❡♥ ✉♥❡ (≤ p + 1)✲str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t t❡r♠✐♥❛♥t ✭♦✉ ❞é❜✉t❛♥t✮ ❡♥ v ❡♥ ❛❥♦✉t❛♥t✱ s✐ ♥é❝❡ss❛✐r❡✱ ✉♥ (p+1)e ❛❣❡♥t
❡♥ v ❡t ❧❡ ❧❛✐ss❛♥t ❞✉r❛♥t t♦✉t❡ ❧❛ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✳
✷✳✷✳✷ ❆r❜r❡ st❛❜❧❡ ❡t ❛r❜r❡ ✐♥st❛❜❧❡
◆♦✉s ❞é✜♥✐ss♦♥s ❞❡✉① ❝❛té❣♦r✐❡s ❞✬❛r❜r❡s q✉✐ ❥♦✉❡♥t ✉♥ rô❧❡ très ✐♠♣♦rt❛♥t ❞❛♥s
❧✬❆❧❣♦r✐t❤♠❡ ▼❍❉ ❡t ♥♦✉s ❞é❝r✐✈♦♥s ❧❡✉rs ♣r♦♣r✐étés q✉✐ ♥♦✉s s❡r♦♥t ✉t✐❧❡s ♣♦✉r ❧❛
s✉✐t❡✳
❉é✜♥✐t✐♦♥ ✶✹ ✭❛r❜r❡ st❛❜❧❡✮ ❯♥ ❛r❜r❡ Tv ❡♥r❛❝✐♥é ❡♥ ❧❡ s♦♠♠❡t v✱ ❛✈❡❝
♣♥(Tv) = p✱ ❡st ✉♥ ❛r❜r❡ st❛❜❧❡ s✬✐❧ ❡①✐st❡ ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r Tv
q✉✐ t❡r♠✐♥❡ ✭❞é❜✉t❡✮ ❡♥ v✳
❉é✜♥✐t✐♦♥ ✶✺ ✭❛r❜r❡ ✐♥st❛❜❧❡✮ ❯♥ ❛r❜r❡ Tv ❡♥r❛❝✐♥é ❡♥ ❧❡ s♦♠♠❡t v✱ ❛✈❡❝
♣♥(Tv) = p > 1✱ ❡st ✉♥ ❛r❜r❡ ✐♥st❛❜❧❡ s✬✐❧ ❡①✐st❡ ❞❡✉① s♦✉s✲❛r❜r❡s st❛❜❧❡s Tw1 ❡t
Tw2 ✭❡♥r❛❝✐♥és ❡♥ ❞❡✉① ✜❧s ❞❡ v ✿ w1 ❡t w2✱ r❡s♣❡❝t✐✈❡♠❡♥t✮ t❡❧s q✉❡ ♣♥(Tw1) =
♣♥(Tw2) = p ❡t t♦✉s ❧❡s ❛✉tr❡s s♦✉s✲❛r❜r❡s Tw3 , . . . , Twj ✱ ❡♥r❛❝✐♥és ❡♥ ❝❤❛❝✉♥ ❞❡s
❛✉tr❡s ✜❧s ❞❡ v ✿ w3, . . . , wj✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ s♦♥t t❡❧s q✉❡ ♣♥(Twi) < p✱ 3 ≤ i ≤ j✱
✭❧❛ ✜❣✉r❡ ✷✳✻ ♠♦♥tr❡ ✉♥ ❛r❜r❡ ✐♥st❛❜❧❡ ❣é♥ér✐q✉❡✮✳
▲✬❛r❜r❡ Tr ❡♥r❛❝✐♥é ❡♥ r ❞❡ ❧❛ ✜❣✉r❡ ✷✳✺ ♥✬❡st ♣❛s st❛❜❧❡ ❝❛r ✐❧ ❡①s✐t❡ ✉♥❡ 2✲
str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡ ♠❛✐s ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ 2✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♠♦♥♦t♦♥❡ ❞é❜✉t❛♥t ✭t❡r♠✐♥❛♥t✮ ❡♥ r✳ ◆♦✉s ♣♦✉✈♦♥s r❡♠❛rq✉❡r q✉❡ Tr ❡st ✐♥st❛❜❧❡
❝❛r ❧❡s ❞❡✉① s♦✉s✲❛r❜r❡s ❡♥r❛❝✐♥és ❡♥ ❧❡s ❞❡✉① ✈♦✐s✐♥s ❞❡ r s♦♥t st❛❜❧❡s ❡t ❞✬✐♥❞✐❝❡
❞❡ tr❛✐t❡♠❡♥t 2 ✭❉é✜♥✐t✐♦♥ ✶✺✮✳
❘❡♠❛rq✉❡ ✷ ❯♥ ❛r❜r❡ Tv ❡♥r❛❝✐♥é ❡♥ v ♣❡✉t êtr❡ ♥✐ st❛❜❧❡ ♥✐ ✐♥st❛❜❧❡✳
Pr♦♣r✐été ✶ ➱t❛♥t ❞♦♥♥é ✉♥ ❛r❜r❡ ✐♥st❛❜❧❡ Tv ❡♥r❛❝✐♥é ❡♥ v✱ ❛✈❡❝ ♣♥(Tv) = p > 1✱
✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t t❡r♠✐♥❛♥t ✭❞é❜✉t❛♥t✮ ❡♥ v✳
✸✹ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
Pr❡✉✈❡ ✿ ❙♦✐t Tv ✉♥ ❛r❜r❡ ✐♥st❛❜❧❡ ❡♥r❛❝✐♥é ❡♥ v✳ ❙♦✐❡♥t w1, . . . , wj ❧❡s ✜❧s ❞❡ v ❡t
s♦✐❡♥t Tw1 ❡t Tw2 ❧❡s ❞❡✉① s♦✉s✲❛r❜r❡s ✐♥st❛❜❧❡s t❡❧s q✉❡ ♣♥(Tw1) = ♣♥(Tw2) = p✳
▲✬❛r❜r❡ Tv ❡st r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✻✳ ❙✉♣♣♦s♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥❡ p✲str❛té❣✐❡
❞❡ tr❛✐t❡♠❡♥t ♣♦✉r Tv ❞é❜✉t❛♥t ❡♥ v✳ ❈❡❧❛ ❞♦♥♥❡ ♥❛t✉r❡❧❧❡♠❡♥t ✉♥❡ p✲str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t ♣♦✉r Tw1 ∪ Tw2 ∪ {v} ❞é❜✉t❛♥t ❡♥ v✳ ❯♥❡ t❡❧❧❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
❝♦♠♠❡♥❝❡ ♣❛r tr❛✐t❡r ✉♥ ❞❡s ❞❡✉① s♦✉s✲❛r❜r❡s Tw1 ❡t Tw2 ✱ ❞✐s♦♥s Tw1 ✳ ▼❛✐s t❛♥t
q✉❡ ❧❛ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❡st ❡♥ tr❛✐♥ ❞❡ tr❛✐t❡r Tw1 ✱ ♣❛r ❞é✜♥✐t✐♦♥ ❞✬✉♥❡
p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞é❜✉t❛♥t ❡♥ v✱ ✐❧ ❡st ❣❛r❛♥t✐ q✉❡ ❧❡ ❢✉❣✐t✐❢ ♥❡ ♣❡✉t ♣❛s ❛❧❧❡r
s✉r v✱ s✐♥♦♥ v s❡r❛✐t r❡❝♦♥t❛♠✐♥é ✭✐✳❡✳ ❧❡ ❢✉❣✐t✐❢ ♣❡✉t ❛❧❧❡r s✉r v✱ ❛❧♦rs q✉✬✉♥ ❛❣❡♥t ❛
❞é❥à été ♣❧❛❝é s✉r v✮ ❝❡ q✉✐ ✈✐♦❧❡r❛✐t ❧✬❤②♣♦t❤ès❡ q✉❡ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥✐q✉❡♠❡♥t
❞❡s p✲str❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t ♠♦♥♦t♦♥❡s✳ ❆✐♥s✐✱ ✉♥ ❛❣❡♥t ❞♦✐t êtr❡ ♣❧❛❝é s✉r v ♦✉ s✉r
❝❡rt❛✐♥s s♦♠♠❡ts ❞❡ Tw2 ✳ ❉♦♥❝ ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞é❜✉t❛♥t ❡♥ v ♥é❝❡ss✐t❡
❛✉ ♠♦✐♥s p + 1 ❛❣❡♥ts✳ ❘❛♣♣❡❧♦♥s q✉❡ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥✐q✉❡♠❡♥t ❞❡s str❛té❣✐❡s
❞❡ tr❛✐t❡♠❡♥t q✉✐ ♥❡ ♣❧❛❝❡♥t ❥❛♠❛✐s str✐❝t❡♠❡♥t ♣❧✉s q✉✬✉♥ ❛❣❡♥t ♣❛r s♦♠♠❡t✳
P❛r ❧❡ ▲❡♠♠❡ ✷✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❡ ♠ê♠❡ rés✉❧t❛t ♣♦✉r ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡✲
♠❡♥t ✜♥✐ss❛♥t ❡♥ v✳ 
❘❡♠❛rq✉❡ ✸ ❯♥ ❛r❜r❡ Tv ❡♥r❛❝✐♥é ❡♥ v ❛✈❡❝ ♣♥(Tv) = 1 ♥✬❡st ❥❛♠❛✐s ❝♦♥s✐❞éré
❝♦♠♠❡ ✐♥st❛❜❧❡ ♠ê♠❡ s✬✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞✬✉t✐❧✐s❡r 2 ❛❣❡♥ts ♣♦✉r t❡r♠✐♥❡r ❧❛ str❛té❣✐❡
❞❡ tr❛✐t❡♠❡♥t ❡♥ v✳
❉é✜♥✐t✐♦♥ ✶✻ ❯♥ ❛r❜r❡ Tv ❡♥r❛❝✐♥é ❡♥ ❧❡ s♦♠♠❡t v✱ ❛✈❡❝ ♣♥(Tv) = 1✱ ❡st ✉♥ (1, 2)✲
❛r❜r❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❧❡ ♣❧✉s ♣❡t✐t p t❡❧ q✉✬✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞é❜✉t❛♥t
✭♦✉ ✜♥✐ss❛♥t✮ ❡♥ v ❡①✐st❡✱ ❡st p = 2✳
▲❡♠♠❡ ✸ ➱t❛♥t ❞♦♥♥és ✉♥ ❛r❜r❡ T = (V,E) ❡t ✉♥ s♦✉s✲❛r❜r❡ ✐♥st❛❜❧❡ Tv ❡♥r❛❝✐♥é
❡♥ v ∈ V ✱ ❛✈❡❝ ♣♥(Tv) = p > 1✱ ❛❧♦rs ♣♥(T ) = p s✐ ❡t s❡✉❧❡♠❡♥t s✐ ♣♥(T \Tv) ≤ p−1✳
Pr❡✉✈❡ ✿ ❙♦✐❡♥t T ✉♥ ❛r❜r❡ ❡t Tv ✉♥ s♦✉s✲❛r❜r❡ ✐♥st❛❜❧❡ ❡♥r❛❝✐♥é ❡♥ v✳ ❙♦✐❡♥t Tw1
❡t Tw2 ❞❡✉① ❛r❜r❡s st❛❜❧❡s ✭❡♥r❛❝✐♥és ❡♥ ❞❡✉① ✜❧s ❞❡ v ✿ w1 ❡t w2✱ r❡s♣❡❝t✐✈❡♠❡♥t✮
t❡❧s q✉❡ ♣♥(Tw1) = ♣♥(Tw2) = p✳ ▲❛ ✜❣✉r❡ ✷✳✻ r❡♣rés❡♥t❡ ❧✬❛r❜r❡ Tv✳
❙✐ ♣♥(T \ Tv) ≥ p✱ ❛❧♦rs ✐❧ ② ❛ tr♦✐s ❛r❜r❡s ❞✐s❥♦✐♥ts ❡♥r❛❝✐♥és ❡♥ tr♦✐s ❞✐✛ér❡♥ts
✈♦✐s✐♥s ❞❡ v✱ ❝❤❛❝✉♥ ❛②❛♥t ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❛✉ ♠♦✐♥s p✳ ❙✐ ✉♥ ❞✬❡♥tr❡ ❡✉① ❛
✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t str✐❝t❡♠❡♥t ♣❧✉s ❣r❛♥❞ q✉❡ p✱ ❛❧♦rs ♣♥(T ) ≥ p+1✳ ❙✐♥♦♥✱ ❧❡s
tr♦✐s s♦✉s✲❛r❜r❡s ♦♥t ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ p ❡t ♣❛r ❧❡ ❚❤é♦rè♠❡ ✽✱ ♣♥(T ) = p+1✳
❙✐♥♦♥ ♣♥(T \Tv) ≤ p−1 ❡t ♥♦✉s ❞é❝r✐✈♦♥s ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r T ✳
◆♦✉s ❞é❜✉t♦♥s ♣❛r ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r Tw1 ✜♥✐ss❛♥t ❛✈❡❝ ✉♥ ❛❣❡♥t s✉r
w1✳ ◆♦✉s ♣❧❛ç♦♥s ❡♥s✉✐t❡ ✉♥ ❛❣❡♥t s✉r v ❡t r❡t✐r♦♥s ❝❡❧✉✐ s✉r w1✳ ◆♦✉s ❝♦♥t✐♥✉♦♥s
❛✈❡❝ ✉♥❡ (≤ p − 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r Tv \ (Tw1 ∪ Tw2 ∪ {v})✳ ❈♦♠♠❡
♣♥(T \Tv) ≤ p− 1✱ ♥♦✉s ❝♦♥t✐♥✉♦♥s ❛✈❡❝ ✉♥❡ (≤ p− 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r
T \ Tv✳ ◆♦✉s ♣❧❛ç♦♥s ❡♥s✉✐t❡ ✉♥ ❛❣❡♥t s✉r w2 ❡t r❡t✐r♦♥s ❝❡❧✉✐ s✉r v✳ ◆♦✉s ✜♥✐ss♦♥s
❛✈❡❝ ✉♥❡ p✲str❛té❣✐❡ ♣♦✉r Tw2 ❞é❜✉t❛♥t ❡♥ w2 ✭❝❡tt❡ str❛té❣✐❡ ❡①✐st❡ ♣❛r ❤②♣♦t❤ès❡✮✳

➱t❛♥t ❞♦♥♥é ✉♥ ❛r❜r❡ T = (V,E)✱ s✬✐❧ ❡①✐st❡ ✉♥ s♦✉s✲❛r❜r❡ ✐♥st❛❜❧❡ Tu ❡♥r❛❝✐♥é
❡♥ u ∈ V ✱ ❛✈❡❝ ♣♥(Tu) = p✱ ♣❛r ❧❡ ▲❡♠♠❡ ✸✱ ❝❛❧❝✉❧❡r ♣♥(T \ Tu) ♥♦✉s ♣❡r♠❡t ❞❡
✷✳✷✳ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✸✺
❞é❝✐❞❡r s✐ ♣♥(T ) = p ♦✉ ♥♦♥✳ ❊♥ ❝❛❧❝✉❧❛♥t ♣♥(T \ Tu)✱ s✐ ❛✉❝✉♥ ❛✉tr❡ s♦✉s✲❛r❜r❡
✐♥st❛❜❧❡ ♥✬❡st tr♦✉✈é✱ ❧❛ ✈❛❧❡✉r ❡①❛❝t❡ ❞❡ ♣♥(T ) ♣❡✉t êtr❡ ❝❛❧❝✉❧é❡✳ ▼❛✐s s✐ ✉♥ ❛✉tr❡
s♦✉s✲❛r❜r❡ ✐♥st❛❜❧❡ Tu′ ❡st tr♦✉✈é✱ ♥♦✉s ❞❡✈♦♥s ❛❧♦rs rés♦✉❞r❡ ❧❡ ♠ê♠❡ ♣r♦❜❧è♠❡ ❞❡
❞é❝✐s✐♦♥✳ ❆✐♥s✐ ♥♦✉s ❞❡✈♦♥s ❝❛❧❝✉❧❡r ♣♥(T \(Tu∪Tu′))✱ ❡t ❛✐♥s✐ ❞❡ s✉✐t❡✳ ▲❛ ✜❣✉r❡ ✷✳✼
r❡♣rés❡♥t❡ ❝❡ ♣r♦❜❧è♠❡ ré❝✉rs✐✈❡♠❡♥t✳
❈♦♥s✐❞ér♦♥s ❧✬❛r❜r❡ Tv ❡♥r❛❝✐♥é ❡♥ v ❞❡ ❧❛ ✜❣✉r❡ ✷✳✼✳ ■❧ ❡st ❝♦♠♣♦sé ❞❡ 6 s♦✉s✲
❛r❜r❡s ❞✐s❥♦✐♥ts ✿ T 1, T 2, T 3, T 4, T 5 s♦♥t ✐♥st❛❜❧❡s ❛❧♦rs q✉❡ T 0 ❡♥r❛❝✐♥é ❡♥ v ❡st
st❛❜❧❡✱ ❛✈❡❝ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t 4✱ 5✱ 6✱ 7✱ 8 ❡t 3✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ T 5 ❡st ❧❡ s♦✉s✲❛r❜r❡
✐♥st❛❜❧❡ ❞❡ ♣❧✉s ❣r❛♥❞ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ✭♣♥(T 5) = 8✮ ❡t ♣❛r ❧❡ ▲❡♠♠❡ ✸✱ ♥♦✉s
s❛✈♦♥s q✉❡ ♣♥(Tv) = 8 s✐ ❡t s❡✉❧❡♠❡♥t s✐ ♣♥(Tv \T 5) ≤ 7✳ ❆❧♦rs ❝♦♥s✐❞ér♦♥s Tv \T 5✳
T 4 ❡st ❧❡ s♦✉s✲❛r❜r❡ ✐♥st❛❜❧❡ ❞❡ ♣❧✉s ❣r❛♥❞ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ✭♣♥(T 4) = 7✮ ❡t ♣❛r
❧❡ ▲❡♠♠❡ ✸✱ ♥♦✉s s❛✈♦♥s q✉❡ ♣♥(Tv\T 5) = 7 s✐ ❡t s❡✉❧❡♠❡♥t s✐ ♣♥(Tv\(T 5∪T 4)) ≤ 6✳
❊t ❛✐♥s✐ ❞❡ s✉✐t❡✳ ❋✐♥❛❧❡♠❡♥t✱ ♥♦✉s ♦❜t❡♥♦♥s q✉❡ ♣♥(T 0) ≤ 3 ❡t ❞♦♥❝ q✉❡ ♣♥(Tv) = 8✳
P♦✉r ❢♦r♠❛❧✐s❡r ❧❡s r❡♠❛rq✉❡s ♣ré❝é❞❡♥t❡s✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❧❛ ♥♦t✐♦♥ ❝❡♥tr❛❧❡
❞❡ ❧✬❆❧❣♦r✐t❤♠❡ ▼❍❉ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✷✳✸✳
✷✳✷✳✸ ❉é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ✭♠✐♥✐♠❛❧❡✮
▲❛ ❝❧é ❞✬❆❧❣♦r✐t❤♠❡ ▼❍❉ ❡st ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ t♦✉t ❛r❜r❡ ♣❛r ❝❡ q✉❡ ♥♦✉s
❛♣♣❡❧♦♥s ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ✭❉é✜♥✐t✐♦♥ ✶✼✮ ❡t ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐é✲
r❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ ✭❉é✜♥✐t✐♦♥ ✶✽✮✳ ❊♥ ❡✛❡t✱ ét❛♥t ❞♦♥♥é ✉♥ ❛r❜r❡ T ✱ ❧✬❆❧❣♦r✐t❤♠❡
▼❍❉ ❝❛❧❝✉❧❡ ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ ❞❡ T ❛✈❛♥t ❞❡ ❞é❞✉✐r❡ s♦♥
✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t✳
❉é✜♥✐t✐♦♥ ✶✼ ✭❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡✮ ➱t❛♥t ❞♦♥♥é ✉♥ ❛r❜r❡ Tr ❡♥r❛✲
❝✐♥é ❡♥ r✱ ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ❞❡ Tr✱ ♥♦té❡ HD(Tr)✱ ❡st ✉♥❡ ❢❛♠✐❧❧❡
{T i}0≤i≤k ❞✬❛r❜r❡s t❡❧❧❡ q✉❡ ✿
✕ ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦✉s✲❛r❜r❡s {T i}0≤i≤k ❞❡ Tr ✐♥❞✉✐t ✉♥❡ ♣❛rt✐t✐♦♥ ❞❡s s♦♠♠❡ts
❞❡ Tr ✭✐✳❡✳✱ ❧❡s s♦✉s✲❛r❜r❡s s♦♥t ❞✐s❥♦✐♥ts ❡t ❝♦✉✈r❡♥t t♦✉s ❧❡s s♦♠♠❡ts✮ ❀
✕ T 0 ❡st s♦✐t st❛❜❧❡✱ s♦✐t ✉♥ (1, 2)✲❛r❜r❡✱ s♦✐t ✐♥st❛❜❧❡ ❡t ❡st ❡♥r❛❝✐♥é ❡♥ v0 = r ❀
✕ T i ❡st ✐♥st❛❜❧❡ ❡t ❡st ❡♥r❛❝✐♥é ❡♥ vi✱ 1 ≤ i ≤ k ❀
✕ s✐ ❞❡✉① ❛r❜r❡s T i ❡t T j✱ 0 ≤ i ≤ k✱ 0 ≤ j ≤ k✱ i 6= j✱ s♦♥t t❡❧s q✉❡ ❧❡ ❝❤❡♠✐♥
❛❧❧❛♥t ❞❡ vi à r ❞❛♥s Tr ♣❛ss❡ ♣❛r vj✱ ❛❧♦rs ♣♥(T i) > ♣♥(T j)✳
◆♦✉s ❛ss♦❝✐♦♥s à HD(Tr) ❧❛ ♣❛✐r❡ ((p, p′), vect) ❛✈❡❝ p = p′ s✐ T 0 ❡st ✉♥ ❛r❜r❡
st❛❜❧❡ ✭p ≥ 0✮✱ p = 1 ❡t p′ = 2 s✐ T 0 ❡st ✉♥ (1, 2)✲❛r❜r❡ ❡t p = p′ = −1 s✐ T 0 ❡st ✉♥
❛r❜r❡ ✐♥st❛❜❧❡✱ ❡t vect ✉♥ ✈❡❝t❡✉r ❞❡ t❛✐❧❧❡ L(vect) ❛✈❡❝ L(vect) ❧❡ ♣❧✉s ❣r❛♥❞ ✐♥❞✐❝❡
❞❡ tr❛✐t❡♠❡♥t ♣❛r♠✐ ❧❡s ❛r❜r❡s ✐♥st❛❜❧❡s ❞❡ HD(Tr)✳ vect ❝♦♥t✐❡♥t ❞❛♥s ❧❛ ❝❡❧❧✉❧❡ i✱
♥♦té❡ vect[i]✱ ❧❡ ♥♦♠❜r❡ ❞✬❛r❜r❡s ✐♥st❛❜❧❡s ❞❡ HD(Tr) ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t i✳
▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ HD(Tv) ❞❡ ❧✬❛r❜r❡ Tv ❡♥r❛❝✐♥é ❡♥ v ❞❡ ❧❛ ✜✲
❣✉r❡ ✷✳✼✱ ❡st r❡♣rés❡♥té❡ ♣❛r ❧❛ ♣❛✐r❡ ((p, p′), vect) ❞❡ ❧❛ t❛❜❧❡ ✷✳✶✳ ▲❛ ♣❛✐r❡ r❡♣ré✲
s❡♥t❛♥t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ❞✉ s♦✉s✲❛r❜r❡ Tv′ ② ❡st é❣❛❧❡♠❡♥t ❞é❝r✐t❡✳
❘❡♠❛rq✉❡ ✹ ➱t❛♥t ❞♦♥♥é❡ ✉♥❡ ♣❛✐r❡ ((p, p′), vect) ❛ss♦❝✐é❡ à ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥
❤✐ér❛r❝❤✐q✉❡✱ ♥♦✉s ❛✈♦♥s vect[1] = 0✳ ▲❛ r❡♠❛rq✉❡ ✸ ❛ss✉r❡ ❝❡❧❛✳
✸✻ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
v
v’
T5 T4
T1
T0
3T
T2
8 7
4
5
6
3
❋✐❣✳ ✷✳✼ ✕ ▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ MHD(Tv) ❞❡ ❧✬❛r❜r❡ Tv ❡♥r❛❝✐♥é ❡♥ v
❝♦♥t✐❡♥t s✐① ❛r❜r❡s ❞✐s❥♦✐♥ts ✿ T 1, T 2, T 3, T 4, T 5 s♦♥t ✐♥st❛❜❧❡s ❛❧♦rs q✉❡ T 0 ❡♥r❛❝✐♥é
❡♥ v ❡st st❛❜❧❡✳ ▲❡s ✐♥❞✐❝❡s ❞❡ tr❛✐t❡♠❡♥t ❞❡ ❝❡s ❛r❜r❡s s♦♥t ✐♥❞✐q✉és ♣❛r ❧❡s ❡♥t✐❡rs
s✉r ❧❡s r❛❝✐♥❡s✳ ▲❡s ❛r❜r❡s ❞✐s❥♦✐♥ts r❡s♣❡❝t❡♥t ❧❛ ❝♦♥tr❛✐♥t❡ s✉r ❧✬♦r❞r❡✳ P❛r ❡①❡♠♣❧❡✱
✐❧ ② ❛ ✉♥❡ ❛rêt❡ ❡♥tr❡ ❧❛ r❛❝✐♥❡ ❞❡ T 4 ❡t ✉♥ s♦♠♠❡t ❞❡ T 1✳
❘❡♠❛rq✉❡ ✺ ❯♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ❞✬✉♥ ❛r❜r❡ Tr ❡♥r❛❝✐♥é ❡♥ r ❡st ❛ss♦✲
❝✐é❡ à ✉♥❡ ✉♥✐q✉❡ ♣❛✐r❡ ((p, p′), vect) ♠❛✐s ✉♥❡ ♣❛✐r❡ ((p, p′), vect) ♣❡✉t êtr❡ ❛ss♦❝✐é❡
à ♣❧✉s✐❡✉rs ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s✳ ❊♥ ❡✛❡t✱ ❧❡s ❛rêt❡s ❝♦♥♥❡❝t❛♥t ❧❡s ❞✐✛é✲
r❡♥ts ❛r❜r❡s ❞❡ ❧❛ ♣❛rt✐t✐♦♥ ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♥✬♦♥t ♣❛s ❞✬✐♥✢✉❡♥❝❡
s✉r ❧❛ ♣❛✐r❡ ((p, p′), vect) t❛♥t q✉❡ ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡
s♦♥t r❡s♣❡❝té❡s✳ ❈♦♥s✐❞ér♦♥s ♣❛r ❡①❡♠♣❧❡ ❧✬❛r❜r❡ Tv ❞❡ ❧❛ ✜❣✉r❡ ✷✳✼✳ ▲✬❛r❜r❡ T 5✱
❛✈❡❝ ♣♥(T 5) = 8✱ ♣❡✉t êtr❡ ❛tt❛❝❤é à T 3 ❛②❛♥t ♣♥(T 3) = 6 ✭❛✉ ❧✐❡✉ ❞❡ T 1✮ s❛♥s
♠♦❞✐✜❡r ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ❞❡ Tv ❞é❝r✐t❡ ❞❛♥s ❧❛
t❛❜❧❡ ✷✳✶✳
✭♣✱♣✬✮ vect[1] vect[2] vect[3] vect[4] vect[5] vect[6] vect[7] vect[8]
HD(Tv) =MHD(Tv) (3, 3) 0 0 0 1 1 1 1 1
HD(Tv′) =MHD(Tv′) (−1,−1) 0 0 0 1 0 0 1 1
❚❛❜✳ ✷✳✶ ✕ P❛✐r❡s ((p, p′), vect) ❛ss♦❝✐é❡s ❛✉① ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s HD(Tv)
❡tHD(Tv′) ❞❡s ❛r❜r❡s Tv ❡t Tv′ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✼✳ ❉❛♥s ❝❡t ❡①❡♠♣❧❡✱ ❧❡s ❞é❝♦♠♣♦s✐t✐♦♥s
❤✐ér❛r❝❤✐q✉❡s s♦♥t ❛✉ss✐ ❧❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s ♠✐♥✐♠❛❧❡s MHD(Tv) ❡t
MHD(Tv′)✳
❆♣rès ❛✈♦✐r ❞é✜♥✐ ❧❛ ♥♦t✐♦♥ ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ✐❝✐
✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♣❛rt✐❝✉❧✐èr❡✳
✷✳✷✳ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✸✼
❉é✜♥✐t✐♦♥ ✶✽ ✭❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡✮ ➱t❛♥t ❞♦♥♥é ✉♥ ❛r❜r❡
Tr ❡♥r❛❝✐♥é ❡♥ r✱ ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ ❞❡ Tr✱ ♥♦té❡ MHD(Tr)✱
❡st ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ❞❡ Tr ✭❉é✜♥✐t✐♦♥ ✶✼✮ t❡❧❧❡ q✉❡ ∀i, j ∈ [0, k]✱ i 6= j✱
♥♦✉s ❛✈♦♥s ♣♥(T i) 6= ♣♥(T j)✳
▲✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ ❡st ❛ss✉ré❡ ♣❛r ❧❡ ❚❤é♦✲
rè♠❡ ✾ ✭♣r♦✉✈é ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✷✳✹✮✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡ ❚❤é♦rè♠❡ ✾ ✐♠♣❧✐q✉❡
q✉✬✐❧ ❡①✐st❡ ✉♥ s♦♠♠❡t v ♣♦✉r ❧❡q✉❡❧ ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ ❞❡
Tv ❡①✐st❡✳ ❆❧❣♦r✐t❤♠❡ ▼❍❉ ♣❡✉t êtr❡ ❧é❣èr❡♠❡♥t ♠♦❞✐✜é ♣♦✉r ♦❜t❡♥✐r ✉♥❡ ❞é❝♦♠✲
♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ ❞❡ T ❡♥r❛❝✐♥é ❡♥ ♥✬✐♠♣♦rt❡ q✉❡❧ s♦♠♠❡t r✳ ■❧ s✉✣t
❞❡ ❢♦r❝❡r r à ♥❡ ♣❛s ❡♥✈♦②❡r ❞❡ ♠❡ss❛❣❡✳
Pr♦♣r✐été ✷ ➱t❛♥t ❞♦♥♥é❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ((p, p′), vect) ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐é✲
r❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tr) ❞✬✉♥ ❛r❜r❡ Tr ❡♥r❛❝✐♥é ❡♥ r✱ ∀i ∈ [2 . . . L(vect)]✱
♥♦✉s ❛✈♦♥s vect[i] ∈ {0, 1} ❡t vect[1] = 0✳
▲❛ Pr♦♣r✐été ✷ s❡ ❞é❞✉✐t ❞✐r❡❝t❡♠❡♥t ❞❡ ❧❛ ❉é✜♥✐t✐♦♥ ✶✽ ❡t ❞❡ ❧❛ r❡♠❛rq✉❡ ✹✳
❆✈❛♥t ❞❡ ♣rés❡♥t❡r ❆❧❣♦r✐t❤♠❡ ▼❍❉ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✷✳✹✱ ♥♦✉s ♣r♦✉✈♦♥s ❧❡ ▲❡♠♠❡ ✹
q✉✐ ♣❡r♠❡t ❞❡ ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ t♦✉t ❛r❜r❡ à ♣❛rt✐r ❞❡ s❛ ❞é❝♦♠♣♦✲
s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡✳
▲❡♠♠❡ ✹ ➱t❛♥t ❞♦♥♥é❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ((p, p′), vect) ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐é✲
r❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tr) ❞❡ ❧✬❛r❜r❡ Tr ❡♥r❛❝✐♥é ❡♥ r✱ ♥♦✉s ❛✈♦♥s ♣♥(Tr) =
max(p, L(vect))✳
Pr❡✉✈❡ ✿ ❘❛♣♣❡❧♦♥s q✉❡ L(vect) ❡st ❧❡ ♣❧✉s ❣r❛♥❞ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ♣❛r♠✐ ❧❡s
❛r❜r❡s ✐♥st❛❜❧❡s ❞❡ HD(Tr)✳ ❙✐ p ≥ L(vect)✱ ❛❧♦rs MHD(Tr) ❡st ❝♦♠♣♦sé ❞✬✉♥
✉♥✐q✉❡ ❛r❜r❡ st❛❜❧❡ T 0 = Tr ❡t ♣♥(Tr) = p✳
❙✐ p < L(vect)✱ ❛❧♦rs ♥♦✉s ♣r♦✉✈♦♥s ❧✬❛ss❡rt✐♦♥ ♣❛r ✐♥❞✉❝t✐♦♥ s✉r L(vect)✳ ❈♦♠♠❡
MHD(Tr) ❡st ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ ❞❡ Tr✱ ✐❧ ② ❛ ✉♥ ✉♥✐q✉❡ ❛r❜r❡
✐♥st❛❜❧❡ T k t❡❧ q✉❡ ♣♥(T k) = L(vect)✳ ❉♦♥❝ ❡♥ ❝♦♥s✐❞ér❛♥t MHD(Tr) ♣r✐✈é ❞❡
❧✬❛r❜r❡ T k✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tr \T k)
❞❡ Tr \ T k✳ ❆✐♥s✐✱ ❧❛ t❛✐❧❧❡ ❞✉ ✈❡❝t❡✉r ❛ss♦❝✐é à MHD(Tr \ T k) ❡st str✐❝t❡♠❡♥t
✐♥❢ér✐❡✉r❡ à L(vect)✳ P❛r ❤②♣♦t❤ès❡ ❞✬✐♥❞✉❝t✐♦♥✱ ♥♦✉s ❛✈♦♥s ♣♥(Tr \ T k) < L(vect)✳
❉é❝r✐✈♦♥s ✉♥❡ L(vect)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r Tr✳ ◆♦✉s ❞é❜✉t♦♥s ♣❛r ✉♥❡
L(vect)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r T k✳ ■❧ ❡♥ ❡①✐st❡ ✉♥❡ ❞❛♥s ❧❛q✉❡❧❧❡✱ à ✉♥❡ ❝❡rt❛✐♥❡
ét❛♣❡✱ ✉♥ ❛❣❡♥t ❡st ♣♦s✐t✐♦♥♥é s✉r ❧❛ r❛❝✐♥❡ vk ❡t ❛✉❝✉♥ ❛✉tr❡ ❛❣❡♥t ♥✬♦❝❝✉♣❡ ✉♥ ❛✉tr❡
s♦♠♠❡t✳ ➚ ❝❡tt❡ ét❛♣❡✱ ♥♦✉s ✐♥sér♦♥s ✉♥❡ (≤ L(vect) − 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♣♦✉r Tr \ T k✳ ◆♦✉s ✜♥✐ss♦♥s ❡♥s✉✐t❡ ❧❛ L(vect)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r T k✳ 
✷✳✷✳✹ ❆❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ♣♦✉r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t
❧✬❆❧❣♦r✐t❤♠❡ ✶ ❞é❝r✐t ❧✬❆❧❣♦r✐t❤♠❡ ▼❍❉ q✉✐ ❝♦♥str✉✐t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r✲
❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tr) ❡t ❝❛❧❝✉❧❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ♣♥(T ) ❞❡ t♦✉t ❛r❜r❡
T = (V,E) ❛✈❡❝ r ∈ V ✳
✸✽ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
❆❧❣♦r✐t❤♠❡ ✶ ✿ ❆❧❣♦r✐t❤♠❡ ▼❍❉
✕ ❈❤❛q✉❡ ❢❡✉✐❧❧❡ ❡♥✈♦✐❡ ❧❡ ♠❡ss❛❣❡ ❞✬✐♥✐t✐❛❧✐s❛t✐♦♥ ((0, 0), [ ])✱ ❛✈❡❝ [ ] r❡♣rés❡♥t❛♥t
✉♥❡ ✈❡❝t❡✉r ❞❡ t❛✐❧❧❡ 0✱ à s♦♥ ✉♥✐q✉❡ ✈♦✐s✐♥ q✉✐ ❞❡✈✐❡♥t s♦♥ ♣❛r❡♥t✳
✕ ❯♥ s♦♠♠❡t v ∈ V q✉✐ ❛ r❡ç✉ ❞❡s ♠❡ss❛❣❡s ❞❡ t♦✉s s❡s ✈♦✐s✐♥s s❛✉❢ ✉♥✱ ❝❛❧✲
❝✉❧❡ ❧❛ ♣❛✐r❡ ((p, p′), vect) r❡♣rés❡♥t❛♥t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡
MHD(Tv) ❞❡ Tv ❡♥ ✉t✐❧✐s❛♥t ❧✬❆❧❣♦r✐t❤♠❡ ✷✳ ▲❡ s♦♠♠❡t v ❡♥✈♦✐❡ ❡♥s✉✐t❡ ❧❡ ♠❡s✲
s❛❣❡ ((p, p′), vect) à s♦♥ ❞❡r♥✐❡r ✈♦✐s✐♥ q✉✐ ❞❡✈✐❡♥t s♦♥ ♣❛r❡♥t✳
✕ ▲❡ ❞❡r♥✐❡r s♦♠♠❡t r ∈ V ❡st ❧❛ r❛❝✐♥❡ ❞❡ T ✳ ▲♦rsq✉❡ ❝❡ ❞❡r♥✐❡r ❛ r❡ç✉ ✉♥ ♠❡ss❛❣❡
❞❡ t♦✉s s❡s ✈♦✐s✐♥s✱ ✐❧ ❝❛❧❝✉❧❡ ❧❛ ♣❛✐r❡ ((p, p′), vect) r❡♣rés❡♥t❛♥t ❧❛ ❞é❝♦♠♣♦s✐✲
t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tr) ❞❡ Tr = T ❡♥ ✉t✐❧✐s❛♥t ❧✬❆❧❣♦r✐t❤♠❡ ✷✳ ▲❡
▲❡♠♠❡ ✹ ♥♦✉s ❞♦♥♥❡ ❡♥s✉✐t❡ ♣♥(T )✳ ■❧ ❡st ♣♦ss✐❜❧❡ q✉❡ ❞❡✉① s♦♠♠❡ts r❡ç♦✐✈❡♥t
✉♥ ♠❡ss❛❣❡ ❞❡ t♦✉s ❧❡✉rs ✈♦✐s✐♥s r❡s♣❡❝t✐❢s✳ ▲❛ ❘❡♠❛rq✉❡ ✻ ♣❡r♠❡t ❞❡ rés♦✉❞r❡ ❝❡
♣r♦❜❧è♠❡✳
❘❡♠❛rq✉❡ ✻ ■❧ ❡st ♣♦ss✐❜❧❡ q✉❡ ❞❡✉① s♦♠♠❡t ❛❞❥❛❝❡♥ts v ❡t w r❡ç♦✐✈❡♥t ✉♥ ♠❡ss❛❣❡
❞❡ t♦✉s ❧❡✉rs ✈♦✐s✐♥s✳ ❈❡❧❛ ❛rr✐✈❡ ❧♦rsq✉❡ v✱ ❛♣rès ❛✈♦✐r ❡♥✈♦②é s♦♥ ♠❡ss❛❣❡ à s♦♥
❞❡r♥✐❡r ✈♦✐s✐♥ w✱ r❡ç♦✐✈❡ é❣❛❧❡♠❡♥t ✉♥ ♠❡ss❛❣❡ ❞❡ w✳ ❉❛♥s ❝❡ ❝❛s✱ v ❡t w s♦♥t
❝❛♥❞✐❞❛ts ♣♦✉r ❞❡✈❡♥✐r ❧❛ r❛❝✐♥❡ ❞❡ ❧✬❛r❜r❡✳ P♦✉r ♣❛❧❧✐❡r ❝❡ ♣r♦❜❧è♠❡✱ ❧❡ ♣❧✉s s✐♠♣❧❡
❡st ❝❡rt❛✐♥❡♠❡♥t ❞❡ ❝❤♦✐s✐r ❧❡ s♦♠♠❡t ❞❡ ♣❧✉s ❣r❛♥❞ ✐❞❡♥t✐✜❛♥t ✭❡♥ s✉♣♣♦s❛♥t ✉♥
♦r❞r❡ t♦t❛❧ s✉r ❧❡s ✐❞❡♥t✐✜❛♥ts ❞❡s s♦♠♠❡ts ❝♦♠♠❡ ❧✬❛❞r❡ss❡ ▼❆❈ ♣❛r ❡①❡♠♣❧❡✮✳
❈❡❧❛ é✈✐t❡ ❧❛ tr❛♥s♠✐ss✐♦♥ ❞❡ ❜✐ts s✉♣♣❧é♠❡♥t❛✐r❡s ❝♦♠♠❡ ♥♦✉s ♣♦✉✈♦♥s s✉♣♣♦s❡r q✉❡
❝❤❛q✉❡ s♦♠♠❡t ❝♦♥♥❛ît ❧✬✐❞❡♥t✐✜❛♥t ❞❡ t♦✉s s❡s ✈♦✐s✐♥s✳ ❙✐♥♦♥✱ ♥♦✉s ♣♦✉✈♦♥s ✉t✐❧✐s❡r
✉♥ ♠é❝❛♥✐s♠❡ ❝❧❛ss✐q✉❡ ❞✬é❧❡❝t✐♦♥ ❞❡ ❧❡❛❞❡r ♣♦✉r ❞ét❡r♠✐♥❡r ❧❛ r❛❝✐♥❡ ❬P❡❧✾✵❪✳ ❈❡❧❛
♣❡✉t êtr❡ ré❛❧✐sé ❛✈❡❝ log(n) ❜✐ts✳
▲❡♠♠❡ ✺ ❙♦✐t T 0v ✉♥ ❛r❜r❡ ❡♥r❛❝✐♥é ❡♥ ❧❡ s♦♠♠❡t v t❡❧ q✉❡ ❧❡s ✜❧s ❞❡ v s♦♥t
❡♥r❛❝✐♥és à ❞❡s ✭é✈❡♥t✉❡❧❧❡♠❡♥t ✈✐❞❡s✮ ❛r❜r❡s st❛❜❧❡s ♦✉ (1, 2)✲❛r❜r❡s ❞❡ ♣❛✐r❡s
(p1, p
′
1), . . . , (pd−1, p
′
d−1)✳ ▲✬❆❧❣♦r✐t❤♠❡ ✸ ❝❛❧❝✉❧❡ ❧❛ ♣❛✐r❡ (q, q
′) ❛ss♦❝✐é❡ à ❧✬❛r❜r❡
T 0v ❛✈❡❝ q = ♣♥(T
0
v ) ❡t s✐ T
0
v ❡st ✉♥ ❛r❜r❡ st❛❜❧❡✱ ❛❧♦rs q
′ = q✱ s✐♥♦♥ q′ = q+1 ✭❛r❜r❡
✐♥st❛❜❧❡ ♦✉ (1, 2)✲❛r❜r❡✮✳
Pr❡✉✈❡ ✿ ❯♥ s♦♠♠❡t v ∈ V ✱ r❡❝❡✈❛♥t ❧❡s ♣❛✐r❡s (p1, p′1), . . . , (pd−1, p′d−1) ❞❡ s❡s
✈♦✐s✐♥s v1, . . . , vd−1✱ ❛✈❡❝ ∀i, pi < 2✱ ❝❛❧❝✉❧❡ ❧❛ ♣❛✐r❡ (q, q′)✳ ◆♦✉s ♣r♦✉✈♦♥s ❧❡s ❝❛s
❞✬✐♥✐t✐❛❧✐s❛t✐♦♥ ✭❧✐❣♥❡ ✸ ❡t ❧✐❣♥❡ ✹✮✳
✕ ❙✐ v ❡st ✉♥❡ ❢❡✉✐❧❧❡✱ v ♥❡ r❡ç♦✐t ❛✉❝✉♥ ♠❡ss❛❣❡✱ ❡t ❞♦♥❝ intmax = −1✳ ❆❧♦rs
❧✬❆❧❣♦r✐t❤♠❡ ✸ r❡t♦✉r♥❡ (q, q′) = (0, 0)✳ ❈❡❧❛ ❡st ❝♦rr❡❝t ❝❛r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t
❞✬✉♥ s♦♠♠❡t ❡st 0✳
✕ ❙✐ t♦✉s ❧❡s ✈♦✐s✐♥s ❡♥✈♦②❛♥t ✉♥ ♠❡ss❛❣❡ s♦♥t ❞❡s ❢❡✉✐❧❧❡s✱ ❛❧♦rs intmax = 0 ❡t
❧✬❆❧❣♦r✐t❤♠❡ ✸ r❡t♦✉r♥❡ (q, q′) = (1, 1)✳ ▲✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞✬✉♥❡ ét♦✐❧❡ ✭❞❡
❝❡♥tr❡ v✮ ❡st 1✳
✕ ❙✐ v r❡ç♦✐t ✉♥ ✉♥✐q✉❡ ♠❡ss❛❣❡ ❞✬✉♥ s♦♠♠❡t q✉✐ ❡st ❧❡ ❝❡♥tr❡ ❞✬✉♥❡ ét♦✐❧❡✱ ❛❧♦rs
|I| = 1 ❡t (pi, p′i) = (1, 1), i ∈ I✳ ▲✬❆❧❣♦r✐t❤♠❡ ✸ r❡t♦✉r♥❡ (q, q′) = (1, 2)✳ ❈❡❧❛
❡st ❝♦rr❡❝t ❝❛r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞✬✉♥❡ ét♦✐❧❡ ❡st 1✱ ♠❛✐s ✉♥❡ str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t ✜♥✐ss❛♥t ✭❞é❜✉t❛♥t✮ ❡♥ v ♥é❝❡ss✐t❡ 2 ❛❣❡♥ts✳
✷✳✷✳ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✸✾
❆❧❣♦r✐t❤♠❡ ✷ ✿ ❝❛❧❝✉❧ ❞❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ((p, p′), vect) ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐é✲
r❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tv) ❞❡ ❧✬❛r❜r❡ Tv ❡♥r❛❝✐♥é ❡♥ v
Pré❝♦♥❞✐t✐♦♥ ✿ r❡♣rés❡♥t❛t✐♦♥s ((p1, p′1), vect1), . . . , ((pd−1, p
′
d−1), vectd−1) ❞❡s ❞é✲
❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s ♠✐♥✐♠❛❧❡s MHD(Tv1), . . . ,MHD(Tvd−1) ❞❡s s♦✉s✲
❛r❜r❡s Tv1 , . . . , Tvd−1 ❡♥r❛❝✐♥és ❡♥ ❧❡s ✜❧s ❞❡ v ✿ v1, . . . , vd−1✳
Pré❝♦♥❞✐t✐♦♥ ✿ ✉♥ ✈❡❝t❡✉r vectsum t❡❧ q✉❡ vectsum[i] := vect1[i] + . . .+ vectd−1[i]✱
∀i ∈ [2,max1≤j≤d−1 L(vectj)] ❡t vectsum[1] = 0✳
P♦st❝♦♥❞✐t✐♦♥ ✿ ((p, p′), vect) ❡st ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r✲
❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tv) ❞❡ Tv✳
✶✿ ❙♦✐t (q, q′) ❧❛ ♣❛✐r❡ ❝❛❧❝✉❧é❡ ♣❛r ❧✬❆❧❣♦r✐t❤♠❡ ✸ à ♣❛rt✐r ❞❡s ✈❛❧❡✉rs ❞❡s
❛r❜r❡s st❛❜❧❡s ✭é✈❡♥t✉❡❧❧❡♠❡♥t ✈✐❞❡s✮ ❞❡ MHD(Tv1), . . . ,MHD(Tvd−1) ✿
(p1, p
′
1), . . . , (pd−1, p
′
d−1)✳
✷✿ s✐ 1 < q < q′ ❛❧♦rs ✪✴✯ ▲✬✉♥✐♦♥ ❞❡s ❛r❜r❡s st❛❜❧❡s ❡st ✐♥st❛❜❧❡ ✯✴
✸✿ L(vect) := max(L(vectsum), q) ❀ vect[j] := 0✱ ∀j ∈ [1, L(vect)]
✹✿ vect := vectsum
✺✿ vect[q] := vect[q] + 1
✻✿ vect[j] := 0✱ ∀j ∈ [2, p− 1]
✼✿ (p, p′) := (−1,−1)
✽✿ s✐♥♦♥ ✪✴✯ q == q′ ❡t ❞♦♥❝ ❧✬✉♥✐♦♥ ❞❡s ❛r❜r❡s st❛❜❧❡s ❡st st❛❜❧❡ ♦✉
(q, q′) == (1, 2) ✯✴
✾✿ L(vect) := L(vectsum)
✶✵✿ vect := vectsum
✶✶✿ vect[j] := 0✱ ∀j ∈ [2, q − 1]
✶✷✿ ❙♦✐t k t❡❧ q✉❡ vect[k] > 1 ❡t vect[i] ≤ 1✱ ∀i ∈ [k + 1, L(vect)] ✴✯ s✐ k ♥✬❡①✐st❡
♣❛s✱ ❛❧♦rs k := −1 ✯✴
✶✸✿ ❙♦✐t k1 > max(k, q−1) t❡❧ q✉❡ vect[k1] = 0 ❛♥❞ vect[i] ≥ 1✱ ∀i ∈ [max(k, q), k1−
1]
✴✯ ♥♦✉s s✉♣♣♦s♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❝❡❧❧✉❧❡ ✈✐rt✉❡❧❧❡ vect[L(vect) + 1] = 0
✯✴
✴✯ s✐ k1 ♥✬❡①✐st❡ ♣❛s✱ ❛❧♦rs k1 := −1 ✯✴
✶✹✿ s✐ k1 > 1 ❛❧♦rs
✶✺✿ vect[i] := 0✱ ∀i ∈ [2, k1]
✶✻✿ (p, p′) := (k1, k1)
✶✼✿ s✐♥♦♥ ✪✴✯ s✐ k1 == −1✱ ❛❧♦rs ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ❡st
♠✐♥✐♠❛❧❡ ✯✴
✶✽✿ (p, p′) := (q, q′)
✶✾✿ s✐ vect[i] == 0,∀i ≤ L(vect) ❛❧♦rs
✷✵✿ vect := [ ] ✴✯ [ ] ❡st ✉♥ ✈❡❝t❡✉r ❞❡ t❛✐❧❧❡ ✵ ✯✴
✷✶✿ r❡t♦✉r♥❡r ((p, p′), vect)
✹✵ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
❆❧❣♦r✐t❤♠❡ ✸ ✿ ❝❛❧❝✉❧ ❞❡ (q, q′)
Pré❝♦♥❞✐t✐♦♥ ✿ ✉♥❡ ❧✐st❡ ❞❡ ♣❛✐r❡s ❞✬❡♥t✐❡rs (p1, p′1), . . . , (pd−1, p
′
d−1) ✿ ét❛♥t ❞♦♥♥é
✉♥ ❛r❜r❡ T 0v ❡♥r❛❝✐♥é ❡♥ v ❛✈❡❝ ❧❡s ✜❧s ❞❡ v r❛❝✐♥❡s ❞❡s ❛r❜r❡s st❛❜❧❡s
✭é✈❡♥t✉❡❧❧❡♠❡♥t ✈✐❞❡s✮ ♦✉ r❛❝✐♥❡s ❞❡ (1, 2)✲❛r❜r❡s ❝♦rr❡s♣♦♥❞❛♥ts ❛✉① ♣❛✐r❡s
(p1, p
′
1), . . . , (pd−1, p
′
d−1)✳
P♦st❝♦♥❞✐t✐♦♥ ✿ q = s♥(T 0v ) ❡t q
′ ❡st ❧❛ ✈❛❧❡✉r ♠✐♥✐♠✉♠ t❡❧❧❡ q✉❡ ✉♥❡ q′✲str❛té❣✐❡
❞❡ tr❛✐t❡♠❡♥t ✜♥✐ss❛♥t ✭♦✉ ❞é❜✉t❛♥t✮ ❛✈❡❝ ✉♥ ❛❣❡♥t s✉r v ❡①✐st❡ ♣♦✉r T 0v ✳ ❘❛♣✲
♣❡❧♦♥s q✉❡ q ≤ q′ ≤ q + 1✳
✶✿ intmax := max1≤j≤d−1{intj} ✴✯ intmax := −1 s✬✐❧ ♥✬② ❛ ♣❛s ❞✬❛r❜r❡ st❛❜❧❡
✯✴
✷✿ I := {i; inti = intmax} ✴✯ t♦✉s ❧❡s i t❡❧s q✉❡ inti ❡st ♠❛①✐♠✉♠ ✯✴
✸✿ s✐ intmax < 2 ❛❧♦rs
✹✿ (q, q′) :=


(0, 0) ✇❤❡♥ intmax = −1
(1, 1) ✇❤❡♥ intmax = 0
(1, 2) ✇❤❡♥ |I| = 1 ❛♥❞ (pi, p′i) = (1, 1), i ∈ I
(2, 2) ♦t❤❡r✇✐s❡
✺✿ s✐♥♦♥ ✪✴✯ ❝❛s ❣é♥ér❛✉① ✯✴
✻✿ s✐ |I| == 2 ❛❧♦rs ✪✴✯ T 0v ❡st ✐♥st❛❜❧❡ ✯✴
✼✿ (q, q′) := (intmax, intmax + 1)
✽✿ s✐♥♦♥ ✪✴✯ T 0v ❡st st❛❜❧❡ ✯✴
✾✿ s✐ |I| > 2 ❛❧♦rs ✪✴✯ ❚❤é♦rè♠❡ ✽ ✯✴
✶✵✿ (q, q′) := (intmax + 1, intmax + 1)
✶✶✿ s✐♥♦♥ ✪✴✯ I = 1 ✯✴
✶✷✿ (q, q′) := (intmax, intmax)
✶✸✿ r❡t♦✉r♥❡r (q, q′)
✕ ❙✐ v r❡ç♦✐t ✉♥ ♠❡ss❛❣❡ ❞✬✉♥ s♦♠♠❡t q✉✐ ❡st ❞❛♥s ✉♥❡ ét♦✐❧❡ ✭♠❛✐s ♣❛s ❧❡ ❝❡♥tr❡✮
❡t ❞❡s ♠❡ss❛❣❡s ❞❡ ❢❡✉✐❧❧❡s ✭❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t 0✮ ✿ |I| = 1 ❡t (pi, p′i) = (1, 2), i ∈
I ❀ ♦✉ s✐ v r❡ç♦✐t ❞❡s ♠❡ss❛❣❡s ❞✬❛✉ ♠♦✐♥s ❞❡✉① s♦♠♠❡ts ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t 1
❡t ❞❡ s♦♠♠❡ts ❢❡✉✐❧❧❡s ✿ |I| ≥ 2 ❡t pi = 1, i ∈ I✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱ ❧✬❆❧❣♦r✐t❤♠❡ ✸
r❡t♦✉r♥❡ (q, q′) = (2, 2)✳ ❈❡❧❛ ❡st ❝♦rr❡❝t ❝❛r 2 ❛❣❡♥ts s♦♥t ♥é❝❡ss❛✐r❡s ❡t s✉✣s❛♥ts
♣♦✉r t❡r♠✐♥❡r ✭❞é❜✉t❡r✮ ❧❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❡♥ v ❞❛♥s ❝❡s s✐t✉❛t✐♦♥s✳
▲❛ ❧✐❣♥❡ ✻ ❡t ❧❛ ❧✐❣♥❡ ✼ tr❛✐t❡♥t ❧❡ ❝❛s ♦ù ❡①❛❝t❡♠❡♥t ❞❡✉① ❛r❜r❡s st❛❜❧❡s ♦♥t
❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ♠❛①✐♠✉♠ p > 1✳ ❉❛♥s ❝❡ ❝❛s✱ ❧✬❛r❜r❡ T 0v ❡st ✉♥ ❛r❜r❡ ✐♥st❛❜❧❡
❛✈❡❝ ♣♥(T 0v ) = p ✭❉é✜♥✐t✐♦♥ ✶✺ ❞❡ ❧❛ s❡❝t✐♦♥ ✷✳✷✳✷✮✳ ❉♦♥❝ ❧✬❆❧❣♦r✐t❤♠❡ ✸ r❡t♦✉r♥❡
(q, q′) := (p, p+ 1)✳
▲❛ ❧✐❣♥❡ ✾ ❡t ❧❛ ❧✐❣♥❡ ✶✵ r❡♣rés❡♥t❡♥t ❧❡ ❝❛s ♦ù ✐❧ ② ❛ str✐❝t❡♠❡♥t ♣❧✉s q✉❡ ❞❡✉①
❛r❜r❡s ✐♥st❛❜❧❡ ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ♠❛①✐♠✉♠ p > 1✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡ ❚❤é♦rè♠❡ ✽
♠♦♥tr❡ q✉❡ ♣♥(T 0v ) = p+1✳ ❉❡ ♣❧✉s✱ ✐❧ ❡①✐st❡ ✉♥❡ (p+1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ✜♥✐s✲
s❛♥t ❡♥ v ✿ ♥♦✉s ♣❧❛ç♦♥s ✉♥ ❛❣❡♥t s✉r v✱ ♥♦✉s ❝♦♥t✐♥✉♦♥s ❛✈❡❝ ❞❡s (≤ p)✲str❛té❣✐❡s ❞❡
tr❛✐t❡♠❡♥t ♣♦✉r ❧❡s ❛r❜r❡s st❛❜❧❡s ❡♥r❛❝✐♥és ❡♥ ❧❡s ✜❧s ❞❡ v ✭❞❡ ♠❛♥✐èr❡ séq✉❡♥t✐❡❧❧❡✮✱
❡t ❡♥✜♥ ♥♦✉s tr❛✐t♦♥s v ❡♥ r❡t✐r❛♥t ❧✬❛❣❡♥t ♣♦s✐t✐♦♥♥é✳ ❉♦♥❝ ❧✬❆❧❣♦r✐t❤♠❡ ✸ r❡t♦✉r♥❡
(q, q′) := (p+ 1, p+ 1)✳
✷✳✷✳ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✹✶
(1,1)
(0,0)
(0,0)
(0,0)
(0,0)
(0,0)
(0,0)
(0,0)
(0,0)
(1,1)
(1,1)
(1,2)
(2,2)
(1,1)
(0,0)
(0,0)
(0,0)
(2,2)
(1,1)
❋✐❣✳ ✷✳✽ ✕ ❊①❡♠♣❧❡s ❞❡ ❞✐✛ér❡♥ts ❝❛s ❞✬✐♥✐t✐❛❧✐s❛t✐♦♥ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧✬✐♥❞✐❝❡ ❞❡
tr❛✐t❡♠❡♥t✳ ▲❡s ♣❛✐r❡s s✉r ❧❡s s♦♠♠❡ts r❡♣rés❡♥t❡♥t ❧❡s ❡♥t✐❡rs (p, p′) ❝♦rr❡s♣♦♥❞❛♥t
❛✉① ❞✐✛ér❡♥ts s♦✉s✲❛r❜r❡s✳
❊♥✜♥✱ s✬✐❧ ② ❛ ✉♥ ✉♥✐q✉❡ ❛r❜r❡ st❛❜❧❡✱ s❛♥s ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té T 0v1 ✱ ❞✬✐♥❞✐❝❡ ❞❡
tr❛✐t❡♠❡♥t ♠❛①✐♠✉♠ p > 1✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥ ❛r❜r❡ st❛❜❧❡ T 0v ❛✈❡❝ ♣♥(T
0
v ) = p✳ ❊♥
❡✛❡t✱ ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ✜♥✐ss❛♥t ❡♥ v ♣♦✉r T 0v ❝♦♥s✐st❡ ❡♥ ✉♥❡ p✲str❛té❣✐❡
❞❡ tr❛✐t❡♠❡♥t ♣♦✉r T 0v1 ✜♥✐ss❛♥t ❡♥ v1✱ ♣❧❛❝❡♠❡♥t ❞✬✉♥ ❛❣❡♥t ❡♥ v✱ r❡tr❛✐t ❞❡ ❧✬❛❣❡♥t
♣♦s✐t✐♦♥♥é ❡♥ v1 ❡t (≤ p− 1)✲str❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ❧❡s ❛✉tr❡s ❛r❜r❡s st❛❜❧❡s✳
❉♦♥❝ ❧✬❆❧❣♦r✐t❤♠❡ ✸ r❡t♦✉r♥❡ (q, q′) := (p, p)✳ 
❚❤é♦rè♠❡ ✾ ➱t❛♥t ❞♦♥♥é ✉♥ ❛r❜r❡ T = (V,E)✱ ❆❧❣♦r✐t❤♠❡ ▼❍❉ ❝❛❧❝✉❧❡ ❧❛ ♣❛✐r❡
((p, p′), vect) ❛ss♦❝✐é❡ à ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tv) ❞❡ Tv =
T ♣♦✉r ✉♥ ❝❡rt❛✐♥ s♦♠♠❡t v ∈ V ✳
Pr❡✉✈❡ ✿ ◆♦✉s ♣r♦✉✈♦♥s ❧❡ ❚❤é♦rè♠❡ ✾ ♣❛r ✐♥❞✉❝t✐♦♥ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts
❞❡ ❧✬❛r❜r❡✳ ◆♦✉s tr❛✐t♦♥s t♦✉t ❞✬❛❜♦r❞ ❧❡s ❝❛s ❞✬✐♥✐t✐❛❧✐s❛t✐♦♥✳
✕ ❙✐ v ❡st ✉♥❡ ❢❡✉✐❧❧❡✱ v ♥❡ r❡ç♦✐t ❛✉❝✉♥ ♠❡ss❛❣❡✱ ❡t ❞♦♥❝ intmax = −1✳ ❆❧♦rs
❧✬❆❧❣♦r✐t❤♠❡ ✸ r❡t♦✉r♥❡ (q, q′) = (0, 0) ❡t ❧✬❆❧❣♦r✐t❤♠❡ ✷ r❡t♦✉r♥❡ ((0, 0), [ ])✳
✕ ❙✐ t♦✉s ❧❡s ✈♦✐s✐♥s ❡♥✈♦②❛♥t ✉♥ ♠❡ss❛❣❡ s♦♥t ❞❡s ❢❡✉✐❧❧❡s✱ ❛❧♦rs intmax = 0 ❡t
❧✬❆❧❣♦r✐t❤♠❡ ✸ r❡t♦✉r♥❡ (q, q′) = (1, 1) ❡t ❧✬❆❧❣♦r✐t❤♠❡ ✷ r❡t♦✉r♥❡ ((1, 1), [ ])✳
✕ ❙✐ v r❡ç♦✐t ✉♥ ✉♥✐q✉❡ ♠❡ss❛❣❡ ❞✬✉♥ s♦♠♠❡t q✉✐ ❡st ❧❡ ❝❡♥tr❡ ❞✬✉♥❡ ét♦✐❧❡✱
❛❧♦rs |I| = 1 ❡t (pi, p′i) = (1, 1), i ∈ I✳ ▲✬❆❧❣♦r✐t❤♠❡ ✸ r❡t♦✉r♥❡ (q, q′) = (1, 2) ❡t
❧✬❆❧❣♦r✐t❤♠❡ ✷ r❡t♦✉r♥❡ ((1, 2), [ ])✳
✕ ❙✐ v r❡ç♦✐t ✉♥ ♠❡ss❛❣❡ ❞✬✉♥ s♦♠♠❡t q✉✐ ❡st ❞❛♥s ✉♥❡ ét♦✐❧❡ ✭♠❛✐s ♣❛s ❧❡
❝❡♥tr❡✮ ❡t ❞❡s ♠❡ss❛❣❡s ❞❡ ❢❡✉✐❧❧❡s ✭❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t 0✮ ✿ |I| = 1 ❡t (pi, p′i) =
(1, 2), i ∈ I ❀ ♦✉ s✐ v r❡ç♦✐t ❞❡s ♠❡ss❛❣❡s ❞✬❛✉ ♠♦✐♥s ❞❡✉① s♦♠♠❡ts ❞✬✐♥❞✐❝❡ ❞❡
tr❛✐t❡♠❡♥t 1 ❡t ❞❡ s♦♠♠❡ts ❢❡✉✐❧❧❡s ✿ |I| ≥ 2 ❡t pi = 1, i ∈ I✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱
❧✬❆❧❣♦r✐t❤♠❡ ✸ r❡t♦✉r♥❡ (q, q′) = (2, 2) ❡t ❧✬❆❧❣♦r✐t❤♠❡ ✷ r❡t♦✉r♥❡ ((2, 2), [ ])✳
✹✷ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
❉❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ♣❛r ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞✉❝t✐♦♥✱ v r❡ç♦✐t ❞❡ s❡s ✜❧s✱
v1, . . . , vd−1✱ ❧❡s ♣❛✐r❡s ❝♦rr❡s♣♦♥❞❛♥t❡s ❛✉① ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s ♠✐♥✐♠❛❧❡s
❞❡ Tv1 , . . . , Tvd−1 ✳ Tv1 , . . . , Tvd−1 ✱ ❧❡s ❛r❜r❡s ❡♥r❛❝✐♥és ❡♥ v1, . . . , vd−1✱ r❡s♣❡❝t✐✈❡♠❡♥t✳
➱t❛♥t ❞♦♥♥é❡s t♦✉t❡s ❝❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s ♠✐♥✐♠❛❧❡s✱ ♥♦✉s ♣r♦✉✲
✈♦♥s ♠❛✐♥t❡♥❛♥t q✉❡ ❧✬❆❧❣♦✐t❤♠❡ ✷ ❝❛❧❝✉❧❡ ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐✲
♠❛❧❡ ❞❡ Tv✳ P❛r ❧❡ ▲❡♠♠❡ ✺✱ ❧✬❆❧❣♦r✐t❤♠❡ ✸ r❡t♦✉r♥❡ ❧❡ ✈❡❝t❡✉r (q, q′) ❛ss♦❝✐é
à ❧✬❛r❜r❡ T 0v ❢♦r♠é ❞❡s ❛r❜r❡s st❛❜❧❡s ✭♣♦ss✐❜❧❡♠❡♥t ✈✐❞❡s✮ ❡t ❞❡s (1, 2)✲❛r❜r❡s ❞❡
MHD(Tv1), . . . ,MHD(Tvd−1) ❞❡ ♣❛✐r❡s (p1, p
′
1), . . . , (pd−1, p
′
d−1)✳
❉❛♥s ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡✱ ♥♦✉s ❞❡✈♦♥s r❡s♣❡❝t❡r ✉♥❡ ❤✐ér❛r❝❤✐❡ ❡♥tr❡
❧❡s ❛r❜r❡s✳ P♦✉r ❣❛r❛♥t✐r ❝❡❧❛✱ ❧❡s ❛r❜r❡s ❞❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s ♠✐♥✐♠❛❧❡s
❞❡ Tv1 , . . . , Tvd−1 ❞✬✐♥❞✐❝❡s ❞❡ tr❛✐t❡♠❡♥t str✐❝t❡♠❡♥t ♣❧✉s ♣❡t✐ts q✉❡ p s♦♥t ❛❥♦✉tés
à T 0v ✳
MHD(T ′v1), . . . ,MHD(T
′
vd−1
) r❡♣rés❡♥t❡♥t ❧❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s ♠✐✲
♥✐♠❛❧❡s ♦❜t❡♥✉❡s à ♣❛rt✐r ❞❡MHD(Tv1), . . . ,MHD(Tvd−1)✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❣❛r❞❛♥t
✉♥✐q✉❡♠❡♥t ❧❡s ❛r❜r❡s st❛❜❧❡s ❡t ❧❡s ❛r❜r❡s ✐♥st❛❜❧❡s ❞✬✐♥❞✐❝❡s ❞❡ tr❛✐t❡♠❡♥t str✐❝t❡✲
♠❡♥t ♣❧✉s ♣❡t✐ts q✉❡ q✳ ◆♦✉s ❛✈♦♥s tr♦✐s ❝❛s✳
✕ ❙✐ q = q′ ❡t s✬✐❧ ② ❛ ✉♥ ✉♥✐q✉❡ i ∈ [1, D − 1] t❡❧ q✉❡ pi = q✱ ❛❧♦rs ✐❧ ❡①✐st❡
✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r T 0vi = T
′
vi ✜♥✐ss❛♥t ❛✈❡❝ ✉♥ ❛❣❡♥t s✉r vi✳ ❆✐♥s✐✱
♥♦✉s ♣♦s♦♥s ✉♥ ❛❣❡♥t s✉r v ❡t ♥♦✉s s✉♣♣r✐♠♦♥s ❧✬❛❣❡♥t ❞❡ vi✳ ◆♦✉s ✉t✐❧✐s♦♥s ✉♥❡
(≤ q − 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ❝❤❛q✉❡ MHD(T ′vj ) ✭j ∈ [1, D − 1], j 6= i✮✳
❊♥ ❡✛❡t✱ ♣♥(T ′vj ) ≤ q − 1 ♣❛r ❞é✜♥✐t✐♦♥✳
✕ ❙✐ q = q′ ❡t s✬✐❧ ② ❛ ❛✉ ♠♦✐♥s 3 ❛r❜r❡s st❛❜❧❡s ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t q − 1
✭✐❧ ♥✬② ❛ ♣❛s ❞✬❛r❜r❡ ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t q✮✱ ❛❧♦rs ♥♦✉s ♣♦s✐t✐♦♥♥♦♥s ✉♥ ❛❣❡♥t
s✉r v✱ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥❡ (q − 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ❧❡s ❛r❜r❡s st❛❜❧❡s
❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t q−1 ❡t ♥♦✉s ✉t✐❧✐s♦♥s ✉♥❡ (≤ q−1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♣♦✉r ❝❤❛q✉❡MHD(T ′vj ) ♥❡ ❝♦♥t❡♥❛♥t ♣❛s ❧❡s ❛r❜r❡s st❛❜❧❡s ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t
q − 1✳
✕ ❙✐ q′ = q + 1✱ ❛❧♦rs ✐❧ ② ❛ ❡①❛❝t❡♠❡♥t 2 ❛r❜r❡s st❛❜❧❡s ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t
q✱ ❞✐s♦♥s T ′v1 = T
0
v1 ❡t T
′
v2 = T
0
v2 ✳ ❘❛♣♣❡❧♦♥s q✉❡✱ ♣❛r ❞é✜♥✐t✐♦♥✱ ✐❧ ♥✬② ❛ ♣❛s
❞✬❛r❜r❡s ✐♥st❛❜❧❡s ❞❛♥s T ′v1 ❡t T
′
v2 ✳ ◆♦✉s ✉t✐❧✐s♦♥s ✉♥❡ q✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♣♦✉r T ′v1 ✜♥✐ss❛♥t ❛✈❡❝ ✉♥ ❛❣❡♥t ❡♥ v1✳ ◆♦✉s ♠❡tt♦♥s ✉♥ ❛❣❡♥t s✉r v r❡t✐r❛♥t
❧✬❛❣❡♥t ❞❡ v1✳ ❊♥s✉✐t❡✱ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥❡ (≤ q − 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r
❝❤❛q✉❡MHD(T ′vj ) ✭j ∈ [3, D−1]✮✳ ◆♦✉s ♣♦s✐t✐♦♥♥♦♥s ✉♥ ❛❣❡♥t s✉r v2 s✉♣♣r✐♠❛♥t
❧✬❛❣❡♥t ❞❡ v✳ ❊♥✜♥✱ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥❡ p✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r T ′v2 ✳
❈❡❧❛ ❡st ré❛❧✐sé ❛✉① ❧✐❣♥❡s ✻ ❡t ✶✶ ❞❡ ❧✬❆❧❣♦r✐t❤♠❡ ✷✳ ▲✬❛❝t✐♦♥ ré❛❧✐sé❡ ❞❛♥s ❝❡s
❧✐❣♥❡s ❡st ❞✬❡✛❛❝❡r ❧❡s ❡♥tré❡s ❞❡ vectsum ❝♦rr❡s♣♦♥❞❛♥t❡s ❛✉① ❛r❜r❡s ❢✉s✐♦♥♥és ❛✈❡❝
T 0v ✳ ❙✐ T
0
v ❡st ✐♥st❛❜❧❡ ❛✈❡❝ ♣♥(T
0
b ) = q✱ ❛❧♦rs vectsum[q] ❡st ✐♥❝ré♠❡♥té ❡t (p, p
′) ✈❛✉t
(−1,−1)✳
((q, q′), vectsum) ❝♦rr❡s♣♦♥❞ à ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡
MHD(Tv) ❞❡ Tv ❡t MHD(Tv) ❡st ❝♦♠♣♦sé ❞❡ T 0v ❡t t♦✉s ❧❡s ❛✉tr❡s s♦✉s✲❛r❜r❡s
✐♥st❛❜❧❡s q✉✐ ♥❡ s♦♥t ♣❛s ❢✉s✐♦♥♥és ❛✈❡❝ T 0 s✐ ✭❧✐❣♥❡ ✶✼✮ ✿
✕ q = −1 ❡t vectsum ❝♦♥t✐❡♥t s❡✉❧❡♠❡♥t ❞❡s 0 ❡t ❞❡s 1 ♦✉ ❀
✕ q 6= −1✱ vectsum ❝♦♥t✐❡♥t s❡✉❧❡♠❡♥t ❞❡s 0 ❡t ❞❡s 1 ❡t ❧❛ ❝❡❧❧✉❧❡ q ❝♦♥t✐❡♥t 0✳
✷✳✷✳ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✹✸
❙✐♥♦♥ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ❝♦✉r❛♥t❡ ♥✬❡st ♣❛s ♠✐♥✐♠❛❧❡ ❝❛r ❝❡rt❛✐♥s
❛r❜r❡s ♦♥t ❧❡ ♠ê♠❡ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t✳ ▲❡s ❧✐❣♥❡s ✶✷ à ✶✾ tr❛✐t❡♥t ❞❡ ❝❡ ❝❛s✳ ◆♦✉s
❞é✜♥✐ss♦♥s k ❝♦♠♠❡ s✉✐t ✿ k ❡st ❧❛ ❞❡r♥✐èr❡ ❝❡❧❧✉❧❡ ❞❡ vectsum ❛✈❡❝ ✉♥ ❡♥t✐❡r str✐❝✲
t❡♠❡♥t ♣❧✉s ❣r❛♥❞ q✉❡ 1✱ s✐ ✉♥❡ t❡❧❧❡ ❝❡❧❧✉❧❡ ❡①✐st❡✱ s✐♥♦♥ k = −1✳ ◆♦✉s ❞é✜♥✐ss♦♥s
k1 ❝♦♠♠❡ s✉✐t ✿ s✐ k 6= −1✱ ❛❧♦rs k1 ❡st ❧❛ ♣r❡♠✐èr❡ ❝❡❧❧✉❧❡ ❛✈❡❝ ✉♥ 0 ❛♣rès ❧❛ ❝❡❧❧✉❧❡
k ❀ s✐ k = −1✱ ❛❧♦rs k1 ❡st ❧❛ ♣r❡♠✐èr❡ ❝❡❧❧✉❧❡ ❛✈❡❝ ✉♥ 0 ❛♣rès ❧❛ ❝❡❧❧✉❧❡ q✳
◆♦✉s ♣r♦✉✈♦♥s ♠❛✐♥t❡♥❛♥t q✉✬❛❥♦✉t❡r à T 0v t♦✉s ❧❡s ❛r❜r❡s ❞❡s ❞é❝♦♠♣♦s✐t✐♦♥s
❤✐ér❛r❝❤✐q✉❡s ♠✐♥✐♠❛❧❡s MHD(Tv1), . . . ,MHD(Tvd−1) ❞♦♥t ❧❡s ✐♥❞✐❝❡s ❞❡ tr❛✐t❡✲
♠❡♥t s♦♥t ❛✉ ♣❧✉s k1✱ ❞♦♥♥❡ ✉♥ ❛r❜r❡ st❛❜❧❡ ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t k1 ✭♥♦✉s ❣❛r❞♦♥s
❧❛ ♥♦t❛t✐♦♥ T 0v ♣♦✉r ❞é✜♥✐r ❝❡t ❛r❜r❡✮✳ P♦✉r ♣r♦✉✈❡r ❝❡❧❛✱ ♥♦✉s ❝♦♥str✉✐s♦♥s ✉♥❡
k1✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞é❜✉t❛♥t ❡♥ v ❡t ♠♦♥tr♦♥s ❡♥s✉✐t❡ q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡
(k1 − 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✳
◆♦✉s ❞é❜✉t♦♥s ♣❛r ❞é❝r✐r❡ ✉♥❡ k1✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞é❜✉t❛♥t ❡♥ v✳ ▲❡
♣r❡♠✐❡r ❛❣❡♥t ❡st ❞♦♥❝ ♣♦s✐t✐♦♥♥é ❡♥ v✱ ❧❛ r❛❝✐♥❡ ❞❡ Tv✳ ▲❛ k1✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
❝♦♥s✐st❡ à tr❛✐t❡r séq✉❡♥t✐❡❧❧❡♠❡♥t ❝❤❛q✉❡ ❜r❛♥❝❤❡ ❞❡ T 0v ✳ ▲❛ i
e ❜r❛♥❝❤❡ ❡st ❝♦♠♣♦sé❡
❞❡s ❛r❜r❡s ❞❡ MHD(Tvi) ❞✬✐♥❞✐❝❡s ❞❡ tr❛✐t❡♠❡♥t str✐❝t❡♠❡♥t ♣❧✉s ♣❡t✐ts q✉❡ k1 ✭✐❧
♥✬② ❛ ♣❛s ❞✬❛r❜r❡ ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t k1 ❝❛r vectsum[k1] = 0✮✳ ❈❡s ❛r❜r❡s ❢♦r♠❡♥t
✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ ❞❡ ❧❛ ie ❜r❛♥❝❤❡✱ ❡t ❞♦♥❝ ♣❛r ❧❡ ▲❡♠♠❡ ✹✱
✐❧ ❡①✐st❡ ✉♥❡ (k1 − 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✳ ❆✐♥s✐✱ ♥♦✉s ❛✈♦♥s ✉♥❡ k1✲str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t ♣♦✉r T 0v ❝❛r ♥♦✉s ❛✈♦♥s ❣❛r❞é ❧✬❛❣❡♥t ♣♦s✐t✐♦♥♥é s✉r v✳
◆♦✉s ♣r♦✉✈♦♥s ♠❛✐t❡♥❛♥t q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ (k1 − 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♣♦✉r T 0v ♣❛r ✐♥❞✉❝t✐♦♥ s✉r k1 −max(k, q)✳
✕ k1 −max(k, q − 1) = 1 ✿
✕ max(k, q−1) = q−1 ✐♠♣❧✐q✉❡ q✉❡ k1 = q✳ ▼❛✐s ❛♣rès ♥♦✉s s❛✈♦♥s✱ ♣❛r ❞é✜♥✐t✐♦♥
❞❡ q✱ q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ (k1 − 1) = (q − 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r T 0v ✳
✕ ❙✐ max(k, q − 1) = k✱ T 0v ❝♦♥t✐❡♥t ❞❡✉① s♦✉s✲❛r❜r❡s ✐♥st❛❜❧❡s✱ ❞✐s♦♥s T1 ❡t T2✱
❞✬✐♥❞✐❝❡s ❞❡ tr❛✐t❡♠❡♥t k✳ ❆✐♥s✐✱ ♣♥(T 0v ) ≥ k✳ ❉❡ ♣❧✉s✱ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t
❞❡ T 0v \ T1✱ q✉✐ ❝♦♥t✐❡♥t T2✱ ❛ ❛✉ss✐ ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞✬❛✉ ♠♦✐♥s k✳ P❛r
❧❡ ▲❡♠♠❡ ✸✱ ❝♦♠♠❡ T 0v ❝♦♥t✐❡♥t ✉♥ ❛r❜r❡ ✐♥st❛❜❧❡ T1 ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t k
❡t q✉❡ ❧❡ r❡st❡ ❞❡ ❧✬❛r❜r❡ ❛ ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ♣❧✉s ♣❡t✐t q✉❡ k − 1✱ ♥♦✉s
s❛✈♦♥s q✉❡ ♣♥(T 0v ) 6= k✳ ❈♦♠♠❡ ♣♥(T 0v ) ≥ k✱ ♥♦✉s ♦❜t❡♥♦♥s ♣♥(T 0v ) > k✳ ❊♥
❝♦♥séq✉❡♥❝❡✱ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ (k1 − 1) = k✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r T 0v ✳
▲❡ ❝❛s max(k, q − 1) = q − 1 ❛ ❞é❥à été ❝♦♥s✐❞éré✱ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡
❝♦✉r❛♥t❡ ❡st ❞é❥à ♠✐♥✐♠❛❧❡✳ ❙✐ max(k, q− 1) = k✱ ❧✬❛r❜r❡ ❝♦♠♣♦sé ❞❡s ❞❡✉① s♦✉s✲
❛r❜r❡s ✐♥st❛❜❧❡s ❡t ❞✉ ❝❤❡♠✐♥ ❧❡s ❥♦✐❣♥❛♥t✱ ❛ ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ k + 1✳
❊♥ ❡✛❡t✱ ♣❛r ❧❡ ▲❡♠♠❡ ✸✱ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❡st ❛✉ ♠♦✐♥s k + 1✱ ❡t ♥♦✉s
❞é❝r✐✈♦♥s ✉♥❡ (k + 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✳ ◆♦✉s ✉t✐❧✐s♦♥s t♦✉t ❞✬❛❜♦r❞ ✉♥❡
(k + 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ✉♥ ❞❡s ❞❡✉① s♦✉s✲❛r❜r❡s ✐♥st❛❜❧❡s ✜♥✐ss❛♥t
❛✈❡❝ ✉♥ ❛❣❡♥t ❡♥ s❛ r❛❝✐♥❡✳ ◆♦✉s ✉t✐❧✐s♦♥s ❡♥s✉✐t❡ ✉♥❡ 2✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♣♦✉r ❧❡ ❝❤❡♠✐♥ ✜♥✐ss❛♥t ❛✈❡❝ ✉♥ ❛❣❡♥t ❡♥ ❧❛ r❛❝✐♥❡ ❞✉ s❡❝♦♥❞ s♦✉s✲❛r❜r❡ ✐♥st❛❜❧❡✳
❊♥✜♥✱ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥❡ (k+1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ❧❡ s❡❝♦♥❞ s♦✉s✲❛r❜r❡
✐♥st❛❜❧❡ ✭❞é❜✉t❛♥t ❛✈❡❝ ✉♥ ❛❣❡♥t ❡♥ s❛ r❛❝✐♥❡✮✳ ❉♦♥❝✱ ♣♥(T 0v ) ≥ k1✳ ❆✐♥s✐✱ T 0v ❡st
✉♥ ❛r❜r❡ st❛❜❧❡ ❛✈❡❝ ♣♥(T 0v ) = k1✳
✕ k1− 1−max(k, q− 1)⇒ k1−max(k, q− 1) ✿ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❝❡❧❛ ❡st ✈r❛✐
✹✹ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
♣♦✉r k1−1−max(k, q−1)✱ ♥♦✉s ♣r♦✉✈♦♥s q✉❡ ❝❡❧❛ ❡st ✈r❛✐ ♣♦✉r k1−max(k, q−1)✳
❙♦✐t T 1 ❧✬❛r❜r❡ ✐♥st❛❜❧❡ ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t k1 − 1✳ P❛r ❤②♣♦t❤ès❡ ❞✬✐♥❞✉❝t✐♦♥✱
❧✬❛r❜r❡ T 0v \ T 1 ❡♥r❛❝✐♥é ❡♥ v ❛ ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ k1 − 1✳ ❆✐♥s✐✱ ♣❛r ❧❡
▲❡♠♠❡ ✸✱ T 0v ❛ ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ k1✳
▲❛ ❧✐❣♥❡ ✶✺ ❝♦♥s✐st❡ à ❡✛❛❝❡r ❞❡ vect t♦✉t❡s ❧❡s ❡♥tré❡s ❝♦rr❡s♣♦♥❞❛♥t❡s ❛✉① ❛r❜r❡s
❢✉s✐♦♥♥és ❛✈❡❝ T 0v ✭❝❡✉① q✉✐ ♦♥t ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❛✉ ♣❧✉s k1−1✮ ❡t ❧❛ ❧✐❣♥❡ ✶✻
❞é✜♥✐t (p, p′) = (k1, k1)✳ ◆♦✉s ❛✈♦♥s ✉♥❡ ♥♦✉✈❡❧❧❡ ♣❛✐r❡ ((p, p′), vect) ❛✈❡❝ ♣♥(T 0v ) = p
❡t vect ❧❡s ❛r❜r❡s ❞❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s ♠✐♥✐♠❛❧❡s ❞❡ T 0v1 , . . . , T
0
vd
❞♦♥t
❧❡s ✐♥❞✐❝❡s ❞❡ tr❛✐t❡♠❡♥t s♦♥t str✐❝t❡♠❡♥t ♣❧✉s ❣r❛♥❞s q✉❡ ♣♥(T 0v ) = k1✳ P❛r ❝❤♦✐①
❞❡ k1✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡✉① ❛r❜r❡s ❞✬✐♥❞✐❝❡s ❞❡ tr❛✐t❡♠❡♥t ✐❞❡♥t✐q✉❡s✱ ❛❧♦rs ((p, p′), vect)
❝♦rr❡s♣♦♥❞ à ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tv) ❞❡ Tv✳
▲❡s ❧✐❣♥❡s ✶✾ ❡t ✷✵ s❡r✈❡♥t ✉♥✐q✉❡♠❡♥t à s❛t✐s❢❛✐r❡ ❧❛ ❝♦♥✈❡♥t✐♦♥ q✉✬✉♥ ✈❡❝t❡✉r
❞❡ 0 ❡st r❡♠♣❧❛❝é ♣❛r ❧❡ ✈❡❝t❡✉r ✈✐❞❡ [ ]✳ 
✷✳✷✳✹✳✶ ❊①❡♠♣❧❡ ❞✬❡①é❝✉t✐♦♥
◆♦✉s ♣rés❡♥t♦♥s ✉♥ ❡①❡♠♣❧❡ ❞✬❡①é❝✉t✐♦♥ ❞✬❆❧❣♦r✐t❤♠❡ ▼❍❉ ♣♦✉r ❧✬❛r❜r❡ Tu ❡♥✲
r❛❝✐♥é ❡♥ u ❞❡ ❧❛ ✜❣✉r❡ ✷✳✾✭❛✮✳ Tu ❡st ❝♦♠♣♦sé ❞❡ tr♦✐s ❛r❜r❡s ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥s
❤✐ér❛r❝❤✐q✉❡s ♠✐♥✐♠❛❧❡s MHD1✱ MHD2 ❡t MHD3 t❡❧s q✉❡ ❧❡s ❞❡✉① r❛❝✐♥❡s ❞❡
MHD1 ❡t MHD2 s♦♥t ❧✐é❡s ✈✐❛ ❧❡ s♦♠♠❡t v ❡t t❡❧ q✉❡ v ❡st ❧✐é à MHD3 ✈✐❛ u✳
◆♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡ s♦♠♠❡t v ❛ r❡ç✉ MHD1 ❡t MHD2 ❡t ❝❛❧❝✉❧❡ ❧❛ ❞é❝♦♠✲
♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tv) ❞✉ s♦✉s✲❛r❜r❡ Tv ❡♥r❛❝✐♥é ❡♥ v✳ ❈❡ ❝❛❧❝✉❧
❡st ♣♦ss✐❜❧❡ à ♣❛rt✐r ❞❡s ❞❡✉① ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s ♠✐♥✐♠❛❧❡s MHD1 ❡t
MHD2 r❡ç✉❡s ♣❛r v ✭✜❣✉r❡ ✷✳✾✭❜✮✮✳ ▲❡ ✈❡❝t❡✉r vect ❞❡ MHD(Tv) ❡st ♦❜t❡♥✉ ❡♥
s♦♠♠❛♥t ❧❡s ❞❡✉① ✈❡❝t❡✉rs ❝♦rr❡s♣♦♥❞❛♥t à MHD1 ❡t MHD2 ✭✈♦✐r ❧❛ ❚❛❜❧❡ ✷✳✷✮✳
❈♦♠♠❡ ❧❡s ❞❡✉① ❛r❜r❡s st❛❜❧❡s ❞❡ MHD1 ❡t MHD2 ♦♥t ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡
2✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥ ❛r❜r❡ ✐♥st❛❜❧❡ ❞❛♥s MHD(Tv) ❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t 2 ✭❉é✜✲
♥✐t✐♦♥ ✶✺✮✳ ◆♦✉s ❛✈♦♥s ❛✐♥s✐ vect[2] = 1 ❡t p = p′ = −1 ♣♦✉r ❧❛ ♣❛✐r❡ ((p, p′), vect)
❛ss♦❝✐é❡ à MHD(Tv) ❝❛r ✐❧ ♥✬② ❛ ♣❛s ❞✬❛r❜r❡ st❛❜❧❡ ❞❛♥s MHD(Tv)✳ v ❡♥✈♦✐❡ ❛❧♦rs
MHD(Tv) à u✳
▲❡ s♦♠♠❡t u ❝❛❧❝✉❧❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tu) ❞❡ Tu à
♣❛rt✐r MHD(Tv) ❡t MHD3 ✭✜❣✉r❡ ✷✳✾✭❝✮✮✳ ❊♥ s♦♠♠❛♥t ❧❡s ✈❡❝t❡✉rs ❞❡ MHD(Tv)
❡t ❞❡ MHD3✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❡ ✈❡❝t❡✉r ♣♦✉r HD(Tu) ✭✈♦✐r ❧❛ t❛❜❧❡ ✷✳✷✮✳ ❉❡ ♣❧✉s✱ ❧❡s
♣❛✐r❡s ❞❡ MHD(Tv) ❡t ❞❡ MHD3 s♦♥t (−1,−1) ❡t ❞♦♥♥❡♥t ❞♦♥❝ ✉♥ ❛r❜r❡ st❛❜❧❡
❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t 0 ❞❛♥s HD(Tu)✳ ▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡
MHD(Tu) ❡st ❞♦♥♥é❡ ❞❛♥s ❧❛ ❞❡r♥✐èr❡ ❧✐❣♥❡ ❞❡ ❧❛ t❛❜❧❡ ✷✳✷ ✿ ✉♥ ✉♥✐q✉❡ ❛r❜r❡ st❛❜❧❡
❛✈❡❝ ♣♥(Tu) = 9✳
◆♦✉s ♣r♦♣♦s♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✷✳✺✱ ✉♥❡ ✈❡rs✐♦♥ ❞②♥❛♠✐q✉❡ ❡t ✐♥❝ré♠❡♥t❛❧❡
❞✬❆❧❣♦r✐t❤♠❡ ▼❍❉✳
✷✳✷✳✺ ❆❧❣♦r✐t❤♠❡ ❞②♥❛♠✐q✉❡ ❡t ✐♥❝ré♠❡♥t❛❧
◆♦✉s ♣r♦♣♦s♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ✉♥❡ ✈❡rs✐♦♥ ❞②♥❛♠✐q✉❡ ❞✬❆❧❣♦r✐t❤♠❡
▼❍❉ ♣❡r♠❡tt❛♥t ❞❡ ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞✬✉♥ ❛r❜r❡ ♦❜t❡♥✉ ♣❛r ❧✬❛❥♦✉t
✷✳✷✳ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✹✺
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❋✐❣✳ ✷✳✾ ✕ ❊①❡♠♣❧❡ ❞✬❡①é❝✉t✐♦♥ ❞✬❆❧❣♦r✐t❤♠❡ ▼❍❉ ♣♦✉r ✉♥ ❛r❜r❡ Tu ❡♥r❛❝✐♥é ❡♥ u✳
✭❛✮ Tu ❡st ❝♦♠♣♦sé ❞❡ tr♦✐s ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s ♠✐♥✐♠❛❧❡sMHD1✱MHD2
❡t MHD3 ❝♦♥♥❡❝té❡s ✈✐❛ ❞❡✉① s♦♠♠❡ts u ❡t v✳ MHD1 ❡t MHD2 ❝♦♥t✐❡♥♥❡♥t
✉♥ ❛r❜r❡ st❛❜❧❡ ❡t MHD3 ❝♦♥t✐❡♥t s❡✉❧❡♠❡♥t ❞❡s ❛r❜r❡s ✐♥st❛❜❧❡s✳ ▲❡s ✐♥❞✐❝❡s ❞❡
tr❛✐t❡♠❡♥t ❞❡s ❛r❜r❡s s♦♥t ✐♥❞✐q✉és ♣❛r ❞❡s ❡♥t✐❡rs s✉r ❧❡s r❛❝✐♥❡s ❀
✭❜✮ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tv) ❞❡ Tv ❡♥r❛❝✐♥é ❡♥ v ❡st
♦❜t❡♥✉❡ à ♣❛rt✐r ❞❡MHD1 ❡t ❞❡ MHD2✳ MHD(Tv) ♥❡ ❝♦♥t✐❡♥t ♣❛s ❞✬❛r❜r❡ st❛❜❧❡ ❀
✭❝✮ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tu) ❞❡ Tu ❡♥r❛❝✐♥é ❡♥ u ❡st
♦❜t❡♥✉❡ à ♣❛rt✐r ❞❡ MHD(Tv) ❡t ❞❡ MHD3✳ MHD(Tu) ❡st ✉♥ ✉♥✐q✉❡ ❛r❜r❡ st❛❜❧❡✳
✹✻ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
(p, p′) vect[1] vect[2] vect[3] vect[4] vect[5] vect[6] vect[7] vect[8]
MHD1 (2, 2) 0 0 0 0 1 0 0 1
MHD2 (2, 2) 0 0 0 0 0 1 1
MHD(Tv) (−1,−1) 0 1 0 ✵ ✶ ✶ ✶ ✶
MHD3 (−1,−1) 0 1 1 1
HD(Tu) (0, 0) 0 ✷ ✶ ✶ ✶ ✶ ✶ ✶
MHD(Tu) (9, 9)
❚❛❜✳ ✷✳✷ ✕ P❛✐r❡s ((p, p′), vect) ❛ss♦❝✐é❡s à MHD1✱ MHD2✱ MHD(Tv)✱ MHD3✱
HD(Tu) ❡t MHD(Tu)✱ ❧❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s ♠✐♥✐♠❛❧❡s ✭s❛✉❢ ♣♦✉r
HD(Tu)✮ ❝♦rr❡s♣♦♥❞❛♥t❡s ❛✉① ❛r❜r❡s ❞❡ ❧❛ ✜❣✉r❡ ✷✳✾✳
❞✬✉♥❡ ❛rêt❡ ❡♥tr❡ ❞❡✉① ❛r❜r❡s✳ ◆♦✉s ♣♦✉✈♦♥s é❣❛❧❡♠❡♥t s✉♣♣r✐♠❡r ✉♥❡ ❛rêt❡ ❡t
♠❡ttr❡ à ❥♦✉r ❧❡ ♣❛r❛♠ètr❡✳ ❯♥ ❞❡s ♣r✐♥❝✐♣❛✉① ❛✈❛♥t❛❣❡s ❞❡ ❧✬❆❧❣♦r✐t❤♠❡ ▼❍❉ ❡st
s❛ ✢❡①✐❜✐❧✐té✳ ❊♥ ❡✛❡t✱ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♥♦✉s ♣❡r♠❡t ❞❡ ❝❤❛♥❣❡r ❢❛❝✐✲
❧❡♠❡♥t ❧❛ r❛❝✐♥❡ ❞❡ ❧✬❛r❜r❡✳ ❆♣rès ❛✈♦✐r ❞é❝r✐t ❧❡s tr♦✐s ❢♦♥❝t✐♦♥s ❞❡ ❧❛ ✈❡rs✐♦♥ ❞②♥❛✲
♠✐q✉❡ ❞✬❆❧❣♦r✐t❤♠❡ ▼❍❉✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ✐♥❝ré♠❡♥t❛❧ ❆❧❣♦r✐t❤♠❡
✐♥❝ré♠❡♥t❛❧ ▼❍❉ ♣♦✉r ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞✬✉♥ ❛r❜r❡ ♣♦✉r ❧❡q✉❡❧ ♥♦✉s
❛❥♦✉t♦♥s séq✉❡♥t✐❡❧❧❡♠❡♥t ❧❡s ❛rêt❡s ❡t ❞❛♥s ♥✬✐♠♣♦rt❡ q✉❡❧ ♦r❞r❡✳ ◆♦✉s ♥♦t♦♥s D ❧❡
❞✐❛♠ètr❡ ❞✬✉♥ ❛r❜r❡ T ✳ ▲❡ ♥♦♠❜r❡ ❞✬ét❛♣❡s ❞❡ ❝❡s ❢♦♥❝t✐♦♥s ❝♦rr❡s♣♦♥❞ ❛✉ ♥♦♠❜r❡
❞❡ s♦♠♠❡ts q✉✐ ❡✛❡❝t✉❡♥t ❞❡s ❝❛❧❝✉❧s✳
▲❡♠♠❡ ✻ ✭❝❤❛♥❣❡♠❡♥t ❞❡ r❛❝✐♥❡✮ ➱t❛♥t ❞♦♥♥és ✉♥ ❛r❜r❡ T = (V,E) ❞❡ ❞✐❛✲
♠ètr❡ D ❡♥r❛❝✐♥é ❡♥ r1 ∈ V ❡t s❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tr1)✱
♥♦✉s ♣♦✉✈♦♥s ❝❤♦✐s✐r ✉♥❡ ♥♦✉✈❡❧❧❡ r❛❝✐♥❡ r2 ∈ V ❡t ❝❛❧❝✉❧❡r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐é✲
r❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tr2) ❡♥ O(D) ét❛♣❡s ♣♦✉r ✉♥❡ ❝♦♠♣❧❡①✐té ❡♥ t❡♠♣s ❞❡
O(log n) ♣♦✉r ❝❤❛❝✉♥❡ ❞✬❡♥tr❡ ❡❧❧❡s✳
Pr❡✉✈❡ ✿ ◆♦✉s ❞é❝r✐✈♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦✉r ❝❤❛♥❣❡r ❧❛ r❛❝✐♥❡ ❞❡ r1 à r2✳
❚♦✉t ❞✬❛❜♦r❞✱ r2 ❡♥✈♦✐❡ ✉♥ ♠❡ss❛❣❡ à r1 ✈✐❛ ❧❡ ❝❤❡♠✐♥ ✉♥✐q✉❡ ❡♥tr❡ r2 ❡t r1✱
(r2 = u0, u1, u2, . . . , uk = r1)✱ ♣♦✉r ❧✬✐♥❢♦r♠❡r ❞✉ ❝❤❛♥❣❡♠❡♥t✳ ❊♥s✉✐t❡✱ r1 ❝❛❧❝✉❧❡ ❧❛
❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tr1) ❞❡ Tr1 ✱ ❝♦♥s✐❞ér❛♥t q✉❡ uk−1 ❡st
s♦♥ ♣❛r❡♥t ❡t ❛♣♣❧✐q✉❡ ❧✬❆❧❣♦r✐t❤♠❡ ✷ ❡♥ ✉t✐❧✐s❛♥t vectsumr1 − vectuk−1 ❡t t♦✉t❡s ❧❡s
♣❛✐r❡s ♣ré❝é❞❡♠♠❡♥t r❡ç✉❡s s❛✉❢ (puk−1 , p
′
uk−1
)✳ ■❧ ❡♥✈♦✐❡ ❡♥s✉✐t❡ ✉♥ ♠❡ss❛❣❡ à uk−1✳
❆♣rès ❝❡❧❛✱ uk−1 ❝❛❧❝✉❧❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tuk−1)
❞❡ ❧✬❛r❜r❡ Tuk−1 ❡♥r❛❝✐♥é ❡♥ uk−1✱ ❡♥ s✉♣♣♦s❛♥t q✉❡ uk−2 ❡st s♦♥ ♣❛r❡♥t✳ ❆❧♦rs✱
uk−1 ❡♥✈♦✐❡ ✉♥ ♠❡ss❛❣❡ à uk−2✳ ◆♦✉s ré♣ét♦♥s ❝❡❧❛ ❥✉sq✉✬à ❝❡ q✉❡ r2 r❡ç♦✐✈❡ ✉♥
♠❡ss❛❣❡ ❞❡ u1✳ ❋✐♥❛❧❡♠❡♥t✱ r2 ❝❛❧❝✉❧❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ T ❡t ❞❡✈✐❡♥t ❧❛
♥♦✉✈❡❧❧❡ r❛❝✐♥❡✳ ◆♦✉s ♦❜t❡♥♦♥s ✉♥❡ ♥♦✉✈❡❧❧❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡
❞❡ T ✿ MHD(Tr2)✳
❉❛♥s ❝❡t ❛❧❣♦r✐t❤♠❡✱ ui s♦✉str❛✐t ❧❡ ✈❡❝t❡✉r vectui−1 ❞❡ vect
sum
ui ✱ ❡t ❛❥♦✉t❡ ❡♥s✉✐t❡
vectui+1 ✱ ❝❛❧❝✉❧❡ (q, q
′) ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ❢✉s✐♦♥ ❞❡ t♦✉s ❧❡s ❛r❜r❡s st❛❜❧❡s ❡t ❞❡s
(1, 2)✲❛r❜r❡s ❞❡s ❞✐✛ér❡♥t❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r❝❤✐q✉❡s ♠✐♥✐♠❛❧❡s ✭✐♥❝❧✉❛♥t ❧✬❛r❜r❡
✷✳✷✳ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✹✼
st❛❜❧❡ ♦✉ ❧❡ (1, 2)✲❛r❜r❡ ❞❡ MHD(Tui+1) ❡t s♦✉str❛②❛♥t ❧✬❛r❜r❡ st❛❜❧❡ ♦✉ ❧❡ (1, 2)✲
❛r❜r❡ ❞❡ MHD(Tui−1)✮ ❡t ✜♥❛❧❡♠❡♥t ❛♣♣❧✐q✉❡ ❧✬❆❧❣♦r✐t❤♠❡ ✷✳ ❈❧❛✐r❡♠❡♥t✱ ❝❤❛❝✉♥
❞❡ ❝❡s ❝❛❧❝✉❧s r❡q✉✐❡rt O(log n) ♦♣ér❛t✐♦♥s✳ 
▲❡♠♠❡ ✼ ✭❛❥♦✉t ❞✬✉♥❡ ❛rêt❡✮ ❙♦✐❡♥t ❞❡✉① ❛r❜r❡s Tr1 = (V1, E1) ❡t Tr2 =
(V2, E2) ❡♥r❛❝✐♥és ❡♥ r1 ❡t r2✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❡t ❧❡✉rs ❞é❝♦♠♣♦s✐t✐♦♥s ❤✐ér❛r✲
❝❤✐q✉❡s ♠✐♥✐♠❛❧❡s MHD(Tr1) ❡t MHD(Tr2)✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ◆♦✉s ♣♦✉✈♦♥s ❛❥♦✉✲
t❡r ❧✬❛rêt❡ (w1, w2), w1 ∈ V1 ❡t w2 ∈ V2✱ ❡t ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡
T = (V1 ∪ V2, E1 ∪ E2 ∪ (w1, w2))✱ ❡♥ ❛✉ ♣❧✉s O(D) ét❛♣❡s✳
Pr❡✉✈❡ ✿ ◆♦✉s ❞é❜✉t♦♥s ♣❛r ❝❤❛♥❣❡r ❧❡s r❛❝✐♥❡s ❞❡ Tr1 ❡t Tr2 ❡♥ w1 ❡t w2✱ r❡s✲
♣❡❝t✐✈❡♠❡♥t✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ▲❡♠♠❡ ✻✳ ❊♥s✉✐t❡ w1 ♦✉ w2 ❞❡✈✐❡♥t ❧❛ r❛❝✐♥❡ ❡t ❝❛❧❝✉❧❡
❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ T ✳ 
▲❡♠♠❡ ✽ ✭s✉♣♣r❡ss✐♦♥ ❞✬✉♥❡ ❛rêt❡✮ ❙♦✐❡♥t ✉♥ ❛r❜r❡ T = (V,E) ❡♥r❛❝✐♥é ❡♥ r
❡t ✉♥❡ ❛rêt❡ (w1, w2) ∈ E✳ ❆♣rès ❧❛ s✉♣♣r❡ss✐♦♥ ❞❡ (w1, w2)✱ s✐ r ❝♦♥♥❛ît ✉♥❡ ❞é❝♦♠✲
♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ ❞❡ Tr✱ ♥♦✉s ♣♦✉✈♦♥s ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t
❞❡s ❞❡✉① ❛r❜r❡s ❞✐s❥♦✐♥ts ❡♥ ❛✉ ♣❧✉s O(D) ét❛♣❡s✳
Pr❡✉✈❡ ✿ ❙❛♥s ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ w2 ❡st ❧❡ ♣❛r❡♥t ❞❡ w1✳
❙♦✐❡♥t Tw1 ❧❡ s♦✉s✲❛r❜r❡ ❡♥r❛❝✐♥é ❡♥ w1 ❡t T \Tw1 ❧✬❛r❜r❡ ❡♥r❛❝✐♥é ❡♥ r✳ ❘❡♠❛rq✉♦♥s
q✉❡ T \ Tw1 ❝♦♥t✐❡♥t w2✳ ➱t❛♥t ❞♦♥♥é q✉❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ T ❡st ❝❛❧❝✉❧é
♣❛r ❧✬❆❧❣♦r✐t❤♠❡ ▼❍❉✱ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tw1) ❞❡ Tw1
❡st ❝❛❧❝✉❧é❡ ♣❛r w1✳ ➚ ♣❛rt✐r ❞❡ ❝❡❧❛✱ ♣♥(Tw1) ♣❡✉t êtr❡ ❝❛❧❝✉❧é ❛✈❡❝ ❧❡ ▲❡♠♠❡ ✹✳
▼❛✐♥t❡♥❛♥t✱ ♣♦✉r ❝❛❧❝✉❧❡r ♣♥(T \Tw1)✱ ♥♦✉s ❛♣♣❧✐q✉♦♥s ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❝❤❛♥❣❡♠❡♥t
❞❡ r❛❝✐♥❡ ✭▲❡♠♠❡ ✻✮ ❡t ❧❡ s♦♠♠❡t w2 ❞❡✈✐❡♥t ❧❛ ♥♦✉✈❡❧❧❡ r❛❝✐♥❡ ❞❡ T \ Tw1 ✳ 
➚ ♣❛rt✐r ❞✉ ▲❡♠♠❡ ✼✱ ♥♦✉s ♦❜t❡♥♦♥s ❧✬❆❧❣♦r✐t❤♠❡ ✐♥❝ré♠❡♥t❛❧ ▼❍❉ q✉✐✱ ♣❛r✲
t❛♥t ❞✬✉♥❡ ❢♦rêt ❞❡ n s♦♠♠❡ts ❞é❝♦♥♥❡❝tés ❛✈❡❝ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐✲
♠❛❧❡ ((0, 0), [ ])✱ ❛❥♦✉t❡ ❧❡s ❛rêt❡s ❞❡ ❧✬❛r❜r❡ ✉♥❡ ♣❛r ✉♥❡ ❡t ❞❛♥s ♥✬✐♠♣♦rt❡ q✉❡❧
♦r❞r❡✱ ❡t ♠❡t à ❥♦✉r ❧❡s ✐♥❞✐❝❡s ❞❡ tr❛✐t❡♠❡♥t ❞❡s ❞✐✛ér❡♥t❡s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s✳
❆✉ ✜♥❛❧✱ ♥♦✉s ♦❜t❡♥♦♥s ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ T ✳ ▲❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ ♠❡ss❛❣❡s
❡♥✈♦②és ❡st O(nD) ❡t ❧❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ❡st O(nD♣♥(T ))✳ ❈❡s ✈❛❧❡✉rs s♦♥t
très ❧✐é❡s à ❧✬♦r❞r❡ ❞✬✐♥s❡rt✐♦♥ ❞❡s ❛rêt❡s ❡t ✉♥❡ q✉❡st✐♦♥ ✐♥tér❡ss❛♥t❡ ❡st ❞❡ ❝❛❧❝✉❧❡r
❧❡ ♥♦♠❜r❡ ♠♦②❡♥ ❞❡ ♠❡ss❛❣❡s ❡t ❞✬♦♣ér❛t✐♦♥s✳ ❱♦✐r ❬❈❍▼✶✶❪ ♣♦✉r ✉♥❡ ét✉❞❡ ❞✉
♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ❞❛♥s ❞❡ ❜♦♥s ❡t ❞❡ ♠❛✉✈❛✐s ❝❛s✳
✷✳✷✳✻ ❈♦♠♣❧❡①✐té
◆♦✉s ❞é❝r✐✈♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ❡✛❡❝t✉é❡s ♣❛r
❧✬❆❧❣♦r✐t❤♠❡ ▼❍❉ ❡t ♣❛r ❧✬❆❧❣♦r✐t❤♠❡ ✐♥❝ré♠❡♥t❛❧ ▼❍❉ ✿ ❛❝❝ès ♠é♠♦✐r❡✱ ❧❡❝t✉r❡✱
é❝r✐t✉r❡✱ ❛❞❞✐t✐♦♥✱ s♦✉str❛❝t✐♦♥✱ ❝♦♠♣❛r❛✐s♦♥✳
▲❡♠♠❡ ✾ ➱t❛♥t ❞♦♥♥é ✉♥ ❛r❜r❡ T = (V,E) ❛✈❡❝ n s♦♠♠❡ts✱ ❧✬❆❧❣♦r✐t❤♠❡
▼❍❉ ❝❛❧❝✉❧❡ ♣♥(T ) ❡♥ n ét❛♣❡s ♣♦✉r ✉♥ t♦t❛❧ ❞❡ O(n log n) ♦♣ér❛t✐♦♥s✳
✹✽ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
Pr❡✉✈❡ ✿ ❈❤❛q✉❡ s♦♠♠❡t v ∈ V ❞❡ ❞❡❣ré dv ❞♦✐t ❝❛❧❝✉❧❡r intmax ❡t I✱
q✉✐ r❡q✉✐❡rt O(dv) ♦♣ér❛t✐♦♥s✱ ❡t ❧❛ s♦♠♠❡ vectsum ❞❡ t♦✉t❡s ❧❡s t❛❜❧❡s r❡✲
ç✉❡s✱ q✉✐ r❡q✉✐❡rt O(dv · L(vectsum)) ♦♣ér❛t✐♦♥s✳ ❊♥✜♥✱ ♥♦✉s ❛♣♣❧✐q✉♦♥s ❧✬❆❧❣♦✲
r✐t❤♠❡ ✷ ❞❛♥s ❧❡q✉❡❧ t♦✉t❡s ❧❡s ♦♣ér❛t✐♦♥s s♦♥t ❧✐♥é❛✐r❡s ❡♥ L(vectsum)✳ ❈♦♠♠❡∑
v∈V dv = 2(n − 1) ❡t L(vectsum) ≤ ♣♥(T ) ≤ log3 n ✭❚❤é♦rè♠❡ ✽✮✱ ♥♦✉s ❛✈♦♥s∑
v∈V (dv + dv · log3 n+ log3 n) = O(n log n)✳ 
▲❡ ▲❡♠♠❡ ✶✵ ❞é❝r✐t ❧❛ t❛✐❧❧❡ ❞❡s ♠❡ss❛❣❡s ❡♥✈♦②és s❡❧♦♥ s✐ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬❛r❜r❡ ❡st
❝♦♥♥✉❡ ♦✉ ♣❛s✳
▲❡♠♠❡ ✶✵ ➱t❛♥t ❞♦♥♥é ✉♥ ❛r❜r❡ T = (V,E) ❛✈❡❝ n s♦♠♠❡ts✱ ❧✬❆❧❣♦r✐t❤♠❡
▼❍❉ ✭♦✉ ❧✬❆❧❣♦r✐t❤♠❡ ✐♥❝ré♠❡♥t❛❧ ▼❍❉✮ ❡♥✈♦✐❡ n ♠❡ss❛❣❡s ❞❡ t❛✐❧❧❡ log3 n + 5
❜✐ts ❝❤❛❝✉♥ ❧♦rsq✉❡ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬❛r❜r❡ ❡st ❝♦♥♥✉❡ ❡t ❞❡ t❛✐❧❧❡ 2 log3 n+ 6 ❧♦rsq✉❡ ❧❛
t❛✐❧❧❡ ❞❡ ❧✬❛r❜r❡ ♥✬❡st ♣❛s ❝♦♥♥✉❡✳
Pr❡✉✈❡ ✿ ❈❤❛q✉❡ s♦♠♠❡t v ∈ V ❡♥✈♦✐❡ ((p, p′), vect) ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ❞é❝♦♠✲
♣♦s✐t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ♠✐♥✐♠❛❧❡ MHD(Tv) ❞❡ Tv à s♦♥ ♣❛r❡♥t✳ ◆♦✉s s❛✈♦♥s ♣❛r ❧❡
❚❤é♦rè♠❡ ✽ q✉❡ L(vect) ≤ log3 n✱ ♣❛r ❧❛ Pr♦♣r✐été ✷ q✉❡ vect ❝♦♥t✐❡♥t s❡✉❧❡♠❡♥t ❞❡s
0 ❡t ❞❡s 1 ❡t ♣❛r ❧❛ ❘❡♠❛rq✉❡ ✸ q✉❡ vect[1] = 0 ❝❛r ✐❧ ♥✬❡①✐st❡ ♣❛s ❞✬❛r❜r❡ ✐♥st❛❜❧❡
❞✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t 1✳ ◆♦✉s tr❛♥s♠❡tt♦♥s tr♦✐s ❜✐ts abc ❡t ✉♥ ✈❡❝t❡✉r vect′ ♣♦✉r
✐♥❞✐q✉❡r ❧❛ ✈❛❧❡✉r ❞❡ ((p, p′), vect)✳ ◆♦✉s ❛✈♦♥s q✉❛tr❡ ❝♦❞❡s ❞✐✛ér❡♥ts ✿
✭✶✮ s✐ abc = 000✱ ❛❧♦rs (p, p′) := (−1,−1) ❡t vect := vect′ ❀
✭✷✮ s✐ abc = 001✱ ❛❧♦rs (p, p′) := (0, 0) ❡t vect := vect′ ❀
✭✸✮ s✐ abc = 010✱ ❛❧♦rs (p, p′) := (1, 1) ❡t vect := vect′ ❀
✭✹✮ s✐ abc = 011✱ ❛❧♦rs (p, p′) := (1, 2) ❡t vect := vect′ ❀
✭✺✮ s✐ abc = 100✱ ❛❧♦rs (p, p′) := (i, i) ❛✈❡❝ i > 1 ❧❛ ♣r❡♠✐èr❡ ❝❡❧❧✉❧❡ ❛✈❡❝ 1 ❞❛♥s
vect′✳ ❉♦♥❝ ∀j 6= i, vect[j] := vect′[j] ❡t vect[i] := 0 ❀
◆♦✉s ❛✈♦♥s 3 ❜✐ts ♣♦✉r abc ❡t log3 n− 1 ❜✐ts ♣♦✉r vect′✳
❉❡ ♣❧✉s✱ ♥♦✉s ♣ré✜①♦♥s t♦✉s ❧❡s ♠❡ss❛❣❡s ♣❛r 3 ❜✐ts xyz ❛✜♥ ❞✬✐♥❞✐q✉❡r q✉❡❧
❛❧❣♦r✐t❤♠❡ ❡st ✉t✐❧✐sé ❡t s✐ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬❛r❜r❡ ❡st ❝♦♥♥✉❡ ♦✉ ♣❛s ✿
✕ x = 1 s✐ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬❛r❜r❡ ❡st ❝♦♥♥✉❡ ❡t x = 0 s✐♥♦♥ ❀
✕ y = 1 ♣♦✉r ❆❧❣♦r✐t❤♠❡ ▼❍❉ ❡t y = 0 ♣♦✉r ❆❧❣♦r✐t❤♠❡ ✐♥❝ré♠❡♥t❛❧ ▼❍❉ ❀
✕ z = 1 ♣♦✉r ❧✬❛❞❞✐t✐♦♥ ❞❡s ✈❡❝t❡✉rs ❞❛♥s ❆❧❣♦r✐t❤♠❡ ✐♥❝ré♠❡♥t❛❧ ▼❍❉ ❡t
z = 0 ♣♦✉r ❧❛ s♦✉str❛❝t✐♦♥ ❞❡s ✈❡❝t❡✉rs ❞❛♥s ❆❧❣♦r✐t❤♠❡ ✐♥❝ré♠❡♥t❛❧ ▼❍❉✳
❊♥ ✜①❛♥t z à 0 ❧♦rsq✉❡ ❧✬❆❧❣♦r✐t❤♠❡ ▼❍❉ ❡st ✉t✐❧✐sé ✭y = 1✮✱ ♥♦✉s ❣❛r❞♦♥s ❧❡
♣ré✜①❡ xyz = 111 ♣♦✉r ❧✬✐♥✐t✐❛❧✐s❛t✐♦♥✳
✕ ❙✐ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬❛r❜r❡ ❡st ❝♦♥♥✉❡ ✭x = 1✮✱ ❛❧♦rs ❝❤❛q✉❡ ♠❡ss❛❣❡ ❡st ❝♦♠♣♦sé ❞❡
xyz✱ abc ❡t vect′ ❡t ❡st ❞❡ t❛✐❧❧❡ log3 n+ 5✳
✕ ❙✐ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬❛r❜r❡ ♥✬❡st ♣❛s ❝♦♥♥✉❡ ✭x = 0✮✱ ✐❧ r❡st❡ à ❝♦❞❡r ❧❡ ♠❡ss❛❣❡
❞❡ ♠❛♥✐èr❡ à ❞ét❡❝t❡r s❛ ✜♥✳ ◆♦✉s ♣♦✉✈♦♥s ✉t✐❧✐s❡r ❞❡s rè❣❧❡s s✐♠♣❧❡s ♣♦✉r ❝♦❞❡r
vect′ ✿ ♥♦✉s r❡♠♣❧❛ç♦♥s ❧❡ ❜✐t 1 ♣❛r ❧❡s ❞❡✉① ❜✐ts 11 ❡t ♥♦✉s ♥❡ ❝❤❛♥❣♦♥s ♣❛s ❧❡ ❜✐t
0✳ ◆♦✉s ❛❥♦✉t♦♥s ❧❡s ❞❡✉① ❜✐ts 10 ♣♦✉r ✐♥❞✐q✉❡r ❧❛ ✜♥ ❞✉ ♠❡ss❛❣❡✳ ❆✐♥s✐✱ ❧❡ ♠❡ss❛❣❡
❡st ❝♦♠♣♦sé ❞❡ xyz✱ abc✱ vect′ ❡t 10 ❡t ❡st ❞❡ t❛✐❧❧❡ ❛✉ ♣❧✉s 3 + 3 + 2L(vect′) + 2
✷✳✷✳ ■♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ✹✾
❜✐ts✳ ❈♦♠♠❡ L(vect′) ≤ ♣♥(T )− 1 ≤ log3 n− 1 ✭❚❤é♦rè♠❡ ✽✮✱ ❧❛ t❛✐❧❧❡ ❞❡ ❝❤❛q✉❡
♠❡ss❛❣❡ ❡st ❛✉ ♣❧✉s 2 log3 n+6 ❜✐ts✳ ❆✐♥s✐✱ ❝❤❛q✉❡ s♦♠♠❡t ♣❡✉t ❞é❝♦❞❡r ❧❡ ♠❡ss❛❣❡
r❡ç✉ s❛♥s ❝♦♥♥❛îtr❡ n✳

✷✳✷✳✼ ❊①t❡♥s✐♦♥s ❡t ♣❡rs♣❡❝t✐✈❡s
❈♦♠♠❡ ♠❡♥t✐♦♥♥é ♣ré❝é❞❡♠♠❡♥t✱ ♥♦✉s ❛✈♦♥s ❛❞❛♣té ❆❧❣♦r✐t❤♠❡ ▼❍❉ ❡t
❆❧❣♦r✐t❤♠❡ ✐♥❝ré♠❡♥t❛❧ ▼❍❉ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✱ ❞❡
❧❛ ♣❛t❤✇✐❞t❤✱ ❞❡ ❧❛ s♦♠♠❡t sé♣❛r❛t✐♦♥ ❡t ❞❡ ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t ❛rêt❡✳ P♦✉r ❝❡❧❛✱
✐❧ ❡st s✉✣s❛♥t ❞❡ ❝❤❛♥❣❡r s❡✉❧❡♠❡♥t ❧✬✐♥✐t✐❛❧✐s❛t✐♦♥✳ ❚♦✉s ❧❡s ❞ét❛✐❧s ❡t ❧❡s ♣r❡✉✈❡s
s❡ tr♦✉✈❡♥t ❞❛♥s ❬❈❍▼✶✶❪ ✭♥♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❝❡t ❛rt✐❝❧❡ ❆❧❣♦r✐t❤♠❡ ▼❍❉ ♣♦✉r
❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t ❛✈❛♥t ❞❡ ❧✬ét❡♥❞r❡ ❛✉① ❛✉tr❡s ♣❛r❛♠ètr❡s✮✳ ◆♦t♦♥s
q✉✬✐❧ ♥✬❡st ❡♥ r❡✈❛♥❝❤❡ ♣❛s ♣♦ss✐❜❧❡ ❞✬❛❞❛♣t❡r ♥♦s ❛❧❣♦r✐t❤♠❡s à ❧❛ ✈❡rs✐♦♥ ♣♦♥❞éré❡
❞❡s ❞✐✛ér❡♥ts ♣r♦❜❧è♠❡s✱ ❝❛r ❝❡s ❞❡r♥✐❡rs s♦♥t ◆P✲❞✐✣❝✐❧❡s ❬▼❚✵✾❪✱ à ♠♦✐♥s q✉❡
P❂◆P✳
◆♦✉s ét✉❞✐♦♥s ❛❝t✉❡❧❧❡♠❡♥t ❧❛ ♣♦ss✐❜✐❧✐té ❞✬❛❞❛♣t❡r ♥♦s ❛❧❣♦r✐t❤♠❡s ❡t ♥♦tr❡
str✉❝t✉r❡ ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❤✐ér❛❝❤✐q✉❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡s ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s s✉r
❞❡s ❣r❛♣❤❡s ❛②❛♥t ✉♥❡ str✉❝t✉r❡ r❡❧❛t✐✈❡♠❡♥t ♣r♦❝❤❡ ❞❡ ❧✬❛r❜r❡✳ ❈✐t♦♥s ♣♦✉r êtr❡
♣ré❝✐s tr♦✐s ❝❧❛ss❡s ❞❡ ❣r❛♣❤❡s ❝❛♥❞✐❞❛t❡s✳
✕ ▲❛ ❝❧❛ss❡ ❞❡ ❣r❛♣❤❡s ❛②❛♥t ✉♥ ✉♥✐q✉❡ ❝②❝❧❡ ✭✉♥ ❛r❜r❡ ♣❧✉s ✉♥❡ ❛rêt❡ ❢♦r♠❛♥t ✉♥
❝②❝❧❡✮ ❡st ✉♥❡ ❝❛♥❞✐❞❛t❡ ♥❛t✉r❡❧❧❡✳ ❈❡s ❣r❛♣❤❡s ♦♥t été très ét✉❞✐és ♥♦t❛♠♠❡♥t ❡♥
r❛✐s♦♥ ❞❡ ❧❡✉rs ❛♣♣❧✐❝❛t✐♦♥s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ❝❤✐♠✐❡ ❬▲❩✵✽❪✳ ❉❡✉① ❛❧❣♦r✐t❤♠❡s
❝❡♥tr❛❧✐sés ❡①✐st❡♥t ♣♦✉r ❝❛❧❝✉❧❡r ❧❛ s♦♠♠❡t sé♣❛r❛t✐♦♥ ❞✬✉♥ t❡❧ ❣r❛♣❤❡ ✿ ❡♥ t❡♠♣s
O(n log n) ❞❛♥s ❬❊▼✵✹❪ ❡t ré❝❡♠♠❡♥t ❡♥ t❡♠♣s O(n) ❞❛♥s ❬❈❑❍✵✻❪✳ ■❧ ❡st ❞♦♥❝
✐♥tér❡ss❛♥t ❞❡ ♣r♦♣♦s❡r ✉♥ ❛❧❣♦r✐t❤♠❡ ❣é♥ér✐q✉❡ ✭❞✐str✐❜✉é ❡t ❝❡♥tr❛❧✐sé✮ ♣♦✉r ❧❡
❝❛❧❝✉❧ ❞❡ t♦✉s ❧❡s ♣❛r❛♠ètr❡s ❝✐tés ♣ré❝é❞❡♠♠❡♥t ❞✬✉♥ ❣r❛♣❤❡ ❛✈❡❝ ✉♥ ✉♥✐q✉❡
❝②❝❧❡✳
✕ ❉❡ ♠❛♥✐èr❡ ♣❧✉s ❣é♥ér❛❧❡✱ ✉♥ rés✉❧t❛t ✐♥tér❡ss❛♥t s❡r❛✐t ❞✬❛❞❛♣t❡r ♥♦tr❡ str✉❝✲
t✉r❡ ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡t ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ♣♦✉r ❝❛❧❝✉❧❡r ❧❡s ✈❛❧❡✉rs ❞❡s ❞✐✛ér❡♥ts
♣❛r❛♠ètr❡s ♣ré❝é❞❡♠♠❡♥t ♠❡♥t✐♦♥♥és ❞❛♥s ❧❡s ❛r❜r❡s ❞✬❛♥♥❡❛✉①✳
✕ ❉❛♥s ❬❇❑✾✻❪✱ ❧❡s ❛✉t❡✉rs ♣r♦♣♦s❡♥t ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧ ♣♦✉r ❝❛❧❝✉❧❡r
❧❛ ♣❛t❤✇✐❞t❤ ✭❡t ❞♦♥❝ ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✮ ❞❡s ❣r❛♣❤❡s ♣❧❛♥❛✐r❡s ❡①✲
tér✐❡✉rs✳ ▼❛✐s ❧❛ ❝♦♠♣❧❡①✐té ❡♥ O(n11) r❡♥❞ ❝❡ ❞❡r♥✐❡r ✐♥✉t✐❧✐s❛❜❧❡ ❡♥ ♣r❛t✐q✉❡✳
❯♥ ❞❡s ♣r♦❜❧è♠❡s q✉❡ ♥♦✉s r❡❣❛r❞♦♥s ❡st ❞✬❡ss❛②❡r ❞✬❛❞❛♣t❡r ♥♦tr❡ ❞é❝♦♠♣♦s✐✲
t✐♦♥ ❤✐ér❛r❝❤✐q✉❡ ❛✜♥ ❞❡ ❝♦♥❝❡✈♦✐r ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧ ❛✈❡❝ ✉♥ ❡①♣♦s❛♥t
s❡♥s✐❜❧❡♠❡♥t ♣❧✉s ♣❡t✐t✳ ❈❡❧❛ ❡st ♠♦t✐✈é ♣❛r ❧❡ ❢❛✐t q✉❡ ❧❡ ❣r❛♣❤❡ ❞✉❛❧ ❞✬✉♥ ❣r❛♣❤❡
♣❧❛♥❛✐r❡ ❡①tér✐❡✉r ❜✐❝♦♥♥❡①❡ ❡st ✉♥ ❛r❜r❡✳ ❱♦✐r ❬❈❍❙✵✼✱ ❇❋✵✷❪ ♣♦✉r ♣❧✉s ❞❡ ❞é✲
t❛✐❧s s✉r ❧❡ ❧✐❡♥ ❡♥tr❡ ❧❛ ♣❛t❤✇✐❞t❤ ❞✬✉♥ ❣r❛♣❤❡ ♣❧❛♥❛✐r❡ ❡①tér✐❡✉r ❜✐❝♦♥♥❡①❡ ❡t ❧❛
♣❛t❤✇✐❞t❤ ❞❡ s♦♥ ❞✉❛❧✳
✺✵ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
b
c fd e
g h i j
a
✭❛✮ ❘♦✉t❛❣❡ R✳
b
c fd e
g h i j
a
✭❜✮ ❘♦✉t❛❣❡ R′✳
(i,j)
(h,i) (e,j)(h,c)
(d,b)(d,c)
(e,b)
✭❝✮ ❉✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s
D✳
❋✐❣✳ ✷✳✶✵ ✕ ■♥st❛♥❝❡ I ❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ✿ ✉♥ rés❡❛✉ ❞❡ 10
♥♦❡✉❞s ❡t ❞❡s ❛r❝s s②♠étr✐q✉❡s ❝❤❛❝✉♥ ❝♦♠♣♦sé ❞✬✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✱ 8 r❡q✉êt❡s
(h, i), (h, c), (d, c), (d, b), (e, b), (e, j), (i, j), (g, i) à r❡r♦✉t❡r✳ ▲❛ ✜❣✉r❡ ✷✳✶✵✭❛✮ r❡♣ré✲
s❡♥t❡ ❧❡ r♦✉t❛❣❡ ✐♥✐t✐❛❧ R✱ ❧❛ ✜❣✉r❡ ✷✳✶✵✭❜✮ r❡♣rés❡♥t❡ ❧❡ ♥♦✉✈❡❛✉ r♦✉t❛❣❡ R′ ❡t ❧❛
✜❣✉r❡ ✷✳✶✵✭❝✮ r❡♣rés❡♥t❡ ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D ❛ss♦❝✐é à I✳
✷✳✸ ❈♦♠♣r♦♠✐s ❡♥tr❡ ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛✲
♥é❡s ❡t ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s
◆♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés ❥✉sq✉✬à ♣rés❡♥t ❛✉ ❝❛❧❝✉❧ ❞❡ str❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t
❡♥ ♠✐♥✐♠✐s❛♥t ❧❡ ♥♦♠❜r❡ ❞✬❛❣❡♥ts ✉t✐❧✐sés ♦✉ ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ s♦♠♠❡ts ❝♦✉✈❡rts✳
❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❛❜♦r❞♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ str❛té❣✐❡s ❞❡
tr❛✐t❡♠❡♥t ❛✈❡❝ ❞❡s ♦❜❥❡❝t✐❢s ♣♦rt❛♥t s✐♠✉❧t❛♥é♠❡♥t s✉r ❧❡ ♥♦♠❜r❡ ❞✬❛❣❡♥ts ✉t✐❧✐sés
❡t s✉r ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ s♦♠♠❡ts ❝♦✉✈❡rts✳
❉é✜♥✐t✐♦♥ ✶✾ ✭✭♣✱q✮✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ❉✮ ➱t❛♥t ❞♦♥♥é ✉♥ ❞✐✲
❣r❛♣❤❡ ✭❞❡ ❞é♣❡♥❞❛♥❝❡s✮✱ ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D ❡st ✉♥❡ str❛té❣✐❡
❞❡ tr❛✐t❡♠❡♥t q✉✐ ✉t✐❧✐s❡ p ❛❣❡♥ts ❡t ❝♦✉✈r❡ ✉♥ t♦t❛❧ ❞❡ q s♦♠♠❡ts✳
Pr♦♣r✐été ✸ ❙♦✐❡♥t I ✉♥❡ ✐♥st❛♥❝❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❡t D ❧❡ ❞✐❣r❛♣❤❡
❞❡ ❞é♣❡♥❞❛♥❝❡s ❛ss♦❝✐é à I✳ ■❧ ❡①✐st❡ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡s r❡q✉êt❡s ❣❛r❛♥t✐ss❛♥t
q✉✬❛✉ ♣❧✉s p r❡q✉êt❡s s♦♥t ✐♥t❡rr♦♠♣✉❡s s✐♠✉❧t❛♥é♠❡♥t ❛✈❡❝ ✉♥ t♦t❛❧ ❞❡ q ✐♥t❡rr✉♣✲
t✐♦♥s s✐✱ ❡t s❡✉❧❡♠❡♥t s✐✱ ✐❧ ❡①✐st❡ ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D✳
❊♥tr❡ ❛✉tr❡s q✉❡st✐♦♥s ✐♥tér❡ss❛♥t❡s✱ q✉❡❧❧❡ ❡st ❧❛ ♣❧✉s ♣❡t✐t❡ ✈❛❧❡✉r ❞❡ q ♣♦✉r ❧❛✲
q✉❡❧❧❡ ✐❧ ❡①✐st❡ ✉♥❡ (pn(D), q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❄ ◆♦✉s ❝❤❡r❝❤♦♥s à ❞ét❡r♠✐♥❡r
s✐ ❞❡ ❜♦♥s ❝♦♠♣r♦♠✐s s♦♥t ♣♦ss✐❜❧❡s ❡♥ ❣é♥ér❛❧ ❄ ▲❡ ❝❛s é❝❤é❛♥t ♣♦✉r ❞❡s ✐♥st❛♥❝❡s
♣❛rt✐❝✉❧✐èr❡s ❄
◆♦✉s ❞é❜✉t♦♥s ♣❛r ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞✬✉♥ ❡①❡♠♣❧❡ ♠♦t✐✈❛♥t ❝❡tt❡ ét✉❞❡✳ ❈♦♥s✐✲
❞ér♦♥s ❧✬✐♥st❛♥❝❡ I ❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ r❡♣rés❡♥té❡ ❞❛♥s ❧❛ ✜✲
❣✉r❡ ✷✳✶✵✳ ▲❛ ✜❣✉r❡ ✷✳✶✵✭❛✮ r❡♣rés❡♥t❡ ❧❡ r♦✉t❛❣❡ ❝♦✉r❛♥t R ❞❡s ❤✉✐t r❡q✉êt❡s
(h, i), (h, c), (d, c), (d, b), (e, b), (e, j), (i, j), (g, i)✳ ▲❛ ✜❣✉r❡ ✷✳✶✵✭❜✮ r❡♣rés❡♥t❡ ❧❡ ♥♦✉✲
✈❡❛✉ r♦✉t❛❣❡ R′ ❞❡ ❝❡s ❤✉✐t r❡q✉êt❡s✳ ❊♥✜♥✱ ❧❛ ✜❣✉r❡ ✷✳✶✵✭❝✮ r❡♣rés❡♥t❡ ❧❡ ❞✐❣r❛♣❤❡
✷✳✸✳ ❈♦♠♣r♦♠✐s ❡♥tr❡ ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛♥é❡s ❡t ❧❡
♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s ✺✶
x r
y
1
1 2
2
x3
y3y x
1 1 1 2
2 2
1 1
2 2
2 1 2 1 2
✭❛✮ ❯♥❡ (2, 4)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D✳
x r
y
1
1 2
2
x3
y3y x
1 3
2
1 3
2
✭❜✮ ❯♥❡ (3, 3)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D✳
sommet traité sommet non traité sommet avec agent ii sommet qui a été couvert
❋✐❣✳ ✷✳✶✶ ✕ ❉❡✉① str❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ✭♦r✐❡♥té
s②♠étr✐q✉❡✮ D ❞❡ ❧✬✐♥st❛♥❝❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞é❝r✐t❡ ❞❛♥s ❧❛ ✜✲
❣✉r❡ ✷✳✶✵✳ ▲❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ ❧❛ ✜❣✉r❡ ✷✳✶✶✭❛✮ ❡st ♦♣t✐♠❛❧❡ ❡♥ ♥♦♠❜r❡
❞✬❛❣❡♥ts ❡t ❧❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ ❧❛ ✜❣✉r❡ ✷✳✶✶✭❜✮ ❡st ♦♣t✐♠❛❧❡ ❡♥ ♥♦♠❜r❡ ❞❡
s♦♠♠❡ts ❝♦✉✈❡rts✳
❞❡ ❞é♣❡♥❞❛♥❝❡s ♦r✐❡♥té s②♠étr✐q✉❡ D ❛ss♦❝✐é à I✳ ▲❛ ✜❣✉r❡ ✷✳✶✶ r❡♣rés❡♥t❡ ❞❡✉①
str❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D✳
✕ ▲❛ str❛té❣✐❡ ❞é❝r✐t❡ ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✶✭❛✮ ❞é❜✉t❡ ♣❛r ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ❧❡
s♦♠♠❡t x1 ✭rè❣❧❡ R1✮✳ ❈❡❧❛ ♣❡r♠❡t ❧❡ tr❛✐t❡♠❡♥t ❞❡ y1 ✭rè❣❧❡ R3✮✳ ❯♥ s❡❝♦♥❞
❛❣❡♥t ❡st ❛❧♦rs ♣❧❛❝é s✉r r ✭rè❣❧❡ R1✮ ♣❡r♠❡tt❛♥t ❧❡ tr❛✐t❡♠❡♥t ❞❡ x1 ❡t r❡t✐r❛♥t
❧✬❛❣❡♥t ♣❧❛❝é ✭rè❣❧❡ R2✮✳ ▲❡ r❡st❡ ❞❡ ❧❛ str❛té❣✐❡ ♣♦✉r ❧❡s ❞❡✉① ❛✉tr❡s ❜r❛♥❝❤❡s
❡st ❛♥❛❧♦❣✉❡✳ ❆✉ ✜♥❛❧✱ 2 ❛❣❡♥ts s♦♥t ✉t✐❧✐sés ♣♦✉r ✉♥ t♦t❛❧ ❞❡ 4 s♦♠♠❡ts ❝♦✉✲
✈❡rts✳ ❈❡tt❡ (2, 4)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D ❡st ♠✐♥✐♠✉♠ ♣♦✉r p✳ ❊♥ ❡✛❡t✱
✺✷ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ✉t✐❧✐s❛♥t ❛✉ ♣❧✉s 1 ❛❣❡♥t✳ ▲❡s ❞✐❣r❛♣❤❡s
❞✬✐♥❞✐❝❡s ❞❡ tr❛✐t❡♠❡♥t 0 ♦✉ 1 ♣❡✉✈❡♥t êtr❡ ❢❛❝✐❧❡♠❡♥t ✐❞❡♥t✐✜és ❝❛r ✐❧s ❝♦rr❡s✲
♣♦♥❞❡♥t ❛✉① ❞✐❣r❛♣❤❡s s❛♥s ❝✐r❝✉✐t ❡t ❛✉① ❞✐❣r❛♣❤❡s t❡❧s q✉❡ ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡
❢♦rt❡♠❡♥t ❝♦♥♥❡①❡ ❛ ✉♥ ♠✐♥✐♠✉♠ ❢❡❡❞❜❛❝❦ ✈❡rt❡① s❡t ❛✉ ♣❧✉s 1✱ r❡s♣❡❝t✐✈❡♠❡♥t✳
❱♦✐r ❬❈❙✵✼❪ ❡t ❧❛ s❡❝t✐♦♥ ✹✳✶✳✸✳
✕ ❯♥❡ ❛✉tr❡ str❛té❣✐❡ ♣♦✉r D ❡st ❞é❝r✐t❡ ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✶✭❜✮✳ ❈❡tt❡ ❞❡r♥✐èr❡
✉t✐❧✐s❡ 3 ❛❣❡♥ts ♣♦✉r ✉♥ t♦t❛❧ ❞❡ 3 s♦♠♠❡ts ❝♦✉✈❡rts✳ ❈❡tt❡ (3, 3)✲str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t ♣♦✉r D ❡st ♠✐♥✐♠✉♠ ♣♦✉r q✳ ❊♥ ❡✛❡t ♣♦✉r i ∈ {1, 2, 3}✱ ✐❧ ❡st ♣♦ss✐❜❧❡
❞✬♦❜s❡r✈❡r q✉❡ s♦✐t xi s♦✐t yi ❡st ❞❛♥s t♦✉t ❢❡❡❞❜❛❝❦ ✈❡rt❡① s❡t ✭FV S✮ ❞❡ D à ❝❛✉s❡
❞✉ ❝✐r❝✉✐t (xi, yi, xi)✳ ❉❡ ♣❧✉s✱ ❧❛ s✉♣♣r❡ss✐♦♥ ❞❡ x1✱ x2 ❡t x3 ❞❡ D ❡st s✉✣s❛♥t❡
♣♦✉r r❡♥❞r❡ ❧❡ ❞✐❣r❛♣❤❡ s❛♥s ❝✐r❝✉✐t✳ ❆✐♥s✐✱ ❝❡s tr♦✐s s♦♠♠❡ts ❢♦r♠❡♥t ✉♥ ▼❋❱❙
❞❡ D ❡t ❞♦♥❝ mfvs(D) = 3✳
❊♥ r❡✈❛♥❝❤❡✱ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ (pn(D) = 2,mfvs(D) = 3)✲str❛té❣✐❡ ❞❡ tr❛✐t❡✲
♠❡♥t ♣♦✉r D✱ ❝✬❡st✲à✲❞✐r❡ ✉♥❡ str❛té❣✐❡ ♠✐♥✐♠✐s❛♥t à ❧❛ ❢♦✐s p ❡t q✳
◆♦✉s ✐♥tr♦❞✉✐s♦♥s ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❝♦♠♣r♦♠✐s ❛✜♥ ❞✬ét✉❞✐❡r ❧❛ ✈❛❧❡✉r ❞✬✉♥ ♣❛✲
r❛♠ètr❡ ❧♦rsq✉❡ ❧❡ s❡❝♦♥❞ ❡st ❝♦♥tr❛✐♥t✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ q✉❡❧ ❡st ❧❡ ♥♦♠❜r❡ ♠✐♥✐♠✉♠
❞❡ s♦♠♠❡ts ❞❡✈❛♥t êtr❡ ❝♦✉✈❡rts ♣❛r ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D ✉t✐❧✐s❛♥t
pn(D) ❛❣❡♥ts ❄ ❉❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡✱ q✉❡❧ ❡st ❧❡ ♥♦♠❜r❡ ♠✐♥✐♠✉♠ ❞✬❛❣❡♥ts à ✉t✐❧✐s❡r
♣❛r ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D ❝♦✉✈r❛♥t mfvs(D) s♦♠♠❡ts ❄
❉é✜♥✐t✐♦♥ ✷✵ ✭pnq(D)✮ ➱t❛♥t ❞♦♥♥és ✉♥ ❞✐❣r❛♣❤❡ D ❡t ✉♥ ❡♥t✐❡r q ≥ mfvs(D)✱
pnq(D) r❡♣rés❡♥t❡ ❧❡ ♣❧✉s ♣❡t✐t p t❡❧ q✉✬✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D
❡①✐st❡✳ ◆♦✉s é❝r✐✈♦♥s pnmfvs+r(D) ❛✉ ❧✐❡✉ ❞❡ pnmfvs(D)+r(D)✱ r ≥ 0✳
❉é✜♥✐t✐♦♥ ✷✶ ✭mfvsp(D)✮ ➱t❛♥t ❞♦♥♥és ✉♥ ❞✐❣r❛♣❤❡ D ❡t ✉♥ ❡♥t✐❡r p ≥ pn(D)✱
mfvsp(D) r❡♣rés❡♥t❡ ❧❡ ♣❧✉s ♣❡t✐t q t❡❧ q✉✬✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D
❡①✐st❡✳ ◆♦✉s é❝r✐✈♦♥s mfvspn+r(D) ❛✉ ❧✐❡✉ ❞❡ mfvspn(D)+r(D)✱ r ≥ 0✳
■♥t✉✐t✐✈❡♠❡♥t✱ pnmfvs(D) ❡st ❧❡ ♥♦♠❜r❡ ♠✐♥✐♠✉♠ ❞✬❛❣❡♥ts ♥é❝❡ss❛✐r❡ ♣♦✉r ✉♥❡
str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t q✉✐ ♠✐♥✐♠✐s❡ ❧❡ ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ❝♦✉✈❡rts✳ ❉❡ ♠❛♥✐èr❡
♦♣♣♦sé❡✱ mfvspn(D) ❡st ❧❡ ♥♦♠❜r❡ ♠✐♥✐♠✉♠ ❞❡ s♦♠♠❡ts q✉✐ ❞♦✐✈❡♥t êtr❡ ❝♦✉✈❡rts
♣❛r ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t q✉✐ ♠✐♥✐♠✐s❡ ❧❡ ♥♦♠❜r❡ ❞✬❛❣❡♥ts✳ ❘❡♠❛rq✉♦♥s q✉❡
pnmfvs(D) ❡st ❜♦r♥é s✉♣ér✐❡✉r❡♠❡♥t ♣❛r ❧❡ ▼❋❱❙ ♠❛①✐♠✉♠ ♣❛r♠✐ ❧❡s ❝♦♠♣♦s❛♥t❡s
❢♦rt❡♠❡♥t ❝♦♥♥❡①❡s ❞❡D✳ ❉❡ ♣❧✉s✱ ✐❧ ❡st é✈✐❞❡♥t q✉❡mfvsmfvs(D) = mfvs(D) ♣♦✉r
t♦✉t ❞✐❣r❛♣❤❡ D✳
◆♦✉s ❣é♥ér❛❧✐s♦♥s ❝❡ ❝♦♥❝❡♣t ✈✐❛ ❧❛ ♥♦t✐♦♥ ❞❡ ✈❛❧❡✉rs ♠✐♥✐♠❛❧❡s ❞✬✉♥ ❞✐❣r❛♣❤❡✳
❉é✜♥✐t✐♦♥ ✷✷ ✭✈❛❧❡✉r ♠✐♥✐♠❛❧❡✮ ➱t❛♥t ❞♦♥♥é ✉♥ ❞✐❣r❛♣❤❡ D✱ (p, q) ❡st ✉♥❡ ✈❛✲
❧❡✉r ♠✐♥✐♠❛❧❡ ❞❡ D s✐ p = pnq(D) ❡t q = mfvsp(D)✳
■♥t✉✐t✐✈❡♠❡♥t✱ s✐ (p, q) ❡st ✉♥❡ ✈❛❧❡✉r ♠✐♥✐♠❛❧❡ ❞❡ D✱ ❛❧♦rs ❞✐♠✐♥✉❡r str✐❝t❡♠❡♥t
❧❛ ✈❛❧❡✉r ❞✬✉♥ ❞❡s ❞❡✉① ♣❛r❛♠ètr❡s ✭s✐ ❝❡❧❛ ❡st ♣♦ss✐❜❧❡✮ ❢❡r❛ ♥é❝❡ss❛✐r❡♠❡♥t ❛✉❣♠❡♥✲
t❡r ❧✬❛✉tr❡✳ ❘❡♠❛rq✉♦♥s q✉❡ (pn(D),mfvspn(D)) ❡t (pnmfvs(D),mfvs(D)) s♦♥t ❞❡s
✈❛❧❡✉rs ♠✐♥✐♠❛❧❡s ♣❛r ❞é✜♥✐t✐♦♥ ✭❡t ♣❡✉✈❡♥t êtr❡ ❧❡s ♠ê♠❡s✮✳ P❛r ❡①❡♠♣❧❡ (2, 4) ❡t
(3, 3) s♦♥t ❞❡s ✈❛❧❡✉rs ♠✐♥✐♠❛❧❡s ♣♦✉r ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✶✶✳ ▲❛ ✜❣✉r❡ ✷✳✶✷
✷✳✸✳ ❈♦♠♣r♦♠✐s ❡♥tr❡ ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛♥é❡s ❡t ❧❡
♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s ✺✸
mfvs(D)
pn(D)
(D)pnmfvs
(D)q = mfvsp
(D)qp = pn pnmfvs(D)
p
q
❋✐❣✳ ✷✳✶✷ ✕ mfvsp(D) ❡♥ ❢♦♥❝t✐♦♥ ❞❡ p ♣♦✉r ✉♥ ❞✐❣r❛♣❤❡ D✳ ▲❡s ❝❡r❝❧❡s ♣❧❡✐♥s ♦♥t
♣♦✉r ❝♦♦r❞♦♥♥é❡s ❧❡s ✈❛❧❡✉rs ♠✐♥✐♠❛❧❡s ♣♦✉r D✳
❞é❝r✐t ❧❡s ✈❛r✐❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ♠✐♥✐♠✉♠ q ❞❡ s♦♠♠❡ts ❝♦✉✈❡rts ♣❛r ✉♥❡ p✲str❛té❣✐❡
❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ✉♥ ❞✐❣r❛♣❤❡ D ✭p ≥ pn(D)✮✱ ✐✳❡✳✱ mfvsp(D) ❡♥ ❢♦♥❝t✐♦♥ ❞❡ p✳
❈❡❧❛ r❡♣rés❡♥t❡ ✉♥❡ ❢♦♥❝t✐♦♥ ♥♦♥ ❝r♦✐ss❛♥t❡ ❜♦r♥é❡ s✉♣ér✐❡✉r❡♠❡♥t ♣❛r mfvspn(D)
❡t ✐♥❢ér✐❡✉r❡♠❡♥t ♣❛r mfvs(D)✳ ▲❡s ❝❡r❝❧❡s ❞❡ ❧❛ ✜❣✉r❡ ✷✳✶✷ ♦♥t ♣♦✉r ❝♦♦r❞♦♥♥é❡s
❧❡s ✈❛❧❡✉rs ♠✐♥✐♠❛❧❡s ❞❡ D✳ ❈❧❛✐r❡♠❡♥t✱ ♣♦✉r ✉♥ ❞✐❣r❛♣❤❡ D ❞♦♥♥é✱ ❧❡ ♥♦♠❜r❡ ❞❡
✈❛❧❡✉rs ♠✐♥✐♠❛❧❡s ❡st ❛✉ ♣❧✉s ❧✐♥é❛✐r❡ ❡♥ ❧❡ ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts✳ ◆♦✉s ❞é❝r✐✈♦♥s
♠❛✐♥t❡♥❛♥t ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ❞✐❣r❛♣❤❡s ❛✈❡❝ n s♦♠♠❡ts ♣♦✉r ❧❡sq✉❡❧s ❧❡ ♥♦♠❜r❡ ❞❡
✈❛❧❡✉rs ♠✐♥✐♠❛❧❡s ❡st Ω(
√
n)✳ ❙♦✐t Hn ✉♥❡ ét♦✐❧❡ ♦r✐❡♥té❡ s②♠étr✐q✉❡ ❛✈❡❝ n ≥ 3
❜r❛♥❝❤❡s ❞❡ ❧♦♥❣✉❡✉r 2 ✭H3 ❡st ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✶✶✮ ❡t s♦✐t Gk ❧❡ ❞✐❣r❛♣❤❡
❢♦r♠é ♣❛r ❧✬✉♥✐♦♥ ❞✐s❥♦✐♥t❡ ❞❡ H3, . . . ,Hk✱ k ≥ 3✳ ❆❧♦rs✱ ♣♦✉r t♦✉t 0 ≤ i ≤ k − 2✱
(pn(Gk) + i,mfvs(Gk) + k− 2− i) = (2+ i, (k(k+1)/2)− 5+ k− i) ❡st ✉♥❡ ✈❛❧❡✉r
♠✐♥✐♠❛❧❡✳ ◆♦✉s ♣♦✉✈♦♥s ♠♦♥tr❡r ❝❡❧❛ ❡♥ ❣é♥ér❛❧✐s❛♥t ❧❛ ♣r❡✉✈❡ ♣♦✉r H3 ❞é❝r✐t❡ ❡♥
❞é❜✉t ❞❡ s❡❝t✐♦♥✳
◆♦✉s ❛✈♦♥s ❛♥❛❧②sé ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡s ❞❡✉① ♣❛r❛♠ètr❡s ❞❡ ❝♦♠♣r♦♠✐s ❞❛♥s
❧❡s ❞✐❣r❛♣❤❡s ❣é♥ér❛✉① ❡t ❧❡s ❞✐❣r❛♣❤❡s ♦r✐❡♥tés s②♠étr✐q✉❡s✳ ◆♦✉s ♥♦✉s s♦♠♠❡s
✐♥tér❡ssés à ❝❡ q✉❡ ❧✬♦♥ ♣❡r❞ s✉r ✉♥❡ ♠étr✐q✉❡ q✉❛♥❞ ❧✬❛✉tr❡ ❡st ✜①é❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
♥♦✉s ét✉❞✐♦♥s ❧❡s r❛♣♣♦rts pnmfvs(D)pn(D) ❡t
mfvspn(D)
mfvs(D) ✳ ❈❡tt❡ ét✉❞❡ ❝♦♠♣♦rt❡ ❞❡s ❚❤é♦✲
rè♠❡s s✉r ❧❛ ❝♦♠♣❧❡①✐té ♣♦✉r ❡st✐♠❡r ❝❡tt❡ ♣❡rt❡ ✭s❡❝t✐♦♥ ✷✳✸✳✶✮ ❡t s✉r ❧✬❡①✐st❡♥❝❡ ❞❡
❞✐❣r❛♣❤❡s ♣♦✉r ❧❡sq✉❡❧s ❡❧❧❡ ❡st ❛r❜✐tr❛✐r❡♠❡♥t ❧❛r❣❡ ✭s❡❝t✐♦♥ ✷✳✸✳✷✮✳ ❊♥✜♥ ❞❛♥s ❧❛
s❡❝t✐♦♥ ✷✳✸✳✸✱ ♥♦✉s ét✉❞✐♦♥s ❧❡ ❝❛s ❞❡s ❞✐❣r❛♣❤❡s ♦r✐❡♥tés s②♠étr✐q✉❡s✳
P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ♣r♦✉✈♦♥s q✉❡ ♣♦✉r t♦✉s α, β ≥ 0✱ ❧❡s ♣r♦❜❧è♠❡s ❞❡ ❞ét❡r✲
♠✐♥❡r ❧❡s ♣❛r❛♠♠ètr❡s α.pnmfvs(D)+β.pn(D) ❡t α.mfvspn(D)+β.mfvs(D) s♦♥t
◆P✲❝♦♠♣❧❡ts ✭❚❤é♦rè♠❡ ✶✵✱ s❡❝t✐♦♥ ✷✳✸✳✶✮✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐✲
♥❡r pnmfvs(D) ♥✬❡st ♣❛s ❛♣♣r♦①✐♠❛❜❧❡ à ✉♥❡ ❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès ❡♥ t❡♠♣s ♣♦✲
❧②♥♦♠✐❛❧ ✭à ♠♦✐♥s q✉❡ P❂◆P✮ ❡t ❝❡❧✉✐ ❞❡ ❞ét❡r♠✐♥❡r mfvspn(D) ❡st ❆P❳✲❞✐✣❝✐❧❡
✭❚❤é♦rè♠❡ ✶✵✱ s❡❝t✐♦♥ ✷✳✸✳✶✮✳ ◆♦✉s ♣r♦✉✈♦♥s ❛✉ss✐ q✉❡ ♣♦✉r t♦✉t q ≥ 0 ✭r❡s♣❡❝✲
t✐✈❡♠❡♥t ♣♦✉r t♦✉t p ≥ 0✮✱ ❧❡ r❛♣♣♦rt pnmfvs+q(D)pn(D) ✭r❡s♣❡❝t✐✈❡♠❡♥t
mfvspn+p(D)
mfvs(D) ✮
♥✬❡st ♣❛s ❜♦r♥é ♠ê♠❡ ♣♦✉r ❧❛ ❝❧❛ss❡ ❞❡s ❞✐❣r❛♣❤❡s ❞✬✐♥❞✐❝❡s ❞❡ tr❛✐t❡♠❡♥t ❜♦r✲
✺✹ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
♥és ✭❚❤é♦rè♠❡ ✶✶ ❡t ❚❤é♦rè♠❡ ✶✷✱ s❡❝t✐♦♥ ✷✳✸✳✷✮✳ ❈❡♣❡♥❞❛♥t✱ ♥♦✉s ♣r♦✉✈♦♥s q✉❡
mfvspn(D)
mfvs(D) ≤ pn(D) ♣♦✉r t♦✉t ❞✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ D ✭▲❡♠♠❡ ✶✶✱ s❡❝✲
t✐♦♥ ✷✳✸✳✸✮✳
✷✳✸✳✶ ▲❡s ♣❛r❛♠ètr❡s ❞❡ ❝♦♠♣r♦♠✐s s♦♥t ❞✐✣❝✐❧❡s à ❛♣♣r♦①✐♠❡r
◆♦✉s ét✉❞✐♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❛ ❝♦♠♣❧❡①✐té ❞❡s ♣r♦❜❧è♠❡s ❞❡ ❝❛❧❝✉❧❡r ❧❡s
❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s ❞❡ ❝♦♠♣r♦♠✐s ❞é✜♥✐s ♣ré❝é❞❡♠♠❡♥t✳ ◆♦✉s ❞é✜♥✐ss♦♥s t♦✉t
❞✬❛❜♦r❞ q✉❡❧q✉❡s ❞✐❣r❛♣❤❡s q✉✐ s❡r♦♥t ✉t✐❧✐sés ❞❛♥s ❧❡s ❞✐✛ér❡♥t❡s ♣r❡✉✈❡s✳
❙♦✐t Hn ✉♥❡ ét♦✐❧❡ ♦r✐❡♥té❡ s②♠étr✐q✉❡ ❝♦♠♣♦sé❡ ❞❡ n ≥ 3 ❜r❛♥❝❤❡s ❝❤❛❝✉♥❡
❝♦♥t❡♥❛♥t 2 s♦♠♠❡ts ✭❧❛ r❛❝✐♥❡ r ❡st à ❞✐st❛♥❝❡ 2 ❞❡ t♦✉t❡ ❢❡✉✐❧❧❡✮✳ ■❧ ② ❛ ❞♦♥❝
2n + 1 s♦♠♠❡ts✳ H3 ❡st r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✶✳ ■❧ ❡st ❢❛❝✐❧❡ ❞❡ ✈ér✐✜❡r q✉❡
pn(Hn) = 2✳ ❊♥ ❡✛❡t✱ 1 ❛❣❡♥t ♥✬❡st ❝❧❛✐r❡♠❡♥t ♣❛s s✉✣s❛♥t ❡t ✐❧ ❡①✐st❡ ❞❡ ♣❧✉s ✉♥❡
(2, n+ 1)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r Hn✳ Pr❡♠✐èr❡♠❡♥t✱ ✉♥ ❛❣❡♥t ❡st ♣❧❛❝é s✉r ❧❛
r❛❝✐♥❡ r✳ ❊♥s✉✐t❡✱ ✉♥ ❛❣❡♥t ❡st ♣❧❛❝é s✉r ✉♥ s♦♠♠❡t x ❛❞❥❛❝❡♥t à r✱ ❧✬❛✉tr❡ ✈♦✐s✐♥ ❞❡
x ❡st tr❛✐té ❡t x ❡st tr❛✐té ✭❧✬❛❣❡♥t ♣♦s✐t✐♦♥♥é s✉r x ❡st ❞♦♥❝ r❡t✐ré✮✳ ◆♦✉s ❛♣♣❧✐q✉♦♥s
❝❡tt❡ séq✉❡♥❝❡ ♣♦✉r t♦✉s ❧❡s ❛✉tr❡s ✈♦✐s✐♥s ❞❡ r✳ ◆♦✉s tr❛✐t♦♥s ✜♥❛❧❡♠❡♥t r ❡♥
r❡t✐r❛♥t ❧✬❛❣❡♥t ♣❧❛❝é ❛✉ t♦✉t ❞é❜✉t ❞❡ ❧❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✳ ▲❛ ✜❣✉r❡ ✷✳✶✶✭❛✮
r❡♣rés❡♥t❡ ✉♥❡ (2, 4)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r H3✳ ❉❡ ♣❧✉s✱ ❧✬✉♥✐q✉❡ ▼❋❱❙ ❞❡
Hn ❡st ❧✬❡♥s❡♠❜❧❡ X ❞❡s n s♦♠♠❡ts ❛❞❥❛❝❡♥ts à r✳ ■❧ ❡st ❡♥s✉✐t❡ ♣♦ss✐❜❧❡ ❞❡ ✈ér✐✜❡r
q✉❡ ❧✬✉♥✐q✉❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♦❝❝✉♣❛♥t s❡✉❧❡♠❡♥t ❧❡s s♦♠♠❡ts ❞❡ X ❝♦♥s✐st❡
à ♣❧❛❝❡r n ❛❣❡♥ts s✉r t♦✉s ❧❡s s♦♠♠❡ts ❞❡ X✱ ❞❡ tr❛✐t❡r t♦✉s ❧❡s ❛✉tr❡s s♦♠♠❡ts
❡t ❡♥✜♥ ❞❡ tr❛✐t❡r ❧❡s s♦♠♠❡ts ❞❡ X ❡♥ r❡t✐r❛♥t ❧❡s ❛❣❡♥ts✳ ◆♦t♦♥s q✉✬❛✉❝✉♥ ❛❣❡♥t
♥❡ ♣❡✉t êtr❡ r❡t✐ré t❛♥t q✉❡ t♦✉s ❧❡s ❛❣❡♥ts ♥❡ s♦♥t ♣❛s ♣❧❛❝és✳ ❈❡❧❛ r❡♣rés❡♥t❡ ✉♥❡
(n, n)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✱ ❡t pnmfvs(Hn) = n✳ ▲❛ ✜❣✉r❡ ✷✳✶✶✭❜✮ r❡♣rés❡♥t❡ ✉♥❡
t❡❧❧❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r H3✳ ❊♥ rés✉♠é✱
Pr♦♣r✐été ✹ ▲❡s ❞❡✉① ✈❛❧❡✉rs ♠✐♥✐♠❛❧❡s ❞❡ Hn s♦♥t (pn(Hn),mfvspn(Hn)) =
(2, n+ 1) ❡t (pnmfvs(Hn),mfvs(Hn)) = (n, n))✳
❙♦✐t Kn ❧❡ ❞✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ ❝♦♠♣❧❡t ❝♦♠♣♦sé ❞❡ n s♦♠♠❡ts✳ ■❧ ❡st
❢❛❝✐❧❡ ❞❡ ✈ér✐✜❡r q✉❡ ❧✬✉♥✐q✉❡ ✈❛❧❡✉r ♠✐♥✐♠❛❧❡ ❞❡ Kn ❡st (pn(Kn),mfvs(Kn)) =
(n− 1, n− 1)✳
❙♦✐t D = (V,A) ✉♥ ❞✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ ❛✈❡❝ V = {u1, . . . , un}✳ ❙♦✐t Dˆ =
(V ′, A′) ❧❡ ❞✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ ❛✈❡❝ V ′ = V ∪{v1, . . . , vn} ❡t Dˆ ❡st ❝♦♥str✉✐t
à ♣❛rt✐r ❞❡ D ❡♥ ❛❥♦✉t❛♥t ❞❡✉① ❛r❝s s②♠étr✐q✉❡s ❡♥tr❡ ui ❡t vi ♣♦✉r i = 1, . . . , n✳ ■❧
❡st ♣♦ss✐❜❧❡ ❞❡ ✈ér✐✜❡r q✉✬✐❧ ❡①✐st❡ ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♦♣t✐♠❛❧❡ ♣♦✉r Dˆ t❡❧❧❡
q✉❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦♠♠❡ts ♦❝❝✉♣és ❡st V ✳ ❊♥ ❡✛❡t✱ ♣♦✉r t♦✉t i✱ ❛✉ ♠♦✐♥s ✉♥ ❞❡s
❞❡✉① s♦♠♠❡ts ui ♦✉ vi ❞♦✐t êtr❡ ❝♦✉✈❡rt ♣❛r ✉♥ ❛❣❡♥t ✭t♦✉t ❋❱❙ ❞❡ D ❝♦♥t✐❡♥t ❛✉
♠♦✐♥s vi ♦✉ ui✮✳ ❉❡ ♣❧✉s s✐ ✉♥❡ ét❛♣❡ ❞✬✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r Dˆ ❝♦♥s✐st❡
à ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r vi✱ ❛❧♦rs ❧❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣❡✉t êtr❡ tr❛♥s❢♦r♠é❡ ❛✜♥
❞❡ ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ui à ❧❛ ♣❧❛❝❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ mfvspn(Dˆ) = n✳
❚❤é♦rè♠❡ ✶✵ ❙♦✐❡♥t α, β ≥ 0 ✜①és✱ ❛✈❡❝ max{α, β} > 0✳ ▲❡ ♣r♦❜❧è♠❡ q✉✐ ♣r❡♥❞
✉♥ ❞✐❣r❛♣❤❡ D ❡♥ ❡♥tré❡ ❡t q✉✐ ❝♦♥s✐st❡ à ❞ét❡r♠✐♥❡r ✿
✷✳✸✳ ❈♦♠♣r♦♠✐s ❡♥tr❡ ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛♥é❡s ❡t ❧❡
♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s ✺✺
✕ α.pnmfvs(D) + β.pn(D) ♥✬❡st ♣❛s ❛♣♣r♦①✐♠❛❜❧❡ à ✉♥❡ ❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès
❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ ✭à ♠♦✐♥s q✉❡ P❂◆P✮✱
✕ α.mfvspn(D) + β.mfvs(D) ❡st ❆P❳✲❞✐✣❝✐❧❡✳
Pr❡✉✈❡ ✿ ▲❡s ❞❡✉① ❝❛s ♣♦✉r α = 0 ❡t β > 0 ♣r♦✈✐❡♥♥❡♥t ❝❧❛✐r❡♠❡♥t ❞❡ ❧❛ ❧✐ttér❛t✉r❡✳
◆♦✉s s✉♣♣♦s♦♥s ❞♦♥❝ q✉❡ α > 0✳
✕ ◆♦✉s ❞é❜✉t♦♥s ❛✈❡❝ α.pnmfvs(D) + β.pn(D)✳
❈♦♥s✐❞ér♦♥s t♦✉t ❞✬❛❜♦r❞ ❧❡ ❝❛s β = 0✳ ◆♦✉s ♠♦♥tr♦♥s ❛❧♦rs q✉❡ ❧❡ ♣r♦❜❧è♠❡
❞❡ ❞ét❡r♠✐♥❡r pnmfvs ♥✬❡st ♣❛s ❛♣♣r♦①✐♠❛❜❧❡ à ✉♥❡ ❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès ❡♥
t❡♠♣s ♣♦❧②♥♦♠✐❛❧✱ à ♠♦✐♥s q✉❡ P❂◆P✳ ❊♥ ❡✛❡t✱ s♦✐t D ❧❛ ❝❧❛ss❡ ❞❡s ❞✐❣r❛♣❤❡s
Dˆ ♦❜t❡♥✉s à ♣❛rt✐r ❞❡s ❞✐❣r❛♣❤❡s ♦r✐❡♥tés s②♠étr✐q✉❡s D✳ P♦✉r t♦✉t ❞✐❣r❛♣❤❡
♦r✐❡♥té s②♠étr✐q✉❡ D✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r pw(D) ✭❛✈❡❝ pw(D) ❧❛ ♣❛t❤✇✐❞t❤
❞✉ ❣r❛♣❤❡ s♦✉s✲❥❛❝❡♥t ❛✉ ❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ D✮ ♥✬❡st ♣❛s ❛♣♣r♦①✐♠❛❜❧❡ à
✉♥❡ ❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ ✭à ♠♦✐♥s q✉❡ P❂◆P✮✱ ❡t pn(Dˆ) =
pnmfvs(Dˆ) = pw(D)+1 ✭✈♦✐r ❧❡ ❚❤é♦rè♠❡ ✹✮✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r pnmfvs
♥✬❡st ❞♦♥❝ ♣❛s ❛♣♣r♦①✐♠❛❜❧❡ à ✉♥❡ ❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧✱
à ♠♦✐♥s q✉❡ P❂◆P✳
❙✉♣♣♦s♦♥s ♠❛✐♥t❡♥❛♥t q✉❡ β > 0✳ P♦✉r ♣r♦✉✈❡r q✉❡ ❞ét❡r♠✐♥❡r α.pnmfvs(D) +
β.pn(D) ♥✬❡st ♣❛s ❛♣♣r♦①✐♠❛❜❧❡ à ✉♥❡ ❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès ❡♥ t❡♠♣s ♣♦✲
❧②♥♦♠✐❛❧ ✭à ♠♦✐♥s q✉❡ P❂◆P✮✱ s♦✐t D1 ❧✬✉♥✐♦♥ ❞✐s❥♦✐♥t❡ ❞❡ Hn ❡t ❞❡ ♥✬✐♠✲
♣♦rt❡ q✉❡❧ ❞✐❣r❛♣❤❡ D ❝♦♠♣♦sé ❞❡ n s♦♠♠❡ts✳ P❛r ❧❡ ❚❤é♦rè♠❡ ✺✱ ♥♦t♦♥s
q✉❡ pnmfvs(D1) = pnmfvs(Hn) ❝❛r pnmfvs(D) ≤ n − 1 ❡t pnmfvs(Hn) = n✳
❈♦♠♠❡ pn(D1) = max{pn(D), pn(Hn)} ❡t pn(Hn) = 2✱ ♥♦✉s ♦❜t❡♥♦♥s q✉❡
α.pnmfvs(D1) + β.pn(D1) = α.n + βmax{pn(D), 2}✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐✲
♥❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ♥✬ét❛♥t ♣❛s ❛♣♣r♦①✐♠❛❜❧❡ à ✉♥❡ ❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès
❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ ✭à ♠♦✐♥s q✉❡ P❂◆P✮✱ ♥♦✉s ❡♥ ❞é❞✉✐s♦♥s ❧❡ rés✉❧t❛t✳
✕ ◆♦✉s ❝♦♥s✐❞ér♦♥s ♠❛✐♥t❡♥❛♥t α.mfvspn(D) + β.mfvs(D)✳
▲♦rsq✉❡ β = 0✱ ♥♦✉s ♣r♦✉✈♦♥s q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r mfvspn ❡st ❆P❳✲
❞✐✣❝✐❧❡✳ ❙♦✐t D2 ❧✬✉♥✐♦♥ ❞✐s❥♦✐♥t❡ ❞❡ Kn ❡t ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ❞✐❣r❛♣❤❡ D ❝♦♠♣♦sé
❞❡ n s♦♠♠❡ts✳ P❛r ❧❡ ❚❤é♦rè♠❡ ✺✱ pn(D2) = max{pn(Kn), pn(D)}✳ ■❧ ❡st ❢❛❝✐❧❡
❞✬♦❜s❡r✈❡r q✉❡ pn(D2) = pn(Kn) = n − 1 ❝❛r pn(D) ≤ n − 1✳ ❆✐♥s✐✱ ❧♦rsq✉❡ D
❞♦✐t êtr❡ tr❛✐té✱ n− 1 ❛❣❡♥ts s♦♥t ❞✐s♣♦♥✐❜❧❡s✳ ❉♦♥❝ ♣♦✉r ♠✐♥✐♠✐s❡r ❧❡ ♥♦♠❜r❡ ❞❡
s♦♠♠❡ts ❝♦✉✈❡rts ♣❛r ❧❡s ❛❣❡♥ts✱ ❝❡s ❞❡r♥✐❡rs ❞♦✐✈❡♥t êtr❡ ♣❧❛❝és s✉r ✉♥ ▼❋❱❙ ❞❡
D✳ ❉♦♥❝ mfvspn(D2) = n− 1+mfvs(D) ❡t ❧❡ rés✉❧t❛t ❡st ❞é♠♦♥tré ❝❛r ❝❛❧❝✉❧❡r
mfvs(D) ❡st ✉♥ ♣r♦❜❧è♠❡ ❆P❳✲❞✐✣❝✐❧❡✳
❙✉♣♣♦s♦♥s ♠❛✐♥t❡♥❛♥t q✉❡ β > 0✳ P♦✉r ♣r♦✉✈❡r q✉❡ α.mfvspn(D) + β.mfvs(D)
❡st ❆P❳✲❞✐✣❝✐❧❡✱ s♦✐t D3 ❧✬✉♥✐♦♥ ❞✐s❥♦✐♥t❡ ❞❡ Kn✱ Hn✱ ❡t D✳ ◆♦✉s ❛✈♦♥s pn(D3) =
max{pn(Kn), pn(Hn), pn(D)}✳ ❖❜s❡r✈♦♥s q✉❡ pn(D3) = pn(Kn) = n − 1 ❝❛r
pn(Hn) = 2 ❡t pn(D) ≤ n − 1✳ ❉❡ ♣❧✉s✱ t♦✉t❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D3
✉t✐❧✐s❛♥t n − 1 ❛❣❡♥ts ❞♦✐t ❝♦✉✈r✐r n − 1 s♦♠♠❡ts ❞❡ Kn✱ n + 1 s♦♠♠❡ts ❞❡ Hn
✭mfvs(Hn) = n ♠❛✐s ✉♥ ❛❣❡♥t s✉♣♣❧é♠❡♥t❛✐r❡ ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r ❝♦✉✈r✐r s❡✉❧❡✲
♠❡♥t n s♦♠♠❡ts✮✱ ❡t mfvs(D) s♦♠♠❡ts ❞❡ D ✭❝❛r n− 1 ❛❣❡♥ts s♦♥t ❞✐s♣♦♥✐❜❧❡s
❡t mfvs(D) ≤ n−1✮✳ ❆✐♥s✐✱ mfvspn(D3) = (n−1)+(n+1)+mfvs(D)✳ ❉❡ ♣❧✉s
mfvs(D3) = (n − 1) + n +mfvs(D) ❝❛r mfvs(Kn) = n − 1 ❡t mfvs(Hn) = n✳
✺✻ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
❉♦♥❝ α.mfvspn(D3) + β.mfvs(D3) = (α + β)(mfvs(D) + 2n) − β✳ ▲❡ rés✉❧t❛t
❡st ♣r♦✉✈é ❝❛r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r mfvs(D) ❡st ❆P❳✲❞✐✣❝✐❧❡✳

❈♦r♦❧❧❛✐r❡ ✸ ➱t❛♥t ❞♦♥♥és ✉♥ ❞✐❣r❛♣❤❡ D ❡t ❞❡✉① ❡♥t✐❡rs p ≥ 0 ❡t q ≥ 0✱ ❡t ♣♦✉r
t♦✉t α, β ≥ 0 ✭{α, β} 6= {0, 0}✮ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r ✿
✕ α.pnmfvs+q(D)+β.pn(D) ♥✬❡st ♣❛s ❛♣♣r♦①✐♠❛❜❧❡ à ✉♥❡ ❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès
❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ ✭à ♠♦✐♥s q✉❡ P❂◆P✮✱
✕ α.mfvspn+p(D) + β.mfvs(D) ❡st ❆P❳✲❞✐✣❝✐❧❡✳
✷✳✸✳✷ ▲❡s r❛♣♣♦rts ❞❡ ❝♦♠♣r♦♠✐s ♥❡ s♦♥t ♣❛s ❜♦r♥és ❞❛♥s ❧❡s ❞✐✲
❣r❛♣❤❡s
❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ét✉❞✐♦♥s ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❝♦♠♣r♦♠✐s
❡t ❧❡✉rs r❛♣♣♦rts✳ ◆♦✉s ♠♦♥tr♦♥s ♥♦t❛♠♠❡♥t q✉✬❡♥ ❣é♥ér❛❧✱ ❞❡ ❜♦♥s ❝♦♠♣r♦♠✐s s♦♥t
✐♠♣♦ss✐❜❧❡s✳
❚❤é♦rè♠❡ ✶✶ ∀C > 0 ❡t ∀q ≥ 0✱ ✐❧ ❡①✐st❡ ✉♥ ❞✐❣r❛♣❤❡ D t❡❧ q✉❡ pnmfvs+q(D)pn(D) > C✳
Pr❡✉✈❡ ✿ ❙♦✐t ❧✬ét♦✐❧❡ ♦r✐❡♥té❡ s②♠étr✐q✉❡ ❞é❝r✐t❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✸✳✶✳ ❙♦✐t D
❧❡ ❞✐❣r❛♣❤❡ ❝♦♠♣♦sé ❞❡ q + 1 ❝♦♣✐❡s ❞✐s❥♦✐♥t❡s ❞❡ Hn✳ D ❛ q + 1 ❝♦♠♣♦s❛♥t❡s
❢♦rt❡♠❡♥t ❝♦♥♥❡①❡s✳ ◆♦✉s ♦❜t❡♥♦♥s q✉❡ mfvs(D) = (q + 1)n✳ P❛r ❞é✜♥✐t✐♦♥✱
t♦✉t❡ (pnmvfs+q(D),mfvs(D) + q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D ❝♦✉✈r❡ ❛✉ ♣❧✉s
q(n + 1) + n s♦♠♠❡ts✳ ❉♦♥❝ ✐❧ ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥❡ ❞❡s q + 1 ❝♦♠♣♦s❛♥t❡s ❢♦rt❡✲
♠❡♥t ❝♦♥♥❡①❡s ♣♦✉r ❧❛q✉❡❧❧❡ ❛✉ ♣❧✉s n s♦♠♠❡ts s♦♥t ❝♦✉✈❡rts✳ ❆✐♥s✐✱ ♣♦✉r tr❛✐t❡r
❝❡tt❡ ❝♦♠♣♦s❛♥t❡✱ n ❛❣❡♥ts s♦♥t ♥é❝❡ss❛✐r❡s✳ ❊♥ ❡✛❡t✱ (n, n) ❡st ✉♥❡ ✈❛❧❡✉r ♠✐♥✐♠❛❧❡
♣♦✉r Hn✱ ❡t ♣❛r ❞é✜♥✐t✐♦♥ ♥♦✉s ♥❡ ♣♦✉✈♦♥s ♣❛s ❞✐♠✐♥✉❡r ❧❛ ♣r❡♠✐èr❡ ✈❛❧❡✉r s❛♥s
❛✉❣♠❡♥t❡r ❧❛ s❡❝♦♥❞❡✳ ❊♥ ❝♦♥❝❧✉s✐♦♥✱ pnmfvs+q(D) = n ❛❧♦rs q✉❡ pn(D) = 2✳ ❊♥
❝❤♦✐s✐ss❛♥t n > 2C✱ ♥♦✉s ♦❜t❡♥♦♥s pnmfvs+q(D)pn(D) > C✳ 
❖❜s❡r✈♦♥s q✉❡ s✐ ❧❡ ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ♣♦✉✈❛♥t êtr❡ ❝♦✉✈❡rts ❡stmfvs(D)+q+1
✭❛✉ ❧✐❡✉ ❞❡ mfvs(D)+ q✮✱ ❛❧♦rs ❧❡ ♥♦♠❜r❡ ♠✐♥✐♠✉♠ ❞✬❛❣❡♥ts ♥é❝❡ss❛✐r❡s ❡st pn(D)✳
❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♣♦✉r ❧❡ ❞✐❣r❛♣❤❡ D ❞é❝r✐t ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✶✶✱ ♥♦✉s
♦❜t❡♥♦♥s pnmfvs+q+1(D)pn(D) = 1 ❛❧♦rs q✉❡
pnmfvs+q(D)
pn(D) =
n
2 ✳
❈♦r♦❧❧❛✐r❡ ✹ ∀C > 0✱ ✐❧ ❡①✐st❡ ✉♥ ❞✐❣r❛♣❤❡ D t❡❧ q✉❡ pnmfvs(D)pn(D) > C✳
◆♦✉s ♣rés❡♥t♦♥s ♠❛✐♥t❡♥❛♥t ❞❡s rés✉❧t❛ts s✐♠✐❧❛✐r❡s ♣♦✉r ❧❡ s❡❝♦♥❞ r❛♣♣♦rt ❞❡
❝♦♠♣r♦♠✐s✳
❚❤é♦rè♠❡ ✶✷ ∀C > 0 ❡t ∀p ≥ 0✱ ✐❧ ❡①✐st❡ ✉♥ ❞✐❣r❛♣❤❡ D t❡❧ q✉❡ mfvspn+p(D)mfvs(D) > C✳
❊sq✉✐ss❡ ❞❡ ❧❛ ♣r❡✉✈❡ ✿ ❙♦✐t n ≥ 2 ❡t s♦✐t k ≥ 1 ✉♥ ❡♥t✐❡r ✐♠♣❛✐r✳ ❈♦♥s✐❞ér♦♥s ❧❡
❞✐❣r❛♣❤❡ Dn,k ❝♦♥str✉✐t ❝♦♠♠❡ s✉✐t✳ ❙♦✐❡♥t IS1n, · · · , ISkn k ❡♥s❡♠❜❧❡s ✐♥❞é♣❡♥❞❛♥ts✱
❝❤❛q✉❡ IStn ✭1 ≤ t ≤ k✮ ❡st ❝♦♠♣♦sé ❞❡ n s♦♠♠❡ts ✿ yt1, yt2, . . . , ytn✳ ❙♦✐t Pn,k ❧❡
❞✐❣r❛♣❤❡ ♦❜t❡♥✉ à ♣❛rt✐r ❞❡s k ❡♥s❡♠❜❧❡s ✐♥❞é♣❡♥❞❛♥ts IStn ✭1 ≤ t ≤ k✮ ❡♥ ❛❥♦✉t❛♥t
✷✳✸✳ ❈♦♠♣r♦♠✐s ❡♥tr❡ ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛♥é❡s ❡t ❧❡
♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s ✺✼
1,1
ny
1,1
1y
1,1
2y
2,1
1y
2,1
2y
2,1
ny
1,1
nIS 2,1nIS 3,1nIS
1
1x
1
2x
1
nx
2
1x
2
2x
2
nx
1
n,kP
2
n,kP
1
n+1x
2
n+1x
1
n+1K
2
n+1K
k,1
nIS
2
n,kP
✭❛✮ Dn,k ❞✉ ❚❤é♦rè♠❡ ✶✷ ❡t ❞✉ ❈♦r♦❧❧❛✐r❡ ✺ ✭k ✐♠♣❛✐r✮✳ ▲❡ s②♠❜♦❧❡ r♦✉❣❡ ⊖
r❡♣rés❡♥t❡ ❧❛ ♥♦♥ ❡①✐st❡♥❝❡ ❞✬❛r❝s ❡♥tr❡ ❧❡s s♦✉s✲❣r❛♣❤❡s✳ ▲❡s ❛r❝s ❞❡ V (Dn,k) \
V (K1n+1) à V (K
1
n+1) ♥❡ s♦♥t ♣❛s r❡♣rés❡♥tés✳
here go
✭❜✮ D2,5 ❞✉ ❈♦r♦❧❧❛✐r❡ ✺✳ ▲❡s ❛r❝s ❞❡ t♦✉s ❧❡s s♦♠♠❡ts ✈❡rs ❧❡s tr♦✐s s♦♠♠❡ts ❞❡ K
1
3 ♥❡
s♦♥t ♣❛s r❡♣rés❡♥tés✳
❋✐❣✳ ✷✳✶✸ ✕ ❉✐❣r❛♣❤❡ Dn,k ❞é❝r✐t ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✶✷ ❡t ❞❛♥s ❧❡ ❈♦r♦❧❧❛✐r❡ ✺✳
❧❡s ❛r❝s ❞❡ yti à y
t+1
j ✱ ♣♦✉r 1 ≤ j ≤ i ≤ n ❡t t = 1, 3, . . . , k − 2✱ ❡t ❞❡ yti à yt+1j ✱
♣♦✉r 1 ≤ i ≤ j ≤ n ❡t t = 2, 4, . . . , k − 1✳ ❙♦✐t Kn+1 ✉♥ ❞✐❣r❛♣❤❡ ❝♦♠♣❧❡t ♦r✐❡♥té
s②♠étr✐q✉❡ ❞❡ n+ 1 s♦♠♠❡ts ✿ x1, x2, . . . , xn+1✳
▲❡ ❞✐❣r❛♣❤❡ Dn,k ❡st ♦❜t❡♥✉ à ♣❛rt✐r ❞❡ ❞❡✉① ❝♦♣✐❡s P 1n,k, P
2
n,k ❞❡ Pn,k ❡t ❞❡✉①
❝♦♣✐❡s K1n+1,K
2
n+1 ❞❡ Kn+1✱ ❡♥ ❛❥♦✉t❛♥t ❧❡s ❛r❝s s✉✐✈❛♥ts✳ ❉❛♥s ❝❡ q✉✐ s✉✐t✱ y
t,a
j
r❡♣rés❡♥t❡ ❧❡ je s♦♠♠❡t ❞❛♥s ❧❡ te ❡♥s❡♠❜❧❡ ✐♥❞é♣❡♥❞❛♥t ❞❡ P an,k✱ ❛✈❡❝ j ≤ n✱
t ∈ {1, k}✱ a ∈ {1, 2}✱ ❡t xaj r❡♣rés❡♥t❡ ❧❡ je s♦♠♠❡t ❞❡ Kan✱ ❛✈❡❝ j ≤ n + 1✱
a ∈ {1, 2}✳ ■❧ ② ❛ ❞❡s ❛r❝s ❞❡ xai à y1,aj ✱ ♣♦✉r 1 ≤ i ≤ j ≤ n ❡t a = 1, 2✱ ❡t ❞❡ yk,ai
à xbj ✱ ♣♦✉r 1 ≤ i ≤ j ≤ n✱ a = 1, 2 ❡t b = 3 − a✳ ❊♥✜♥ ✐❧ ② ❛ ✉♥ ❛r❝ ❞❡ ❝❤❛q✉❡
s♦♠♠❡t ❞❡ V (Dn,k) \ V (K1n+1) à ❝❤❛q✉❡ s♦♠♠❡t ❞❡ V (K1n+1)✳ ❘❡♠❛rq✉♦♥s q✉❡ ❝❡s
❞❡r♥✐❡rs ❛r❝s ♥❡ s♦♥t ♣❛s ♥é❝❡ss❛✐r❡s ♣♦✉r ♦❜t❡♥✐r ❧❡ rés✉❧t❛t ♠❛✐s r❡♥❞❡♥t ❧❛ ♣r❡✉✈❡
♣❧✉s ❞✐❣❡st❡✳
▲❛ ✜❣✉r❡ ✷✳✶✸✭❛✮ r❡♣rés❡♥t❡ Dn,k ✭❧❡ s②♠❜♦❧❡ r♦✉❣❡ ⊖ r❡♣rés❡♥t❡ ❧❡s ♥♦♥✲❛r❝s
❡♥tr❡ ❝❡s s♦✉s✲❣r❛♣❤❡s✮✳ D2,5 ❡st r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✸✭❜✮✳ ❆✜♥ ❞❡ ♥❡ ♣❛s
s✉r❝❤❛r❣❡r ❧❡s ✜❣✉r❡s✱ ❧❡s ❛r❝s ❞❡ V (Dn,k) \ V (K1n+1) à V (K1n+1) ♥❡ s♦♥t ♣❛s r❡♣ré✲
s❡♥tés✳
❈❧❛✐r❡♠❡♥t✱ mfvs(Dn,k) = 2n ❡t t♦✉t ▼❋❱❙ ❡st ❝♦♠♣♦sé ❞❡ {x11, . . . , x1n} ❡t ❞❡
n s♦♠♠❡ts ❞❡ K2n+1✳ ◆♦✉s ♣r♦✉✈♦♥s q✉❡ pn(Dn,k) ≤ n + 1✳ ❙♦✐t p✱ 0 ≤ p ≤ n − 2
✭♥♦✉s ❝❤♦✐s✐ss♦♥s ❡♥ ❢❛✐t n ≥ p + 2✮✳ ◆♦✉s ♣r♦✉✈♦♥s ❡♥s✉✐t❡ q✉❡ t♦✉t❡ str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t ♣♦✉rDn,k ✉t✐❧✐s❛♥t n+1+p ❛❣❡♥ts✱ ❝♦✉✈r❡ ❛✉ ♠♦✐♥s ✉♥ s♦♠♠❡t ❞❡ ❝❤❛❝✉♥
❞❡s k ❡♥s❡♠❜❧❡s ✐♥❞é♣❡♥❞❛♥ts ❞❡ P 1n,k✳ ▲❛ ♣r❡✉✈❡ ❡st ❛ss❡③ t❡❝❤♥✐q✉❡ ❡t ❧❡ ❧❡❝t❡✉r
✺✽ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
✐♥tér❡ssé ♣❡✉t ❧❛ tr♦✉✈❡r ❞❛♥s ❬❈❈▼+❛r❪✳ ❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❡♥ ♣r❡♥❛♥t k > 2n(C − 1)✱
♥♦✉s ♦❜t❡♥♦♥s mfvspn+p(Dn,k)mfvs(Dn,k) =
mfvspn+p(Dn,k)
2n ≥
mfvsn+1+p(Dn,k)
2n ≥ 2n+k2n > C✳ 
❘❡♠❛rq✉♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥❡ (pn(D) + p+ 1,mfvs(D))✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♣♦✉r ❧❡ ❞✐❣r❛♣❤❡ Dn,k ❞é❝r✐t ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✶✷ ❛❧♦rs q✉❡ ❧❡ ♣❧✉s ♣❡t✐t
q t❡❧ q✉✬✐❧ ❡①✐st❡ ✉♥❡ (pn(D) + p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r Dn,k✱ ❡st ❛r❜✐tr❛✐✲
r❡♠❡♥t ❣r❛♥❞✳
❈♦r♦❧❧❛✐r❡ ✺ ∀C > 0✱ ✐❧ ❡①✐st❡ ✉♥ ❞✐❣r❛♣❤❡ D t❡❧ q✉❡ mfvspn(D)mfvs(D) > C✳
◆♦✉s ♦❜t❡♥♦♥s ❝❡ rés✉❧t❛t ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡ ❞✐❣r❛♣❤❡ Dn,k ❞é❝r✐t ❞❛♥s ❧❛ ✜✲
❣✉r❡ ✷✳✶✸✭❛✮✱ ❛✈❡❝ n = 2 ❡t k ≥ 1 ✭❧❛ ✜❣✉r❡ ✷✳✶✸✭❜✮ r❡♣rés❡♥t❡ D2,5✮✳ ❈❡ ❞✐❣r❛♣❤❡
❡st t❡❧ q✉❡ pn(D2,k) = 3 ❡t mfvs(D2,k) = 4 ❛❧♦rs q✉❡
mfvspn(D2,k)
mfvs(D2,k)
= k+44 ♥✬❡st ♣❛s
❜♦r♥é✳
▲❡ ▲❡♠♠❡ ✶✶ ❞❡ ❧❛ s❡❝t✐♦♥ ✷✳✸✳✸ ♠♦♥tr❡ q✉❡✱ ❞❛♥s ❧❛ ❝❧❛ss❡ ❞❡s ❣r❛♣❤❡s ♦r✐❡♥tés
s②♠étr✐q✉❡s à ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❜♦r♥é✱ mfvspn(D)mfvs(D) ❡st ❜♦r♥é✳
✷✳✸✳✸ ❘❛♣♣♦rts ❞❡ ❝♦♠♣r♦♠✐s ❞❛♥s ❧❡s ❞✐❣r❛♣❤❡s ♦r✐❡♥tés s②♠é✲
tr✐q✉❡s
❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ét✉❞✐♦♥s ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ r❛♣♣♦rt mfvspn(D)mfvs(D) ❞❛♥s
❧❡s ❞✐❣r❛♣❤❡s ♦r✐❡♥tés s②♠étr✐q✉❡s D✳ ❘❛♣♣❡❧♦♥s q✉❡ ❧❡s r❛♣♣♦rts pnmfvs+q(D)pn(D) ❡t
pnmfvs(D)
pn(D) ♦♥t ❞é❥à été ét✉❞✐és ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✸✳✷ ♣♦✉r ❞❡s ❞✐❣r❛♣❤❡s ♦r✐❡♥tés
s②♠étr✐q✉❡s à ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❜♦r♥é✳
▲❡♠♠❡ ✶✶ P♦✉r t♦✉t ❞✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ D✱ mfvspn(D)mfvs(D) ≤ pn(D)✳
Pr❡✉✈❡ ✿ ❙❛♥s ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✱ ♥♦✉s ♣r♦✉✈♦♥s ❧❡ rés✉❧t❛t ♣♦✉r ✉♥ ❞✐❣r❛♣❤❡
❢♦rt❡♠❡♥t ❝♦♥♥❡①❡ D = (V,E)✳ ❙♦✐t S ✉♥❡ (pn(D),mfvspn(D))✲str❛té❣✐❡ ❞❡ tr❛✐t❡✲
♠❡♥t ♣♦✉r D✳ ❙♦✐t O ⊆ V ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦♠♠❡ts ❝♦✉✈❡rts ♣❛r ✉♥ ❛❣❡♥t ❞✉r❛♥t
❧✬❡①é❝✉t✐♦♥ ❞❡ S✳ ❙♦✐t F ✉♥ ▼❋❱❙ ❞❡ D✳ ◆♦✉s ❡✛❡❝t✉♦♥s ✉♥❡ ♣❛rt✐t✐♦♥ ❞❡ V ❡♥
(Y,X,W,Z) = (O∩F,O \F, F \O, V \ (O∪F ))✳ ❈♦♠♠❡ D ❡st ♦r✐❡♥té s②♠étr✐q✉❡✱
V \F ❡st ✉♥ ❡♥s❡♠❜❧❡ ✐♥❞é♣❡♥❞❛♥t ❝❛r ❝✬❡st ❧❡ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❞✬✉♥ ▼❋❱❙✳ ❈♦♠♠❡
❧❡s s♦♠♠❡ts ♥♦♥ ❝♦✉✈❡rts ❞✉r❛♥t S ♦♥t t♦✉s ❧❡✉rs ✈♦✐s✐♥s ❝♦✉✈❡rts✱ V \O ❡st ✉♥ ❡♥✲
s❡♠❜❧❡ ✐♥❞é♣❡♥❞❛♥t✳ ➱t❛♥t ❞♦♥♥é V ′ ⊆ V ✱ N(V ′) ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ✈♦✐s✐♥s ❞❡s
s♦♠♠❡ts ❞❡ V ′✳ ▲❛ ♣❛rt✐t✐♦♥ ❡st r❡♣rés❡♥té❡ ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✹✳
❚♦✉t ❞✬❛❜♦r❞✱ ♥♦t♦♥s q✉❡ |N(W )∩X| ≤ pn(D)|W |✳ ❊♥ ❡✛❡t ♣♦✉r q✉✬✉♥ s♦♠♠❡t
v ∈W s♦✐t tr❛✐té✱ t♦✉s s❡s ✈♦✐s✐♥s ❞♦✐✈❡♥t êtr❡ ♦❝❝✉♣és ♣❛r ✉♥ ❛❣❡♥t✳ ❆✐♥s✐✱ ❧❡ ❞❡❣ré
♠❛①✐♠✉♠ ❞❡ v ❡st pn(D)✳
◆♦✉s ♣r♦✉✈♦♥s ❡♥s✉✐t❡ q✉❡ |X \N(W )| ≤ (pn(D)− 1)|Y |✳ ❙♦✐t R = X \N(W )✳
❈♦♠♠❡ X ∪ Z ❡st ✉♥ ❡♥s❡♠❜❧❡ ✐♥❞é♣❡♥❞❛♥t✱ ♣♦✉r ❝❤❛q✉❡ v ∈ R✱ N(v) ⊆ Y ✳ ❙♦✐t
T = N(R) ⊆ Y ✳ ❘❡♠❛rq✉♦♥s q✉❡ N(T ) ∩ R = R ❝❛r D ❡st ❢♦rt❡♠❡♥t ❝♦♥♥❡①❡ ❡t
♦r✐❡♥té s②♠étr✐q✉❡✳ ◆♦✉s ♦r❞♦♥♥♦♥s ❧❡s s♦♠♠❡ts ❞❡ T = {v1, · · · , vt} ❞❛♥s ❧✬♦r❞r❡
❞❡ tr❛✐t❡♠❡♥t ✭❧♦rsq✉❡ ❧❡s ❛❣❡♥ts s♦♥t r❡t✐rés✮ ❞✉r❛♥t ❧✬❡①é❝✉t✐♦♥ ❞❡ S✳ P♦✉r t♦✉t i✱
1 ≤ i ≤ t✱ s♦✐t Ni =
⋃
j≤iN(vj) ∩ R✳ ◆♦✉s ♣r♦✉✈♦♥s ♠❛✐♥t❡♥❛♥t q✉❡ |N1| < pn(D)
✷✳✸✳ ❈♦♠♣r♦♠✐s ❡♥tr❡ ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rr✉♣t✐♦♥s s✐♠✉❧t❛♥é❡s ❡t ❧❡
♥♦♠❜r❡ t♦t❛❧ ❞✬✐♥t❡rr✉♣t✐♦♥s ✺✾
Y X
W Z
MFVS V \ MFVS
Indépendant
Indépendant
sommets
occupés
sommets
non occupés
❋✐❣✳ ✷✳✶✹ ✕ Pr❡✉✈❡ ❞✉ ▲❡♠♠❡ ✶✶✳
❡t q✉❡ |Ni+1 \ Ni| < pn(D) ♣♦✉r t♦✉t i < t✳ ◆♦✉s ♦❜t✐❡♥❞r♦♥s ❛❧♦rs |Nt| = |R| ≤
(pn(D)− 1)|T | ≤ (pn(D)− 1)|Y |✳
❈♦♥s✐❞ér♦♥s ❧✬ét❛♣❡ ❞❡ S ❥✉st❡ ❛✈❛♥t q✉✬✉♥ ❛❣❡♥t s♦✐t r❡t✐ré ❞❡ v1✳ ❙♦✐t v ∈
N1 6= ∅✳ ❈♦♠♠❡ ❧✬❛❣❡♥t s❡r❛ r❡t✐ré ❞❡ v1✱ s♦✐t v ❛ ❞é❥à été tr❛✐té✱ s♦✐t ✐❧ ❡st ♦❝❝✉♣é
♣❛r ✉♥ ❛❣❡♥t✳ ◆♦✉s ♠♦♥tr♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥ s♦♠♠❡t ❞❛♥s N(v) ⊆ T q✉✐ ♥✬❛ ♣❛s
❡♥❝♦r❡ été ♦❝❝✉♣é ❡t ❞♦♥❝ q✉❡ v ❞♦✐t êtr❡ ♦❝❝✉♣é✳ ❊♥ ❡✛❡t✱ s✐♥♦♥✱ t♦✉s ❧❡s ✈♦✐s✐♥s
❞❡ v s♦♥t ♦❝❝✉♣és ✭❝❛r✱ à ❝❡tt❡ ét❛♣❡✱ ❛✉❝✉♥ ❛❣❡♥t ♥✬❛ été r❡t✐ré ❞❡s s♦♠♠❡ts ❞❡
T ✮ ❡t ❧❛ str❛té❣✐❡ ♣❡✉t tr❛✐t❡r v s❛♥s ♣❧❛❝❡r ❞✬❛❣❡♥t ❞❡ss✉s✱ ❝♦♥tr❡❞✐s❛♥t ❧❡ ❢❛✐t q✉❡
S ♦❝❝✉♣❡ ❧❡ ♣❧✉s ♣❡t✐t ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ♣♦ss✐❜❧❡✳ ❉♦♥❝✱ ❥✉st❡ ❛✈❛♥t q✉✬✉♥ ❛❣❡♥t
s♦✐t r❡t✐ré ❞❡ v1✱ t♦✉s ❧❡s s♦♠♠❡ts ❞❡ N1 s♦♥t ♦❝❝✉♣és ♣❛r ✉♥ ❛❣❡♥t✳ ◆♦✉s ♦❜t❡♥♦♥s
q✉❡ |N1| < pn(D)✳
❙♦✐t 1 < i ≤ t✳ ❈♦♥s✐❞ér♦♥s ❧✬ét❛♣❡ ❞❡ S ❥✉st❡ ❛✈❛♥t q✉✬✉♥ ❛❣❡♥t s♦✐t r❡t✐ré ❞❡
vi✳ ❙♦✐t v ∈ Ni \ Ni−1 s✐ ✉♥ t❡❧ s♦♠♠❡t ❡①✐st❡✳ ❈♦♠♠❡ ❧✬❛❣❡♥t s❡r❛ r❡t✐ré ❞❡ vi✱
s♦✐t v ❛ ❞é❥à été tr❛✐té✱ s♦✐t ✐❧ ❡st ♦❝❝✉♣é ♣❛r ✉♥ ❛❣❡♥t✳ ◆♦✉s ♠♦♥tr♦♥s q✉✬✐❧ ② ❛
✉♥ s♦♠♠❡t ❞❛♥s N(v) ⊆ T \ Ni−1 q✉✐ ♥✬❛ ♣❛s ❡♥❝♦r❡ été ♦❝❝✉♣é ♣❛r ✉♥ ❛❣❡♥t ❡t
q✉❡ v ❞♦✐t êtr❡ ♦❝❝✉♣é✳ ❊♥ ❡✛❡t✱ s✐♥♦♥✱ t♦✉s ❧❡s ✈♦✐s✐♥s ❞❡ v s♦♥t ♦❝❝✉♣és ✭❝♦♠♠❡✱
à ❝❡tt❡ ét❛♣❡✱ ❛✉❝✉♥ ❛❣❡♥t ♥✬❛ été r❡t✐ré ❞❡s s♦♠♠❡ts ❞❡ T \ Ni−1✮ ❡t ❧❛ str❛té❣✐❡
♣❡✉t tr❛✐t❡r v s❛♥s ♣♦s✐t✐♦♥♥❡r ✉♥ ❛❣❡♥t ❞❡ss✉s✱ ❝♦♥tr❡❞✐s❛♥t ❧❡ ❢❛✐t q✉❡ S ♦❝❝✉♣❡
❧❡ ♣❧✉s ♣❡t✐t ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ♣♦ss✐❜❧❡✳ ❉♦♥❝✱ ❥✉st❡ ❛✈❛♥t q✉✬✉♥ ❛❣❡♥t s♦✐t r❡t✐ré
❞❡ vi✱ t♦✉s ❧❡s s♦♠♠❡ts ❞❡ Ni+1 \Ni s♦♥t ♦❝❝✉♣és ♣❛r ✉♥ ❛❣❡♥t✳ ◆♦✉s ♦❜t❡♥♦♥s q✉❡
|Ni+1 \Ni| < pn(D)✳
❊♥ ❝♦♥❝❧✉s✐♦♥✱mfvspn(D) = |O| = |Y |+|X| ❡t |X| = |X \N(W )|+|N(W )∩X|✳
❆✐♥s✐✱ mfvspn(D) ≤ pn(D)(|Y |+ |W |) = pn(D)|F | = pn(D).mfvs(D)✳ 
◆♦✉s ♠♦♥tr♦♥s ❞❛♥s ❧❡ ▲❡♠♠❡ ✶✷ q✉✬✐❧ ❡①✐st❡ ❞❡s ❞✐❣r❛♣❤❡s ♦r✐❡♥tés s②♠étr✐q✉❡s
❛✈❡❝ ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❛✉ss✐ ♣r♦❝❤❡ ❞❡ 3 q✉❡ ♥♦✉s ❧❡ s♦✉❤❛✐t♦♥s✱ ❛✈❛♥t ❞❡
❝♦♥❥❡❝t✉r❡r q✉❡ ❝❡tt❡ ❝❧❛ss❡ ❞❡ ❞✐❣r❛♣❤❡s ❛ ✉♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❜♦r♥é ♣❛r 3
✻✵ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
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✭❛✮ SDn ✭❜✮ SD5
❋✐❣✳ ✷✳✶✺ ✕ ❉✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ SDn ❞✉ ▲❡♠♠❡ ✶✷ ✭✜❣✉r❡ ✷✳✶✺✭❛✮✮ ❡t
✐♥st❛♥❝❡ ❞❡ SDn ❛✈❡❝ n = 5 ✭✜❣✉r❡ ✷✳✶✺✭❜✮✮✳ ▲❡ s②♠❜♦❧❡ r♦✉❣❡ ⊖ r❡♣rés❡♥t❡ ❧❛ ♥♦♥
❡①✐st❡♥❝❡ ❞✬❛r❝s✳
✭❈♦♥❥❡❝t✉r❡ ✶✮✳ ▲❛ ♣r❡✉✈❡ ❝♦♠♣❧èt❡ ❞✉ ▲❡♠♠❡ ✶✷ s❡ tr♦✉✈❡ ❞❛♥s ❬❈❈▼+❛r❪✳
▲❡♠♠❡ ✶✷ ∀ε > 0✱ ✐❧ ❡①✐st❡ ✉♥ ❞✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ D t❡❧ q✉❡ 3 − ε ≤
mfvspn(D)
mfvs(D) < 3✳
❊sq✉✐ss❡ ❞❡ ❧❛ ♣r❡✉✈❡ ✿ ❙♦✐t n ≥ 1✳ ◆♦✉s ❝♦♥str✉✐s♦♥s ❧❡ ❞✐❣r❛♣❤❡ SDn ❝♦♠♠❡
s✉✐t✳ ❙♦✐❡♥t IS1n ❡t IS
2
n ❞❡✉① ❡♥s❡♠❜❧❡s ✐♥❞é♣❡♥❞❛♥ts ❝♦♠♣♦sés ❞❡ n s♦♠♠❡ts ❝❤❛✲
❝✉♥ ✿ x1, . . . , xn ❡t z1, . . . , zn✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❙♦✐t Kn+1 ✉♥ ❞✐❣r❛♣❤❡ ❝♦♠♣❧❡t s②✲
♠étr✐q✉❡ ❞❡ n + 1 s♦♠♠❡ts y1, . . . , yn, yn+1 = v✳ ▲❡ ❞✐❣r❛♣❤❡ SDn ❡st ❝♦♥str✉✐t à
♣❛rt✐r ❞❡ ❧✬✉♥✐♦♥ ❞✐s❥♦✐♥t❡ ❞❡ IS1n, IS
2
n,Kn+1 ❡t ❞❡ 6 s♦♠♠❡ts ✐s♦❧és {a, b, c, d, e, f}
❡♥ ❛❥♦✉t❛♥t ❧❡s ❛r❝s s✉✐✈❛♥ts✳ ■❧ ② ❛ ❞❡s ❛r❝s s②♠étr✐q✉❡s ❡♥tr❡ ❧❡s s♦♠♠❡ts xi ❡t
yj ❡t ❧❡s s♦♠♠❡ts zi ❡t yj ✱ ♣♦✉r t♦✉t 1 ≤ i ≤ j ≤ n✳ ❉❡ ♣❧✉s✱ t♦✉s ❧❡s ❛r❝s s②♠é✲
tr✐q✉❡s ❞✉ ❞✐❣r❛♣❤❡ ❜✐♣❛rt✐ ❛✈❡❝ ❧❡s ♣❛rt✐t✐♦♥s {b, c} ❡t IS1n s♦♥t ❛❥♦✉tés✳ ❉❡ ♠❛♥✐èr❡
❛♥❛❧♦❣✉❡✱ t♦✉s ❧❡s ❛r❝s s②♠étr✐q✉❡s ❞✉ ❞✐❣r❛♣❤❡ ❜✐♣❛rt✐ ❛✈❡❝ ❧❡s ♣❛rt✐t✐♦♥s {d, e} ❡t
IS2n s♦♥t ❛❥♦✉tés✳ ❊♥✜♥✱ ❧❡s ❛r❝s s②♠étr✐q✉❡s (a, b), (a, c), (d, f), (e, f) s♦♥t ❛❥♦✉tés✳
▲❡ ❞✐❣r❛♣❤❡ SDn ❡st r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✺✭❛✮✳ ▲❛ ✜❣✉r❡ ✷✳✶✺✭❜✮ ❞é❝r✐t ❧❡
❞✐❣r❛♣❤❡ SD5✳
❘❡♠❛rq✉♦♥s ♠❛✐♥t❡♥❛♥t q✉❡ F = {y1, . . . , yn, b, c, d, e} ❡st ✉♥ ♠✐♥✐♠✉♠ ❢❡❡❞✲
❜❛❝❦ ✈❡rt❡① s❡t ❞❡ SDn✱ ❛✈❡❝ |F | = n + 4✳ ❊♥ ❡✛❡t✱ t♦✉t ❢❡❡❞❜❛❝❦ ✈❡rt❡① s❡t ❞❡
SDn ❝♦♥t✐❡♥t ❛✉ ♠♦✐♥s n s♦♠♠❡ts ❞❡ Kn+1✳ ■❧ ❡st ❡♥s✉✐t❡ ❢❛❝✐❧❡ ❞❡ ✈ér✐✜❡r q✉❡
q✉❛tr❡ ❛✉tr❡s s♦♠♠❡ts s♦♥t ♥é❝❡ss❛✐r❡s ♣♦✉r ❢♦r♠❡r ✉♥ ❢❡❡❞❜❛❝❦ ✈❡rt❡① s❡t✳ ◆♦✉s
❛✈♦♥s ❞♦♥❝ mfvs(SDn) = n+4✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❛✈♦♥s ❝❧❛✐r❡♠❡♥t q✉❡ pn(SDn) ≥ n✳
◆♦✉s ♠♦♥tr♦♥s ❡♥s✉✐t❡ q✉❡ t♦✉t❡ st❛té❣✐❡ ✉t✐❧✐s❛♥t n + 1 ❛❣❡♥ts✱ ❝♦✉✈r❡ ❛✉ ♠♦✐♥s
3n + 2 s♦♠♠❡ts✳ ▲❛ ♣r❡✉✈❡ ❡st ❛ss❡③ t❡❝❤♥✐q✉❡ ❡t ❧❡ ❧❡❝t❡✉r ✐♥tér❡ssé ♣❡✉t ❧❛
tr♦✉✈❡r ❞❛♥s ❬❈❈▼+❛r❪✳ ◆♦✉s ❞é❝r✐✈♦♥s ✉♥❡ (n + 1, 3n + 2)✲str❛té❣✐❡ ❞❡ tr❛✐t❡✲
♠❡♥t ♣♦✉r SDn✳ ❈♦♠♠❡ mfvspn(SDn) ≥ mfvsn+1(SDn) = 3n + 2✱ ♥♦✉s ♦❜✲
t❡♥♦♥s q✉❡ mfvspn(SDn)mfvs(SDn) ≥ 3n+2n+4 ✳ ❊♥ ❝❤♦✐s✐ss❛♥t n > 10ε − 4✱ ♥♦✉s ♦❜t❡♥♦♥s q✉❡
✷✳✹✳ ❊①t❡♥s✐♦♥s ❡t ❛✉tr❡s ♠♦❞é❧✐s❛t✐♦♥s ✻✶
mfvspn(SDn)
mfvs(SDn)
≥ 3 − ε✳ ❉❡ ♣❧✉s✱ ❝♦♠♠❡ SDn ❡st ❝♦♠♣♦sé ❞❡ 3n + 7 s♦♠♠❡ts✱ ♥♦✉s
❛✈♦♥s q✉❡ mfvspn(SDn) ≤ 3n+ 6✱ ❡t ❞♦♥❝ q✉❡ mfvspn(SDn)mfvs(SDn) < 3✳ 
❈♦♥❥❡❝t✉r❡ ✶ P♦✉r t♦✉t ❞✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ D✱ mfvspn(D)mfvs(D) ≤ 3✳
✷✳✸✳✹ P❡rs♣❡❝t✐✈❡s
◆♦✉s ❛✈♦♥s ét✉❞✐é ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❡s ♣r♦❜❧è♠❡s ❝♦♥s✐st❛♥t à ♠✐♥✐♠✐s❡r ✉♥
♣❛r❛♠ètr❡ ❧♦rsq✉❡ ❧✬❛✉tr❡ ❡st ✜①é✳ ◆♦✉s ❛✈♦♥s ♣r♦✉✈é q✉❡ ❧❡s ♣r♦❜❧è♠❡s ❞❡ ❝❛❧❝✉❧❡r
❝❡s ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s ❞❡ ❝♦♠♣r♦♠✐s s♦♥t ❆P❳✲❞✐✣❝✐❧❡s ♣♦✉r ❝❡rt❛✐♥s ❡t ♥❡ s♦♥t
♣❛s ❛♣♣r♦①✐♠❛❜❧❡s à ✉♥❡ ❝♦♥st❛♥t❡ ❛❞❞✐t✐✈❡ ♣rès ✭à ♠♦✐♥s q✉❡ P❂◆P✮ ♣♦✉r ❞✬❛✉tr❡s✳
◆♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ♠✐s ❡♥ ❡①❡r❣✉❡ ❧❡ ❢❛✐t q✉❡ ♣♦✉r ❝❡rt❛✐♥s ❞✐❣r❛♣❤❡s✱ ♠✐♥✐♠✐✲
s❡r ✉♥ ♣❛r❛♠ètr❡ ♣❡✉t ❛✉❣♠❡♥t❡r ❧❛ ✈❛❧❡✉r ❞❡ ❧✬❛✉tr❡ ❛r❜✐tr❛✐r❡♠❡♥t✳ ❈❡❧❛ r❡st❡
✈r❛✐ ♠ê♠❡ s✐ ♥♦✉s ♥♦✉s ❛❝❝♦r❞♦♥s ✉♥ ♥♦♠❜r❡ q✉❡❧❝♦♥q✉❡ ❞✬❛❣❡♥ts s✉♣♣❧é♠❡♥t❛✐r❡s
♦✉ ✉♥ ♥♦♠❜r❡ q✉❡❧❝♦♥q✉❡ ❞❡ s♦♠♠❡ts s✉♣♣❧é♠❡♥t❛✐r❡s ❛✉t♦r✐sés à êtr❡ ❝♦✉✈❡rts✱
r❡s♣❡❝t✐✈❡♠❡♥t✳
■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ❝♦♥t✐♥✉❡r ❝❡s r❡❝❤❡r❝❤❡s ♣♦✉r t❡♥t❡r ❞❡ ♣r♦✉✈❡r ♦✉ ❞✬✐♥✜r♠❡r
❧❛ ❈♦♥❥❡❝t✉r❡ ✶ ❝♦♥❝❡r♥❛♥t ❧❡s ❞✐❣r❛♣❤❡s ♦r✐❡♥tés s②♠étr✐q✉❡s✳ ❉❡ ♣❧✉s✱ ✐❧ s❡r❛✐t
✐♥tér❡ss❛♥t ❞❡ ❝♦♥❝❡✈♦✐r ❞❡s ❛❧❣♦r✐t❤♠❡s ❜✐✲❝r✐trèr❡s ❡①❛❝ts ❡t ❤❡✉r✐st✐q✉❡s ♣r♦♣r❡s
❛✉ ❝❛❧❝✉❧ ❞❡ (p, q)✲str❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t✱ ❝✬❡st✲à✲❞✐r❡ ❛✈❡❝ ❞❡s ♦❜❥❡❝t✐❢s ♣♦rt❛♥t
s✉r ❧❡s ❞❡✉① ♣❛r❛♠ètr❡s✳
❯♥❡ ♣r♦❜❧è♠❛t✐q✉❡ ✐♠♣♦rt❛♥t❡ ♣♦✉r ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❡st ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡
❧❡ t❡♠♣s✳ P❛r ❡①❡♠♣❧❡✱ ❧❡ ♥♦♠❜r❡ ❞✬ét❛♣❡s ❞✉r❛♥t ❧❡sq✉❡❧❧❡s ✉♥ s♦♠♠❡t ❡st ❝♦✉✈❡rt
♣❛r ✉♥ ❛❣❡♥t ♣❡✉t êtr❡ ✐♠♣♦rt❛♥t ❝❛r ❝❡❧❛ ♣❡✉t ❝♦rr❡s♣♦♥❞r❡✱ ❞❛♥s ✉♥ ❝❡rt❛✐♥ s❡♥s✱
à ❧❛ ❞✉ré❡ ❞✬✐♥t❡rr✉♣t✐♦♥ ❞❡ ❧❛ r❡q✉êt❡ ❝♦rr❡s♣♦♥❞❛♥t❡✳ ❯♥ ♣r♦❜❧è♠❡ ❡st ❛❧♦rs ❞❡
♠✐♥✐♠✐s❡r ❧❡ ♥♦♠❜r❡ ❞✬ét❛♣❡s ❞✉r❛♥t ❧❡sq✉❡❧❧❡s ❧❡ s♦♠♠❡t ❞❡ ❝♦✉✈❡rt✉r❡ ♠❛①✐♠✉♠
❡st ❝♦✉✈❡rt✳ ▲❡ s♦♠♠❡t ❞❡ ❝♦✉✈❡rt✉r❡ ♠❛①✐♠✉♠ ❡st ❧❡ s♦♠♠❡t ❧❡ ♣❧✉s ❧♦♥❣t❡♠♣s
❝♦✉✈❡rt ❛✉ ❝♦✉rs ❞❡ ❧❛ str❛té❣✐❡✳ ▲✬ét✉❞❡ ❞❡ ♣♦ss✐❜❧❡s ❝♦♠♣r♦♠✐s ❡♥tr❡ t♦✉s ❝❡s
♣❛r❛♠ètr❡s s❡♠❜❧❡ ❞♦♥❝ très ✐♥tér❡ss❛♥t❡ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ t❤é♦r✐q✉❡ ❡t ❛✈❡❝ ❞❡s
❝♦♥séq✉❡♥❝❡s ❝♦♥❝rèt❡s ❞❛♥s ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡✳ ❱♦✐r ❬❈♦✉✶✵❪ ♣♦✉r ♣❧✉s
❞❡ ❞ét❛✐❧s s✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❛✈❡❝ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞✉ t❡♠♣s✳ ❈♦✉❞❡rt ② ✐♥tr♦❞✉✐t✱
❡♥tr❡ ❛✉tr❡s✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ♠✐♥✐♠✐s❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬ét❛♣❡s ❞❡s str❛té❣✐❡s ❞❡
tr❛✐t❡♠❡♥t✳
✷✳✹ ❊①t❡♥s✐♦♥s ❡t ❛✉tr❡s ♠♦❞é❧✐s❛t✐♦♥s
❉❛♥s ❝❡tt❡ ❞❡r♥✐èr❡ s❡❝t✐♦♥✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ♥♦tr❡ ♠♦❞è❧❡ ❛✐♥s✐
q✉❡ ❞✬❛✉tr❡s ♠♦❞é❧✐s❛t✐♦♥s r❡❧❛t✐✈❡s à ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❡s ❝♦♥♥❡①✐♦♥s✳
❉❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✹✳✶✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❧❛ ♥♦t✐♦♥ ❞❡ r❡q✉êt❡s ♣r✐♦r✐t❛✐r❡s✳ ❈❡s ❞❡r✲
♥✐èr❡s ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ✐♥t❡rr♦♠♣✉❡s ❛✉ ❝♦✉rs ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥✳ ◆♦✉s ♠♦♥✲
tr♦♥s ❝♦♠♠❡♥t s❡ r❛♠❡♥❡r ❛✉ ♣r♦❜❧è♠❡ ✐♥✐t✐❛❧ s✉r ✉♥ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s
tr❛♥s❢♦r♠é✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✹✳✷✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ t♦✉t❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ♣❡✉t
êtr❡ ♣❛rt❛❣é❡ ♣❛r ♣❧✉s✐❡✉rs ❝♦♥♥❡①✐♦♥s✳ ◆♦✉s ♠♦♥tr♦♥s ❛❧♦rs✱ ❡♥tr❡ ❛✉tr❡s✱ q✉❡ ❞ét❡r✲
♠✐♥❡r s✬✐❧ ❡①✐st❡ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ s❛♥s ✐♥t❡rr✉♣t✐♦♥ ❡st ✉♥ ♣r♦❜❧è♠❡ ◆P✲❝♦♠♣❧❡t✳
✻✷ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
❘❛♣♣❡❧♦♥s q✉❡ ❝❡ ♣r♦❜❧è♠❡ ❡st très ❢❛❝✐❧❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ✐♥✐t✐❛❧✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✹✳✸✱
♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❝♦♥tr❛✐♥t❡s ♣❤②s✐q✉❡s ❧✐é❡s ♣❛r ❡①❡♠♣❧❡
à ❝❡rt❛✐♥s ré❣❧❛❣❡s à ❡✛❡❝t✉❡r ❧♦rsq✉✬✉♥❡ ❝♦♥♥❡①✐♦♥ ❝❤❛♥❣❡ ❞❡ r♦✉t❡✳ ◆♦✉s ♥❡ ♣r❡♥♦♥s
♣❧✉s ❡♥ ❝♦♠♣t❡ ❧❡s ✐♥t❡rr✉♣t✐♦♥s ❧✐é❡s ❛✉① ❞é♣❡♥❞❛♥❝❡s✳ ❊♥ ❡✛❡t✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡
❧❡s r❡ss♦✉r❝❡s s♦♥t s✉✣s❛♥t❡s ♣♦✉r ❡✛❡❝t✉❡r ❧❡ r❡r♦✉t❛❣❡ s❛♥s ✐♥t❡rr✉♣t✐♦♥✳
✷✳✹✳✶ ▼♦❞è❧❡ ❛✈❡❝ r❡q✉êt❡s ♣r✐♦r✐t❛✐r❡s
❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❥✉sq✉✬à ♣rés❡♥t✱ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ♣❡✉t
❡♥❣❡♥❞r❡r ❞❡s ✐♥t❡rr✉♣t✐♦♥s t❡♠♣♦r❛✐r❡s ❞❡ ❝❡rt❛✐♥❡s r❡q✉êt❡s✳ ❈❡s ✐♥t❡rr✉♣t✐♦♥s
♣❡✉✈❡♥t êtr❡ ✐♥❛❝❝❡♣t❛❜❧❡s ♣♦✉r ❝❡rt❛✐♥s ❝❧✐❡♥ts✳ ❊♥ ❡✛❡t✱ ❝❡s ❞❡r♥✐❡rs ♣❡✉✈❡♥t ❛✈♦✐r
❝♦♥tr❛❝té ❞❡s ❝❧❛✉s❡s s♣é❝✐✜q✉❡s ✐♥t❡r❞✐s❛♥t t♦✉t❡ ✐♥t❡rr✉♣t✐♦♥ ❞✉ tr❛✜❝✳ ❈✬❡st ♣♦✉r✲
q✉♦✐ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❞❛♥s ♥♦tr❡ ♠♦❞è❧❡ ✉♥❡ ❝♦♥tr❛✐♥t❡ s✉♣♣❧é♠❡♥t❛✐r❡ q✉✐ ✐♥t❡r✲
❞✐t t♦✉t❡ ✐♥t❡rr✉♣t✐♦♥ ❞❡ tr❛✜❝ ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s r❡q✉êt❡s ❛♣♣❛rt❡♥❛♥t à ✉♥ s♦✉s✲
❡♥s❡♠❜❧❡ ❞♦♥♥é Q ❞❡ r❡q✉êt❡s ❞✐t❡s ♣r✐♦r✐t❛✐r❡s✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ét❛♥t ❞♦♥♥és
✉♥❡ ✐♥st❛♥❝❡ I ❡t ✉♥ ❡♥s❡♠❜❧❡ Q✱ ❧❡ ♣r♦❜❧è♠❡ r❡✈✐❡♥t à ❞ét❡r♠✐♥❡r ✉♥❡ r❡❝♦♥✜❣✉r❛✲
t✐♦♥ ❛✈❡❝ ❧❛ ❝♦♥tr❛✐♥t❡ s✉♣♣❧é♠❡♥t❛✐r❡ q✉❡ ❝❤❛❝✉♥❡ ❞❡s r❡q✉êt❡s ❞❡ Q ❡st r❡r♦✉té❡
❡♥ ✉t✐❧✐s❛♥t ✉♥ ♠❛❦❡✲❜❡❢♦r❡✲❜r❡❛❦✳ ❉❡ ♠❛♥✐èr❡ éq✉✐✈❛❧❡♥t❡✱ ❝❡❧❛ r❡✈✐❡♥t à ❞ét❡r♠✐♥❡r
✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D ❛ss♦❝✐é à I ❛✈❡❝ ❧❛
❝♦♥tr❛✐♥t❡ q✉✬✉♥ ❛❣❡♥t ♥❡ ♣❡✉t ♣❛s êtr❡ ♣❧❛❝é s✉r ✉♥ s♦♠♠❡t u ∈ Q✳ ◆♦✉s ♥♦t♦♥s Q
❧✬❡♥s❡♠❜❧❡ ❞❡s s♦♠♠❡ts ❞❡ D ❝♦rr❡s♣♦♥❞❛♥t à ❧✬❡♥s❡♠❜❧❡ Q ❞❡s r❡q✉êt❡s ♣r✐♦r✐t❛✐r❡s✳
◆♦✉s ♥♦t♦♥s (I,Q) ✉♥❡ ✐♥st❛♥❝❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❝♦♥tr❛✐♥t ♣❛r Q ❡t
♥♦✉s ♥♦t♦♥s (D,Q) ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ❛✈❡❝ ❧❡s s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s Q✳
❉é✜♥✐ss♦♥s ❢♦r♠❡❧❧❡♠❡♥t ❧❛ ♥♦t✐♦♥ ❞❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r (D,Q)✳
❉é✜♥✐t✐♦♥ ✷✸ ✭✭♣✱q✮✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r ✭❉✱◗✮✮ ➱t❛♥t ❞♦♥♥és ✉♥
❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D = (V,A) ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s Q ⊆ V ✱
✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r (D,Q) ❡st ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♣♦✉r D t❡❧❧❡ q✉❡ ❧❡s s♦♠♠❡ts ❞❡ ❧✬❡♥s❡♠❜❧❡ Q ♥❡ s♦♥t ♣❛s ❝♦✉✈❡rts ♣❛r ✉♥ ❛❣❡♥t✳
▲❛ ♣r♦♣r✐été ✺ ♠♦♥tr❡ à ♥♦✉✈❡❛✉ ❧✬éq✉✐✈❛❧❡♥❝❡ ❡♥tr❡ ❧❡s ♥♦t✐♦♥s ❞❡ r❡❝♦♥✜❣✉r❛✲
t✐♦♥ ❡t ❞❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✳
Pr♦♣r✐été ✺ ❙♦✐❡♥t I ✉♥❡ ✐♥st❛♥❝❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥✱ D = (V,A)
❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ❛ss♦❝✐é ❡t Q ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡ r❡q✉êt❡s ✭s♦♠♠❡ts✮
♣r✐♦r✐t❛✐r❡s✳ ■❧ ❡①✐st❡ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡s r❡q✉êt❡s ❣❛r❛♥t✐ss❛♥t q✉✬❛✉❝✉♥❡ r❡q✉êt❡
❞❡ Q ♥❡ s♦✐t ✐♥t❡rr♦♠♣✉❡ ❡t q✉✬❛✉ ♣❧✉s p r❡q✉êt❡s s♦♥t ✐♥t❡rr♦♠♣✉❡s s✐♠✉❧t❛♥é♠❡♥t
❛✈❡❝ ✉♥ t♦t❛❧ ❞❡ q ✐♥t❡rr✉♣t✐♦♥s s✐✱ ❡t s❡✉❧❡♠❡♥t s✐✱ ✐❧ ❡①✐st❡ ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t ♣♦✉r (D,Q)✳
❆✐♥s✐✱ ✉♥ s♦♠♠❡t u ∈ Q ❞♦✐t êtr❡ tr❛✐té ❡♥ ✉t✐❧✐s❛♥t ❧❛ rè❣❧❡ R3✱ ❝✬❡st✲à✲❞✐r❡
s❛♥s ♣❧❛❝❡r ❞✬❛❣❡♥t s✉r u✳ ❙✐ ❧❡ s♦✉s✲❞✐❣r❛♣❤❡ ✐♥❞✉✐t ♣❛r ❧❡s s♦♠♠❡ts ❞❡ Q ♥✬❡st ♣❛s
s❛♥s ❝✐r❝✉✐t✱ ❛❧♦rs ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ✈❛❧✐❞❡✱ ❡t ❞♦♥❝ ♣❛s ❞❡
r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ✈❛❧✐❞❡ ✭▲❡♠♠❡ ✶✸✮✳ ❉é❝✐❞❡r ❝❡❧❛ ♣❡✉t s❡ ❢❛✐r❡ ❧✐♥é❛✐r❡♠❡♥t
❡♥ ❧❛ s♦♠♠❡ ❞✉ ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ❡t ❞✉ ♥♦♠❜r❡ ❞✬❛r❝s ✭Pr♦♣♦s✐t✐♦♥ ✷✮✳
✷✳✹✳ ❊①t❡♥s✐♦♥s ❡t ❛✉tr❡s ♠♦❞é❧✐s❛t✐♦♥s ✻✸
▲❡♠♠❡ ✶✸ ❙♦✐❡♥t D = (V,A) ✉♥ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ❡t Q ⊆ V ✉♥ s♦✉s✲
❡♥s❡♠❜❧❡ ❞❡ s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s✳ ■❧ ♥✬❡①✐st❡ ♣❛s ❞❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r
(D,Q) s✐ ❡t s❡✉❧❡♠❡♥t s✐ D ❝♦♥t✐❡♥t ✉♥ ❝✐r❝✉✐t ❞❡ s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s✳
Pr❡✉✈❡ ✿ ⇐ ❙✐ D ❝♦♥t✐❡♥t ✉♥ ❝✐r❝✉✐t ❞❡ s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s✱ ✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡
❞✬✉t✐❧✐s❡r ❧❛ rè❣❧❡ R3 ♣♦✉r tr❛✐t❡r ✉♥ s♦♠♠❡t ❞✉ ❝✐r❝✉✐t s❛♥s ♣❧❛❝❡r ♣ré❛❧❛❜❧❡♠❡♥t
✉♥ ❛❣❡♥t s✉r ❛✉ ♠♦✐♥s ✉♥ ❛✉tr❡ s♦♠♠❡t ❞❡ ❝❡ ❝✐r❝✉✐t✳
⇒ ❙✐ D ♥❡ ❝♦♥t✐❡♥t ♣❛s ❞❡ ❝✐r❝✉✐t ❞❡ s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s✱ ❛❧♦rs ✉♥❡ str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t ♣♦✉r (D,Q) ♣❡✉t ❝♦♥s✐st❡r à ♣r❡♠✐èr❡♠❡♥t ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ❝❤❛❝✉♥
❞❡s s♦♠♠❡ts ❞❡ V −Q✱ tr❛✐t❡r ❡♥s✉✐t❡ ❧❡s s♦♠♠❡ts ❞❡ Q ✭s❛♥s ❛❣❡♥t s✉♣♣❧é♠❡♥t❛✐r❡✮
❡t ❡♥✜♥ tr❛✐t❡r ❧❡s s♦♠♠❡ts ❞❡ V −Q ❡♥ r❡t✐r❛♥t ❧❡s ❛❣❡♥ts ♣❧❛❝és ❞❡ss✉s✳ 
Pr♦♣♦s✐t✐♦♥ ✷ ➱t❛♥t ❞♦♥♥és ✉♥ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D = (V,A) ❡t ✉♥ ❡♥✲
s❡♠❜❧❡ ❞❡ s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s Q ⊆ V ✱ ♥♦✉s ♣♦✉✈♦♥s ❞é❝✐❞❡r ❡♥ t❡♠♣s O(|V |+ |A|)
s✐ ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❡①✐st❡ ♣♦✉r (D,Q)✳
Pr❡✉✈❡ ✿ P❛r ❧❡ ▲❡♠♠❡ ✶✸✱ ✐❧ s✉✣t ❞❡ t❡st❡r s✐ ❧❡ ❞✐❣r❛♣❤❡DQ✱ ♦❜t❡♥✉ ❡♥ s✉♣♣r✐♠❛♥t
❧❡s s♦♠♠❡ts V −Q ❞❡ D✱ ❝♦♥t✐❡♥t ✉♥❡ ❝♦♠♣♦s❛♥t❡ ❢♦rt❡♠❡♥t ❝♦♥♥❡①❡✳ 
❉❛♥s ❧❡ ❝❛s ♦ù ❧❡ ❞✐❣r❛♣❤❡ ✐♥❞✉✐t ♣❛r Q ❡st s❛♥s ❝✐r❝✉✐t✱ ♥♦✉s ♠♦♥tr♦♥s ❞❛♥s
❧❛ s❡❝t✐♦♥ ✷✳✹✳✶✳✶ q✉✬✐❧ ❡①✐st❡ ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r (D,Q) s✐✱ ❡t
s❡✉❧❡♠❡♥t s✐✱ ✐❧ ❡①✐st❡ ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D∗✱ ❝♦♥str✉✐t à ♣❛rt✐r
❞❡ D ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡ ♣r♦❜❧è♠❡
❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❛✈❡❝ r❡q✉êt❡s ♣r✐♦r✐t❛✐r❡s s❡ r❛♠è♥❡ à ♥♦tr❡ ♣r♦❜❧è♠❡ ✐♥✐t✐❛❧ ❞❡
r❡❝♦♥✜❣✉r❛t✐♦♥✳
✷✳✹✳✶✳✶ ❚r❛♥s❢♦r♠❛t✐♦♥
◆♦✉s ❛❧❧♦♥s ❝♦♥str✉✐r❡ ✉♥ ❞✐❣r❛♣❤❡ D∗ à ♣❛rt✐r ❞❡ D ❡t Q✱ t❡❧ q✉❡ s✬✐❧ ❡①✐st❡ ✉♥❡
(p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉rD∗ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♣♦✉r (D,Q)✱ ❡t ré❝✐♣r♦q✉❡♠❡♥t✳
❉é✜♥✐t✐♦♥ ✷✹ ✭❝♦♥str✉❝t✐♦♥ ❞❡ ❉✯✭✈✮✮ ❙♦✐❡♥t D = (V,A) ✉♥ ❞✐❣r❛♣❤❡ ❡t v ∈
V ✳ ▲❡ ❞✐❣r❛♣❤❡ D∗(v) ❡st ♦❜t❡♥✉ à ♣❛rt✐r ❞❡ D ❡♥ s✉♣♣r✐♠❛♥t v ❡t ❡♥ ❛❥♦✉t❛♥t ✉♥
❛r❝ ❞❡ t♦✉s ❧❡s s♦♠♠❡ts ❞❡ N−(v) ✈❡rs t♦✉s ❧❡s s♦♠♠❡ts ❞❡ N+(v)✳ ❘❡♠❛rq✉♦♥s
q✉❡ ❝❡tt❡ tr❛♥s❢♦r♠❛t✐♦♥ ♣❡✉t ❣é♥ér❡r ❞❡s ❜♦✉❝❧❡s s✐ N−(v) ∩N+(v) 6= ∅✳
❈♦♥s✐❞ér♦♥s ❧✬✐♥st❛♥❝❡ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✶✻✳ ❈❤❛q✉❡ ❧✐❡♥ ❞✉ rés❡❛✉ r❡♣rés❡♥t❡ ❞❡✉①
❛r❝s ✭✉♥ ❞❛♥s ❝❤❛q✉❡ s❡♥s✮ ❝❤❛❝✉♥ ❝♦♠♣♦sé ❞✬✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ▲❡ r♦✉t❛❣❡ ❝♦✉✲
r❛♥t R ❞❡s ❝✐♥q r❡q✉êt❡s a✱ b✱ c✱ d ❡t e ❡st r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✻✭❛✮✳ ▲❡
r♦✉t❛❣❡ ✜♥❛❧ R′ ❡st r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✻✭❜✮ ❡t ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s
D ❛ss♦❝✐é ❡st r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✻✭❝✮✳ ◆♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❛ r❡q✉êt❡ d ❡st
♣r✐♦r✐t❛✐r❡ ✭Q = {d}✮✳ ❊♥ ✉t✐❧✐s❛♥t ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞é❝r✐t❡ ❞❛♥s ❧❛ ❉é✜♥✐t✐♦♥ ✷✹✱
♥♦✉s ♦❜t❡♥♦♥s ❧❡ ❞✐❣r❛♣❤❡ D∗ = D∗(d) r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✻✭❞✮✳ ❈♦♠♠❡
N−(d) = {b, c}✱ N+(d) = {a, b, c}✱ ❡t ❞♦♥❝ N−(v) ∩N+(v) = {b, c}✱ ❧❡s s♦♠♠❡ts b
❡t c ♦♥t ❞❡s ❜♦✉❝❧❡s ❞❛♥s D∗(d)✳ ❈♦♠♠❡ ♥♦✉s ❧❡ ♣r♦✉✈♦♥s ❞❛♥s ❧❛ Pr♦♣♦s✐t✐♦♥ ✸✱
✻✹ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
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✭❛✮ ❘♦✉t❛❣❡ R✳
8
6
32
5
1
4
7 9
e
cb
a
d
✭❜✮ ❘♦✉t❛❣❡ R′✳
d
b
a c
✭❝✮ ❉✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥✲
❞❛♥❝❡s D✳
b
c
a
✭❞✮ ❈♦♥str✉❝t✐♦♥
❞❡ D∗ = D∗(d)
à ♣❛rt✐r ❞❡ D ❡t
Q = {d}✳
❋✐❣✳ ✷✳✶✻ ✕ ▲❡ rés❡❛✉ ❡st ✉♥❡ ❣r✐❧❧❡ 3 × 3 ❛✈❡❝ ❞❡s ❧✐❡♥s s②♠étr✐q✉❡s ❞❡ ❝❛♣❛❝✐té 1
✭❝✬❡st✲à✲❞✐r❡ ❝♦♠♣♦sé ❞✬✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✮✳ ▲❡s ✜❣✉r❡s ✷✳✶✻✭❛✮ ❡t ✷✳✶✻✭❜✮ r❡♣ré✲
s❡♥t❡♥t ❧❡ r♦✉t❛❣❡ ❝♦✉r❛♥t R ❡t ❧❡ r♦✉t❛❣❡ ✜♥❛❧ R′ ♣♦✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝♦♥♥❡①✐♦♥s
{a, b, c, d, e}✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s r❡q✉êt❡s ♣r✐♦r✐t❛✐r❡s ❡st Q = {d}✳ ▲❛
✜❣✉r❡ ✷✳✶✻✭❝✮ ❡st ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ❛ss♦❝✐é ❡t ❧❛ ✜❣✉r❡ ✷✳✶✻✭❞✮ r❡♣rés❡♥t❡
D∗ = D∗(v) ❝♦♥str✉✐t à ♣❛rt✐r ❞❡ D ✭❉é✜♥✐t✐♦♥ ✷✹✮✳
❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ (2, 2)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D∗ ✭♦♣t✐♠❛❧ ♣♦✉r ❧❡s ❞❡✉① ♣❛✲
r❛♠ètr❡s✮ ❛ss✉r❡ ✉♥❡ (2, 2)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r (D, {d})✳ ❊♥ ❡✛❡t✱ ✐❧ ❡st
♥é❝❡ss❛✐r❡ ♣♦✉r tr❛✐t❡r D∗ ❞❡ ♣❧❛❝❡r ❞❡✉① ❛❣❡♥ts s✉r ❧❡s ❞❡✉① s♦♠♠❡ts ❛✈❡❝ ❜♦✉❝❧❡
✭s♦♠♠❡ts b ❡t c✮✱ ❡t ❝❡❧❛ s✐♠✉❧t❛♥é♠❡♥t✳ ▲❡ s♦♠♠❡t a ♣❡✉t ❛✐♥s✐ êtr❡ tr❛✐té✳ ❊♥✜♥✱
♥♦✉s tr❛✐t♦♥s ❧❡s s♦♠♠❡ts b ❡t c séq✉❡♥t✐❡❧❧❡♠❡♥t✳
Pr♦♣♦s✐t✐♦♥ ✸ ❙♦✐❡♥t D = (V,A) ✉♥ ❞✐❣r❛♣❤❡ ❡t Q := {v} ♣♦✉r ✉♥ ❝❡rt❛✐♥ s♦♠✲
♠❡t v ∈ V s❛♥s ❜♦✉❝❧❡✳ ❯♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r (D,Q) ❡①✐st❡ s✐ ❡t
s❡✉❧❡♠❡♥t s✐ ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D∗(v) ❡①✐st❡✳
Pr❡✉✈❡ ✿ ❙♦✐t P ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r (D,Q)✳ ◆♦✉s ❛♣♣❧✐q✉♦♥s
P ♣♦✉r D∗(v) ❡♥ ✐❣♥♦r❛♥t ❧✬ét❛♣❡ ❞❡ tr❛✐t❡♠❡♥t ❞✉ s♦♠♠❡t v✳ ■❧ ♥❡ ♣❡✉t ② ❛✈♦✐r
✉♥ ♣r♦❜❧è♠❡ ✉♥✐q✉❡♠❡♥t ❧♦rsq✉❡ ♥♦✉s tr❛✐t♦♥s ✉♥ s♦♠♠❡t u ∈ N−D (v)✳ ▼❛✐s ❧♦rsq✉❡
✉♥❡ t❡❧❧❡ ét❛♣❡ s✉r✈✐❡♥t✱ ❧❡ s♦♠♠❡t v ❛ ❡♥ ❢❛✐t été tr❛✐té ♣ré❝é❞❡♠♠❡♥t ❝❛r P ❡st
✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ✈❛❧✐❞❡✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ t♦✉s ❧❡s s♦♠♠❡ts ❞❡ N+D (v) s♦♥t
❞é❥à tr❛✐tés ♦✉ ❝♦✉✈❡rts ♣❛r ✉♥ ❛❣❡♥t✱ ❡t ❧❡ s♦♠♠❡t u ♣❡✉t êtr❡ tr❛✐té✳ ❉♦♥❝ ✐❧ ❡①✐st❡
✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D∗(v)✳
❈♦♥s✐❞ér♦♥s ♠❛✐♥t❡♥❛♥t P ∗ ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D∗(v)✳ ◆♦✉s
♦❜t❡♥♦♥s P à ♣❛rt✐r ❞❡ P ∗ ❡♥ ❛❥♦✉t❛♥t ❧✬ét❛♣❡ ❝♦♥s✐st❛♥t à tr❛✐t❡r v ❥✉st❡ ❛✈❛♥t ❧❡
♣r❡♠✐❡r tr❛✐t❡♠❡♥t ❞✬✉♥ s♦♠♠❡t ❞❡ N−(v)✳ P❛r ❞é✜♥✐t✐♦♥ ❞❡ D∗(v)✱ t♦✉s ❧❡s s♦♠✲
♠❡ts ❞❡ N+(v) ❞♦✐✈❡♥t êtr❡ ❞é❥à tr❛✐tés ♦✉ ❝♦✉✈❡rts ♣❛r ✉♥ ❛❣❡♥t✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱
♥♦✉s ♦❜t❡♥♦♥s q✉❡ P ❡st ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ✈❛❧✐❞❡ ♣♦✉r (D,Q)✳ 
P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ❡♥ ❛♣♣❧✐q✉❛♥t ré❝✉rs✐✈❡♠❡♥t ❧❛ t❡❝❤♥✐q✉❡ ❞❡ ❧❛ Pr♦♣♦s✐t✐♦♥ ✸✱
ét❛♥t ❞♦♥♥és ✉♥ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡sD = (V,A) ❡t ✉♥ ❡♥s❡♠❜❧❡ Q ⊆ V ❞❡ s♦♠✲
✷✳✹✳ ❊①t❡♥s✐♦♥s ❡t ❛✉tr❡s ♠♦❞é❧✐s❛t✐♦♥s ✻✺
♠❡ts ♣r✐♦r✐t❛✐r❡s✱ ♥♦✉s ♣♦✉✈♦♥s ❝♦♥str✉✐r❡ ✉♥ ❞✐❣r❛♣❤❡D∗ s❛♥s s♦♠♠❡t ♣r✐♦r✐t❛✐r❡ ❡t
❞é❞✉✐r❡ ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r (D,Q) à ♣❛rt✐r ❞✬✉♥❡ (p, q)✲str❛té❣✐❡
❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D∗ ✭❈♦r♦❧❧❛✐r❡ ✻✮✳
❈♦r♦❧❧❛✐r❡ ✻ ❙♦✐❡♥t D = (V,A) ✉♥ ❞✐❣r❛♣❤❡ ❡t Q := {v1, v2, . . . , vf} ⊆ V ✳
◆♦✉s ❞é✜♥✐ss♦♥s D1 := D∗(v1) ❡t ♣♦✉r ❝❤❛q✉❡ i ∈ {2, 3, . . . , f}✱ ♥♦✉s ❞é✜♥✐ss♦♥s
Di := D
∗
i−1(vi) s✐ vi ♥✬❛ ♣❛s ❞❡ ❜♦✉❝❧❡ ❞❛♥s Vi✳ ❯♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♣♦✉r (D,Q) ❡①✐st❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ D∗ := Df ❡st ❞é✜♥✐ ❡t ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t ♣♦✉r Df ❡①✐st❡✳
❘❡♠❛rq✉❡ ✼ ❖❜s❡r✈♦♥s q✉❡ s✐ vi+1 ❛ ✉♥❡ ❜♦✉❝❧❡ ❞❛♥s Vi✱ ❛❧♦rs D ❝♦♥t✐❡♥t ✉♥
❝✐r❝✉✐t ❞❡ s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s ❡t ❞♦♥❝ D ♥❡ ♣❡✉t ♣❛s êtr❡ tr❛✐té s❛♥s ♣❧❛❝❡r ❛✉
♠♦✐♥s ✉♥ ❛❣❡♥t s✉r ✉♥ s♦♠♠❡t ♣r✐♦r✐t❛✐r❡✳ ■❧ ♥✬❡①✐st❡ ❞♦♥❝ ♣❛s ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥
♥✬✐♥t❡rr♦♠♣❛♥t ♣❛s ❞❡ r❡q✉êt❡ ♣r✐♦r✐t❛✐r❡✳
▲❡ ❈♦r♦❧❧❛✐r❡ ✻ ♠❡t ❡♥ ❡①❡r❣✉❡✱ ❡♥tr❡ ❛✉tr❡s✱ q✉❡ ❞ét❡r♠✐♥❡r ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡✲
♠❡♥t ❞❡ D∗ ♣❡r♠❡t ❞❡ ❞é❞✉✐r❡ ❧❡ ♥♦♠❜r❡ ♠✐♥✐♠✉♠ ❞✬❛❣❡♥ts ♥é❝❡ss❛✐r❡s ♣♦✉r tr❛✐✲
t❡r D ❛✈❡❝ ❧❡s s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s Q✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♥♦✉s ❛✈♦♥s ♣♥(D,Q) =
♣♥(D∗) ❛✈❡❝ ♣♥(D,Q) ❧❡ ♣❧✉s ♣❡t✐t p t❡❧ q✉✬✐❧ ❡①✐st❡ ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
♣♦✉r (D,Q)✳
✷✳✹✳✶✳✷ ❇♦r♥❡ s✉♣ér✐❡✉r❡ s✉r ❧❡ ♥♦♠❜r❡ ❞✬❛❣❡♥ts s✉♣♣❧é♠❡♥t❛✐r❡s
◆♦✉s ♣r♦✉✈♦♥s ♠❛✐♥t❡♥❛♥t ✉♥❡ ❜♦r♥❡ s✉♣ér✐❡✉r❡ s✉r ❧❡ ♥♦♠❜r❡ ♥é❝❡ss❛✐r❡
❞✬❛❣❡♥ts s✉♣♣❧é♠❡♥t❛✐r❡s ♣♦✉r tr❛✐t❡r ✉♥ ❞✐❣r❛♣❤❡ D = (V,A) ❛✈❡❝ ❧✬❡♥s❡♠❜❧❡
Q ⊆ V ❞❡ s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♥♦✉s ❝♦♠♣❛r♦♥s ♣♥(D) ❡t
♣♥(D,Q) = ♣♥(D∗)✳
Pr♦♣♦s✐t✐♦♥ ✹ P♦✉r t♦✉t ❞✐❣r❛♣❤❡ D = (V,A) ❡t ♣♦✉r t♦✉t s♦✉s✲❡♥s❡♠❜❧❡ Q ⊆ V
❞❡ s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s✱ ♣♥(D,Q) ≤ ♣♥(D) + |N+(Q)|✳ ❉❡ ♣❧✉s✱ ❝❡tt❡ ❜♦r♥❡ ❡st
❛s②♠♣t♦t✐q✉❡♠❡♥t ❛tt❡✐♥t❡✳
Pr❡✉✈❡ ✿ ❙♦✐t P ✉♥❡ ♣♥(D)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r D✳ ◆♦✉s ❛♣♣❧✐q✉♦♥s ❧❛
str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t P ♣♦✉r (D,Q) ❛✈❡❝ ❧❡s ❛❞❛♣t❛t✐♦♥s s✉✐✈❛♥t❡s✳ ➚ ❝❤❛q✉❡
ét❛♣❡ ❞❡ P q✉✐ ❝♦♥s✐st❡ à ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r ✉♥ s♦♠♠❡t v ∈ Q✱ ♥♦✉s r❡♠♣❧❛ç♦♥s
❝❡tt❡ ♦♣ér❛t✐♦♥ ♣❛r ❧❛ séq✉❡♥❝❡ ❞✬♦♣ér❛t✐♦♥s q✉✐ ❝♦♥s✐st❡ à ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r
❝❤❛q✉❡ s♦♠♠❡t ❞❡ N+(v)✳ ❙✐ ✉♥ s♦♠♠❡t ❞❡ N+(v) ❡st ✉♥ s♦♠♠❡t ♣r✐♦r✐t❛✐r❡✱ ♥♦✉s
♣❧❛ç♦♥s ❛✉ss✐ ✉♥ ❛❣❡♥t s✉r ❝❤❛q✉❡ s♦♠♠❡t ❞❡ s♦♥ ✈♦✐s✐♥❛❣❡ s♦rt❛♥t ❡t ❛✐♥s✐ ❞❡
s✉✐t❡ ré❝✉rs✐✈❡♠❡♥t✳ ❊♥s✉✐t❡✱ t♦✉s ❧❡s s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s ❝♦♥s✐❞érés à ❝❡tt❡ ét❛♣❡
s♦♥t tr❛✐tés✳ ❙✐ à ✉♥❡ ét❛♣❡ ❞❡ ❧❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t✱ P ♣❧❛❝❡ ✉♥ ❛❣❡♥t s✉r
✉♥ s♦♠♠❡t ❞é❥à ♦❝❝✉♣é ✭❝❡❧❛ ♣❡✉t ❛rr✐✈❡r s✐ ❝❡ s♦♠♠❡t ❡st ✉♥ ✈♦✐s✐♥ s♦rt❛♥t ❞✬✉♥
s♦♠♠❡t ♣r✐♦r✐t❛✐r❡✮✱ ❛❧♦rs ♥♦✉s ♣❛ss♦♥s s✐♠♣❧❡♠❡♥t ❝❡tt❡ ét❛♣❡✳ ❊♥✜♥✱ s✐ P tr❛✐t❡
✉♥ s♦♠♠❡t q✉✐ ♥✬❡st ♣❛s ♦❝❝✉♣é ♠❛✐s q✉✐ ❡st ♦❝❝✉♣é ♣❛r ✉♥ ❛❣❡♥t ❞❛♥s ❧❛ str❛té❣✐❡
❞❡ tr❛✐t❡♠❡♥t ♠♦❞✐✜é❡✱ ❛❧♦rs ❝❡t ❛❣❡♥t ❡st s✉♣♣r✐♠é✳ ❈❡tt❡ ♥♦✉✈❡❧❧❡ str❛té❣✐❡ ❞❡
tr❛✐t❡♠❡♥t ❡st ❜✐❡♥ ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♣♦✉r (D,Q) ❝❛r ❧♦rsq✉✬✉♥ s♦♠♠❡t
✻✻ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
v ❞❡ D ❡st ♦❝❝✉♣é ♣❛r ✉♥ ❛❣❡♥t ❞❛♥s P ✱ ❛❧♦rs s♦✐t ❝✬❡st é❣❛❧❡♠❡♥t ❧❡ ❝❛s ❞❛♥s
❧❛ ♥♦✉✈❡❧❧❡ str❛té❣✐❡✱ s♦✐t v ❡st ✉♥ s♦♠♠❡t ♣r✐♦r✐t❛✐r❡ ❡t ❛ été tr❛✐té✳ ❉❡ ♣❧✉s✱ ❧❛
str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ♠♦❞✐✜é❡ ✉t✐❧✐s❡ ❛✉ ♣❧✉s ♣♥(D) + |N+(Q)| ❛❣❡♥ts✳
P♦✉r ♣r♦✉✈❡r q✉❡ ❝❡tt❡ ❜♦r♥❡ ❡st ❛tt❡✐♥t❡✱ s♦✐t k ≥ 1✳ ❈♦♥s✐❞ér♦♥s ❧❡ ❞✐❣r❛♣❤❡ D
❝♦♠♣♦sé ❞❡ k ❝❧✐q✉❡s ♦r✐❡♥té❡s s②♠étr✐q✉❡s ❞❡ t❛✐❧❧❡ k ✿ C1, C2, · · · , Ck ❡t ❞❡ k + 1
s♦♠♠❡ts v0, · · · , vk✳ ◆♦✉s ❛✈♦♥s ✉♥ ❛r❝ ❞❡ v0 à vi ♣♦✉r t♦✉t i ≤ k✳ ❊♥s✉✐t❡✱ ♣♦✉r t♦✉t
i ≤ k✱ ♥♦✉s ❛✈♦♥s ✉♥ ❛r❝ ❞❡ vi à ❝❤❛q✉❡ s♦♠♠❡t ❞❡ Ci ❡t ❞❡ ❝❤❛q✉❡ s♦♠♠❡t ❞❡ Ci à
❝❤❛q✉❡ s♦♠♠❡t ❞❡ Ci+1✳ ❊♥✜♥✱ ♥♦✉s ❛✈♦♥s ✉♥ ❛r❝ ❞❡ ❝❤❛q✉❡ s♦♠♠❡t ❞❡
⋃
i≤k Ci à v0✳
◆♦✉s ♣r♦✉✈♦♥s ♣r❡♠✐èr❡♠❡♥t q✉❡ ♣♥(D) = k+1 ✿ ❧❛ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❝♦♥s✐st❡
à ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉r v0✱ tr❛✐t❡r v1, · · · , vk ❡t ❡♥✜♥ ♣❧❛❝❡r ✉♥ ❛❣❡♥t s✉❝❝❡s✐✈❡♠❡♥t s✉r
❝❤❛q✉❡ s♦♠♠❡t ❞❡ Ci✱ ♣♦✉r i ❛❧❧❛♥t ❞❡ 1 à k✳ P♦✉r ❝♦♥❝❧✉r❡✱ s♦✐t Q = {v0, · · · , vk}✳
◆♦✉s ♣r♦✉✈♦♥s q✉❡ ♣♥(D,Q) =
∑
i≤k |Ci|✳ ❊♥ ❛♣♣❧✐q✉❛♥t ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞é❝r✐t❡
♣ré❝é❞❡♠♠❡♥t ♣♦✉r ❧❡s s♦♠♠❡ts v1, · · · , vk✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥ ❞✐❣r❛♣❤❡ ❞❛♥s ❧❡q✉❡❧
❧❡ s♦♠♠❡t ♣r✐♦r✐t❛✐r❡ v0 ❡st ✉♥ ✈♦✐s✐♥ ❡♥tr❛♥t ❞❡ t♦✉s ❧❡s s♦♠♠❡ts ❞❡
⋃
i≤k Ci✳ P❛r
❧❛ Pr♦♣♦s✐t✐♦♥ ✸✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❡ rés✉❧t❛t✳ 
◆♦✉s ❛✈♦♥s ♣rés❡♥té ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❛✈❡❝
❧❛ ❝♦♥tr❛✐♥t❡ q✉❡ ❝❡rt❛✐♥❡s r❡q✉êt❡s ♣r✐♦r✐t❛✐r❡s ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ✐♥t❡rr♦♠♣✉❡s
✭❝❧❛✉s❡ ❞❛♥s ❧❡ ❝♦♥tr❛t ♣❛r ❡①❡♠♣❧❡✮✳ ◆♦✉s r❡♣rés❡♥t♦♥s ❝❡❧❛ ❡♥ ✐♥tr♦❞✉✐s❛♥t ❞❛♥s ❧❡s
(p, q)✲str❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t ❧❛ ❝♦♥tr❛✐♥t❡ q✉❡ ❧❡s s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s ♥❡ ♣❡✉✈❡♥t
♣❛s r❡❝❡✈♦✐r ❞✬❛❣❡♥ts✳ ■❧ ❡st très s✐♠♣❧❡ ❞❡ ✈ér✐✜❡r s✐ ✉♥❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t
❡①✐st❡ ♣♦✉r ✉♥ ❞✐❣r❛♣❤❡ ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s ❞♦♥♥és✳ ❉❛♥s ❝❡
❝❛s✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞✉ ❞✐❣r❛♣❤❡ ♣❡r♠❡tt❛♥t ❞❡ ♥♦✉s r❛♠❡♥❡r
❛✉ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r ✉♥❡ (p, q)✲str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t s❛♥s ❝♦♥tr❛✐♥t❡ ❞❡
s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s✳ ❊♥ ❞é✜♥✐t✐✈❡✱ ✐❧ ♥✬❡st ♣❛s ✉t✐❧❡ ❞❡ tr❛✐t❡r ❝❡ ♣r♦❜❧è♠❡ ✐♥❞é♣❡♥✲
❞❛♠♠❡♥t ❡t t♦✉s ❧❡s rés✉❧t❛ts ♣rés❡♥tés ♣♦✉r ❧❡s ❞✐❣r❛♣❤❡s ❞❡ ❞é♣❡♥❞❛♥❝❡s ✈❛❧❡♥t
♣♦✉r ❧❡s ❞✐❣r❛♣❤❡s ❞❡ ❞é♣❡♥❞❛♥❝❡s ❛✈❡❝ s♦♠♠❡ts ♣r✐♦r✐t❛✐r❡s✳
✷✳✹✳✷ ▼♦❞è❧❡ ❛✈❡❝ ♣❛rt❛❣❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡
❉❛♥s ❧❡ ♠♦❞è❧❡ q✉❡ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ❥✉sq✉✬à ♣rés❡♥t✱ ❧❡s r❡❧❛t✐♦♥s ❞❡ ❞é♣❡♥✲
❞❛♥❝❡s ❡♥tr❡ ❧❡s r❡q✉êt❡s ét❛✐❡♥t ❜✐♥❛✐r❡s✳ ❊♥ ❡✛❡t✱ ét❛♥t ❞♦♥♥és ✉♥❡ ✐♥st❛♥❝❡ I ❞✉
♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥✱ ❧❡ ❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D = (V,A) ❛ss♦❝✐é à I ❡t
❞❡✉① s♦♠♠❡ts ✭r❡q✉êt❡s✮ u ∈ V ❡t v ∈ V ❞❡✈❛♥t êtr❡ r❡r♦✉té❡s✱ ♥♦✉s ❛✈✐♦♥s q✉❡ ✿
✕ s♦✐t (u, v) ∈ A ❡t ❞♦♥❝ u ♣♦✉✈❛✐t êtr❡ r❡r♦✉té❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ v ét❛✐t
✐♥t❡rr♦♠♣✉❡ ♦✉ ❞é❥à r❡r♦✉té❡ ❀
✕ s♦✐t (u, v) /∈ A ❡t ❞♦♥❝ ❧❡ r❡r♦✉t❛❣❡ ❞❡ u ♣♦✉✈❛✐t s❡ ❢❛✐r❡ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞✉
r❡r♦✉t❛❣❡ ❞❡ v✳
❉❛♥s ❬❈▼◆✵✾❜❪✱ ♥♦✉s ❛✈♦♥s r❡❧â❝❤é ❧❛ ❝♦♥tr❛✐♥t❡ q✉✬✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ♣♦✉✈❛✐t
êtr❡ ✉t✐❧✐sé❡ ♣❛r ❛✉ ♣❧✉s ✉♥❡ r❡q✉êt❡✳
▲❛ ✜❣✉r❡ ✷✳✶✼ r❡♣rés❡♥t❡ ✉♥ rés❡❛✉ ❡♥ ❣r✐❧❧❡ ❛✈❡❝ ❞❡s ❧✐❡♥s s②♠étr✐q✉❡s✳ ■❧ ② ❛
✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ s✉r ❝❤❛❝✉♥ ❞❡s ❧✐❡♥s✳ ❈❤❛❝✉♥❡ ❞❡ ❝❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡s ♣❡✉t
êtr❡ ♣❛rt❛❣é❡ ♣❛r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ♣❛✐r❡ ❞❡ ❝♦♥♥❡①✐♦♥s✳ ▲❛ ✜❣✉r❡ ✷✳✶✼✭❛✮ r❡♣rés❡♥t❡
✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ R ❞❡s r❡q✉êt❡s a✱ b✱ c ❡t d ♠❛✐s ♥❡ ♣❡r♠❡t ♣❛s ❞✬❛❝❝❡♣t❡r ❧❡s
❞❡✉① ♥♦✉✈❡❧❧❡s r❡q✉êt❡s s ❡t r s❛♥s ❝❤❛♥❣❡r ❧❡s r♦✉t❡s ❞❡ R✳ ◆♦✉s ♣♦✉✈♦♥s ✈ér✐✲
✷✳✹✳ ❊①t❡♥s✐♦♥s ❡t ❛✉tr❡s ♠♦❞é❧✐s❛t✐♦♥s ✻✼
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✭❛✮ ❘♦✉t❛❣❡ R ❞❡s r❡q✉êt❡s a, b, c, d✳ ▲❡s
♥♦✉✈❡❧❧❡s r❡q✉êt❡s r ❡t s ♥❡ ♣❡✉✈❡♥t ♣❛s
êtr❡ r♦✉té❡s✳
a
r
b
s
c
d
1 2 3
456
✭❜✮ ❘♦✉t❛❣❡ R′ ❞❡s r❡q✉êt❡s a, b, c, d, r, s✳
❋✐❣✳ ✷✳✶✼ ✕ ▲❡ rés❡❛✉ ❡st ✉♥❡ ❣r✐❧❧❡ ❛✈❡❝ ❞❡s ❧✐❡♥s s②♠étr✐q✉❡s✳ ■❧ ② ❛ ✉♥❡ ❧♦♥❣✉❡✉r
❞✬♦♥❞❡ s✉r ❝❤❛❝✉♥ ❞❡s ❧✐❡♥s✳ ❈❤❛❝✉♥❡ ❞❡ ❝❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡s ♣❡✉t êtr❡ ♣❛rt❛❣é❡
♣❛r ❞❡✉① ❝♦♥♥❡①✐♦♥s✳ ▲❡ r♦✉t❛❣❡ R ✭✜❣✉r❡ ✷✳✶✼✭❛✮✮ ♥❡ ♣❡r♠❡t ♣❛s ❧✬ét❛❜❧✐ss❡♠❡♥t
❞❡s ❝♦♥♥❡①✐♦♥s ❞❡s ♥♦✉✈❡❧❧❡s r❡q✉êt❡s r ❡t s✳ ■❧ ❡st ❛❧♦rs ♣♦ss✐❜❧❡ ❞✬✉t✐❧✐s❡r ❧❡ r♦✉t❛❣❡
R′ ✭✜❣✉r❡ ✷✳✶✼✭❜✮✮✳
✜❡r q✉❡ ❝❤❛q✉❡ ❛r❝ ❞✉ rés❡❛✉ s✉♣♣♦rt❡ ❛✉ ♣❧✉s 2 ❝♦♥♥❡①✐♦♥s✳ ▲❡ r♦✉t❛❣❡ R′ ❞❡ ❧❛
✜❣✉r❡ ✷✳✶✼✭❜✮ r❡♣rés❡♥t❡ ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s 6 r❡q✉êt❡s✳ ▲❛ r❡q✉êt❡ d ♣❡✉t êtr❡
r❡r♦✉té❡ ❞ès q✉❡ ❧✬✉♥❡ ❞❡s r❡q✉êt❡s a ♦✉ b ❡st ✐♥t❡rr♦♠♣✉❡ ✭♦✉ ❞é❥à r❡r♦✉té❡✮✳ ❊♥
❡✛❡t✱ ❧❛ ♥♦✉✈❡❧❧❡ r♦✉t❡ ❞❡ ❧❛ r❡q✉êt❡ d ❞❛♥s R′ ✉t✐❧✐s❡ ❧✬❛r❝ (1, 2) ❡t ❧❡s ❞❡✉① r❡q✉êt❡s
a ❡t b ✉t✐❧✐s❡♥t ❝❡t ❛r❝ ❞❛♥s ❧❡ r♦✉t❛❣❡ ✐♥✐t✐❛❧ R✳ ❆✐♥s✐✱ ✐❧ s✉✣t q✉✬✉♥❡ ❞❡ ❝❡s ❞❡✉①
r❡q✉êt❡s ❧✐❜èr❡♥t ❝❡tt❡ r❡ss♦✉r❝❡ ♣♦✉r ♣❡r♠❡ttr❡ ❧❡ r❡r♦✉t❛❣❡ ❞❡ d✳
❯♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ s❛♥s ✐♥t❡rr✉♣t✐♦♥ ❝♦♥s✐st❡ à r❡r♦✉t❡r séq✉❡♥t✐❡❧❧❡♠❡♥t ❧❛
r❡q✉êt❡ b✱ ♣✉✐s ❧❛ r❡q✉êt❡ d ❡t ❧❛ r❡q✉êt❡ a✳ ■❧ ❡st ❡♥s✉✐t❡ ♣♦ss✐❜❧❡ ❞✬ét❛❜❧✐r ❧❡s
❝♦♥♥❡①✐♦♥s ❞❡s r❡q✉êt❡s r ❡t s✳ ◆♦t♦♥s q✉❡ ❧❛ r❡q✉êt❡ c ♥❡ ❝❤❛♥❣❡ ♣❛s ❞❡ r♦✉t❡✳
◆♦✉s ♠♦❞é❧✐s♦♥s ❝❡s ❞é♣❡♥❞❛♥❝❡s ♣❛rt✐❡❧❧❡s ♣❛r ✉♥♠✉❧t✐✲❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s
❡t ❞é✜♥✐ss♦♥s ❧❛ ♥♦t✐♦♥ ❞❡ str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❣é♥ér❛❧✐sé❡ ✭s❡❝t✐♦♥ ✷✳✹✳✷✳✶✮✳ ◆♦✉s
♠♦♥tr♦♥s ❡♥s✉✐t❡ q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞é❝✐❞❡r s✬✐❧ ❡①✐st❡ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ s❛♥s
✐♥t❡rr✉♣t✐♦♥ ❡st ◆P✲❝♦♠♣❧❡t ✭s❡❝t✐♦♥ ✷✳✹✳✷✳✷✮✳
✷✳✹✳✷✳✶ ▼✉❧t✐✲❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ❡t str❛té❣✐❡ ❞❡ tr❛✐t❡♠❡♥t ❣é♥é✲
r❛❧✐sé❡
▲❡ rés❡❛✉ ❡st ♠♦❞é❧✐sé ♣❛r ✉♥ ❞✐❣r❛♣❤❡ G = (V,E) ❛✈❡❝ ✉♥❡ ❢♦♥❝t✐♦♥ ❝❛♣❛❝✐té
c : E → N s✉r ❧❡s ❛r❝s ❞❡ G ❡t ✉♥ ❡♥s❡♠❜❧❡ Υ ❞❡ r❡q✉êt❡s ❞❡ ❝♦♥♥❡①✐♦♥✳ ❯♥ r♦✉t❛❣❡
R ❡st ✈❛❧✐❞❡ s✐ ♣♦✉r ❝❤❛q✉❡ ❛r❝ e ∈ E✱ e ❛♣♣❛rt✐❡♥t à ❛✉ ♣❧✉s c(e) ❝❤❡♠✐♥s ❞❡ R✳
▲❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❣é♥ér❛❧✐sé❡ ❝♦♥s✐st❡ à r❡r♦✉t❡r ❧❡s r❡q✉êt❡s ❞❡
❝♦♥♥❡①✐♦♥ ❧❡s ✉♥❡s ❛♣rès ❧❡s ❛✉tr❡s ❞✬✉♥ r♦✉t❛❣❡ ✐♥✐t✐❛❧ R à ✉♥ r♦✉t❛❣❡ ✜♥❛❧ R′✳
❯♥❡ r❡q✉êt❡ r ♣❡✉t êtr❡ r❡r♦✉té❡ ❞❡ s❛ r♦✉t❡ ✐♥✐t✐❛❧❡ ❞❛♥s R ✈❡rs s❛ ♥♦✉✈❡❧❧❡ r♦✉t❡
❞❛♥s R′ s❡✉❧❡♠❡♥t s✐ ❧❛ ❝❛♣❛❝✐té ❡st ❞✐s♣♦♥✐❜❧❡ t♦✉t ❛✉ ❧♦♥❣ ❞✉ ♥♦✉✈❡❛✉ ❝❤❡♠✐♥✳
❈❧❛✐r❡♠❡♥t✱ ✐❧ ❡st ♣♦ss✐❜❧❡ q✉❡ ❝❡rt❛✐♥❡s r❡q✉êt❡s ❞♦✐✈❡♥t êtr❡ r❡r♦✉té❡s ❛✈❛♥t r ♣♦✉r
r❡♥❞r❡ ❞✐s♣♦♥✐❜❧❡ ❧❛ ❝❛♣❛❝✐té ♥é❝❡ss❛✐r❡✳ ❈❡s ❝♦♥tr❛✐♥t❡s s♦♥t ♠♦❞é❧✐sé❡s ♣❛r ✉♥
✻✽ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
v4,3v1,6
v2,5
v’2,5
va
vd
vb
✭❛✮ ▼✉❧t✐✲❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D ❝♦r✲
r❡s♣♦♥❞❛♥t ❛✉ r❡r♦✉t❛❣❡ ❞❡s r❡q✉êt❡s ❞❡ R
à R′✳
v1,6 v4,3 v’2,5
v2,5
va
vb
vd
✭❜✮ P♦ss✐❜❧❡ r❡❝♦♥✜❣✉r❛t✐♦♥ s❛♥s ✐♥t❡rr✉♣✲
t✐♦♥✳
❋✐❣✳ ✷✳✶✽ ✕ ▼✉❧t✐✲❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D ❡t ♣♦ss✐❜❧❡ r❡❝♦♥✜❣✉r❛t✐♦♥✳ ▲❡s ❛r❝s
❞❡ ❧❛ ♠ê♠❡ ❝♦✉❧❡✉r r❡♣rés❡♥t❡♥t ❧❡s ❞é♣❡♥❞❛♥❝❡s ❝♦♥❝❡r♥❛♥t ❧❡ ❧✐❡♥ e ❡t ❞♦♥❝ ❧❡s
❛r❝s ét✐q✉❡tés e✳ ▲❡s s♦♠♠❡ts ✈✐rt✉❡❧s s♦♥t r❡♣rés❡♥tés ❡♥ ❣r✐s✳
♠✉❧t✐✲❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s✳
▲❡ ♠✉❧t✐✲❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D = (W,A) ❛✈❡❝ ❞❡s ét✐q✉❡tt❡s s✉r ❧❡s ❛r❝s
❡st ❝♦♥str✉✐t ❝♦♠♠❡ s✉✐t✳ ■❧ ② ❛ ✉♥ s♦♠♠❡t vr ❞❛♥s W ♣♦✉r ❝❤❛q✉❡ r❡q✉êt❡ r ∈ Υ
❞❡✈❛♥t ❝❤❛♥❣❡r ❞❡ r♦✉t❡✳ ❉❡ ♣❧✉s✱ ♣♦✉r ♠♦❞é❧✐s❡r ❧❛ ❝❛♣❛❝✐té ❞✐s♣♦♥✐❜❧❡ q(e) ❞✬✉♥
❧✐❡♥ e ∈ E ❞❛♥s ❧❡ r♦✉t❛❣❡ R ✭q(e) é❣❛❧ c(e) ♠♦✐♥s ❧❡ ♥♦♠❜r❡ ❞❡ r❡q✉êt❡s ✉t✐❧✐s❛♥t
e ❞❛♥s R✮✱ ✐❧ ② ❛ ✉♥ s♦♠♠❡t ❞❛♥s W ♣♦✉r ❝❤❛q✉❡ ✉♥✐té ❞❡ ❝❛♣❛❝✐té ❞✐s♣♦♥✐❜❧❡ s✉r
❧❡ ❧✐❡♥ e✳ ❙♦✐t V(e) = {v1e , . . . , vq(e)e } ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝❡s q(e) s♦♠♠❡ts✳ ◆♦✉s ♥♦t♦♥s
V = ∪e∈EV(e) ❧✬❡♥s❡♠❜❧❡ ❞❡ t❡❧s s♦♠♠❡ts q✉❡ ♥♦✉s ❛♣♣❡❧♦♥s s♦♠♠❡ts ✈✐rt✉❡❧s✳
■❧ ② ❛ ✉♥ ❛r❝ ét✐q✉❡té e ❞✉ s♦♠♠❡t u ✈❡rs ❧❡ s♦♠♠❡t v s✬✐❧ ② ❛ ✉♥ ❧✐❡♥ e ❞❡ G
❛♣♣❛rt❡♥❛♥t à R′(u) ❡t v ❡st ✉♥ s♦♠♠❡t ✈✐rt✉❡❧ ❞❛♥s V(e)✱ ♦✉ s✐ e ∈ R′(u) ∩ R(v)
❛✈❡❝ v ❝♦r❡s♣♦♥❞❛♥t à ✉♥❡ r❡q✉êt❡✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ t♦✉s ❧❡s ❛r❝s s♦rt❛♥ts ❞✬✉♥
s♦♠♠❡t u ét✐q✉❡té e r❡♣rés❡♥t❡♥t ❧❡s r❡ss♦✉r❝❡s ♣♦ss✐❜❧❡s q✉✐ ♣❡✉✈❡♥t êtr❡ ✉t✐❧✐sé❡s
♣❛r ❧❛ r❡q✉êt❡ u ♣♦✉r tr❛✈❡rs❡r ❧❡ ❧✐❡♥ e ❞❛♥s s❛ r♦✉t❡ ✜♥❛❧❡✳
P❛r ❡①❡♠♣❧❡ ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✼✱ ❧❡s r♦✉t❡s ❞❡s r❡q✉êt❡s a✱ b ❡t d s♦♥t ❞✐❢✲
❢ér❡♥t❡s ❞❛♥s R′ ❡t ❞❛♥s R✱ ❝❡❧❛ ♣❡r♠❡tt❛♥t ❞❡ r♦✉t❡r ❧❡s r❡q✉êt❡s r ❡t s ❞❛♥s
R′✳ ▲❡ ♠✉❧t✐✲❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s D✱ r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✽✭❛✮✱ ❛❞♠❡t
{va, vb, vd, v1,6, v4,3, v2,5, v′2,5} ❝♦♠♠❡ ❡♥s❡♠❜❧❡ ❞❡ s♦♠♠❡ts✱ ❛✈❡❝ va ❝♦rr❡s♣♦♥❞❛♥t
à ❧❛ r❡q✉êt❡ a ❡t vi,j ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ✉♥✐té ❞❡ ❝❛♣❛❝✐té ❞✐s♣♦♥✐❜❧❡ s✉r ❧❡ ❧✐❡♥
(i, j) ✭2 ✉♥✐tés ❞❡ ❝❛♣❛❝✐té ❞✐s♣♦♥✐❜❧❡s s✉r ❧❡ ❧✐❡♥ (2, 5)✮✳ ■❧ ② ❛ ❞❡s ❛r❝s ❞❡ ♠ê♠❡
ét✐q✉❡tt❡ ❞❛♥s D ❞❡ va à vd ❡t ❞❡ va à v1,6 ❝❛r✱ s✉r ❧❡ ❧✐❡♥ (1, 6)✱ ❧❛ r❡q✉êt❡ a ♣❡✉t
✉t✐❧✐s❡r ❞❛♥s R′ s♦✐t ❧✬✉♥✐té ❞❡ ❝❛♣❛❝✐té ❞✐s♣♦♥✐❜❧❡✱ v1,6✱ s♦✐t ❧✬✉♥✐té ❞❡ ❝❛♣❛❝✐té q✉✐
s❡r❛ ❞✐s♣♦♥✐❜❧❡ s✐ d ❡st r❡r♦✉té❡ ❛✈❛♥t a✳
◆♦✉s ♣♦✉✈♦♥s r❡♠❛rq✉❡r s✉r ❧❛ ✜❣✉r❡ ✷✳✶✽✭❛✮ q✉❡ ❧❛ r❡q✉êt❡ b ♣❡✉t êtr❡ r❡r♦✉✲
té❡ à t♦✉t ♠♦♠❡♥t ❝❛r s♦♥ s❡✉❧ ✈♦✐s✐♥ s♦rt❛♥t ✭❞❛♥s D✮ ❡st ✉♥❡ ✉♥✐té ❞❡ ❝❛♣❛❝✐té
❞✐s♣♦♥✐❜❧❡✳ ❉❡ ♣❧✉s✱ ❧❛ r❡q✉êt❡ d ❛ ❜❡s♦✐♥ ❞✬✉♥❡ ✉♥✐té ❞❡ ❝❛♣❛❝✐té ❞✐s♣♦♥✐❜❧❡ s✉r ❧❡
❧✐❡♥ (2, 5)✱ s♦✐t v2,5 s♦✐t v′2,5✱ ❡t ❡❧❧❡ ❛ ❜❡s♦✐♥ ❞✬✉♥❡ ✉♥✐té ❞❡ ❝❛♣❛❝✐té s✉r ❧❡ ❧✐❡♥ (1, 2)✳
❈♦♠♠❡ ❧❡s ❞❡✉① s❡✉❧❡s ✉♥✐tés ❞❡ ❝❛♣❛❝✐té s♦♥t ✉t✐❧✐sé❡s ♣❛r ❧❡s r❡q✉êt❡s a ❡t b✱ ❛❧♦rs
s♦✐t ❧❛ r❡q✉êt❡ a s♦✐t ❧❛ r❡q✉êt❡ b ❞♦✐t êtr❡ r❡r♦✉té❡ ❛✈❛♥t d✳
◆♦✉s é♥♦♥ç♦♥s à ♣rés❡♥t q✉❡❧q✉❡s r❡♠❛rq✉❡s✳
✕ ▲❡ ❞❡❣ré s♦rt❛♥t ❞✬✉♥ s♦♠♠❡t ✈✐rt✉❡❧ ❞❛♥s D ❡st 0 ✭✈♦✐r ❧❛ ✜❣✉r❡ ✷✳✶✽✭❛✮✮✳
✕ P♦✉r t♦✉t ❧✐❡♥ e ∈ E(G)✱ s♦✐t De ❧❡ s♦✉s✲❣r❛♣❤❡ ❞❡ D ✐♥❞✉✐t ♣❛r t♦✉s ❧❡s ❛r❝s
✷✳✹✳ ❊①t❡♥s✐♦♥s ❡t ❛✉tr❡s ♠♦❞é❧✐s❛t✐♦♥s ✻✾
ét✐q✉❡tés e✳ ❆✐♥s✐✱ De = (X ∪ Y, F ) ❡st ❧❡ ❞✐❣r❛♣❤❡ ❝♦♠♣❧❡t ❜✐♣❛rt✐ ❞❡s r❡q✉êt❡s
q✉✐ ✉t✐❧✐s❡r♦♥t e ❞❛♥s R′ ✭❧❡s s♦♠♠❡ts ❞❛♥s X✮ ✈❡rs ❧❡s r❡q✉êt❡s q✉✐ ✉t✐❧✐s❡♥t e
❞❛♥s R ❡t ❧❡s é✈❡♥t✉❡❧s s♦♠♠❡ts ✈✐rt✉❡❧s ❝♦rr❡s♣♦♥❞❛♥t ✭❧❡s s♦♠♠❡ts ❞❛♥s Y ✮✳
◆♦t♦♥s q✉❡ |X| ≤ |Y |✳ ◆♦✉s ❛♣♣❡❧♦♥s ✉♥ t❡❧ ❣r❛♣❤❡ ✉♥ ❜❡❛✉ ❞✐❣r❛♣❤❡ ❜✐♣❛rt✐✳
▲❛ ♣r✐♥❝✐♣❛❧❡ ❞✐✣❝✉❧té ✈✐❡♥t ❞✉ ❢❛✐t q✉❡ ❧❡ r♦✉t❛❣❡ ✜♥❛❧ R′ ✐♥❞✐q✉❡ s❡✉❧❡♠❡♥t ❧❡s
❧✐❡♥s ✉t✐❧✐sés ♣❛r ❧❡s r❡q✉êt❡s ♠❛✐s ♣❛s ❧❡s ✉♥✐tés ❞❡ ❝❛♣❛❝✐tés✳ ◆♦✉s ❛✈♦♥s ♣♦t❡♥t✐❡❧✲
❧❡♠❡♥t ❞❡ ♥♦♠❜r❡✉s❡s ♣♦ss✐❜✐❧✐tés ❧♦rs ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥✳
P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧♦rsq✉❡ ♥♦✉s r❡r♦✉t♦♥s ✉♥❡ r❡q✉êt❡ r ✈❡rs s❛ r♦✉t❡ ✜♥❛❧❡ ❞❛♥s
R′✱ ♣♦✉r t♦✉t e ∈ R′(r)✱ ♥♦✉s ❞❡✈♦♥s ❞é❝✐❞❡r q✉❡❧❧❡ ✉♥✐té ❞❡ ❝❛♣❛❝✐té ❞❡ e s❡r❛
✉t✐❧✐sé❡ ♣❛r r✳ ❈❡❧❛ ❝♦rr❡s♣♦♥❞ à ❝❤♦✐s✐r ❧✬❛r❝ s♦rt❛♥t ❞❡ r ét✐q✉❡té e q✉✐ s❡r❛ ✉t✐❧✐sé
❞❛♥s ❧❡ s♦✉s✲❣r❛♣❤❡ De✳
❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♣♦✉r t♦✉t e ∈ E(G)✱ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞♦♥♥❡ ✉♥ ❝♦✉♣❧❛❣❡
♠❛①✐♠❛❧ ❞❡ De ✭r❛♣♣❡❧♦♥s q✉❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦♠♠❡ts ❞❡ De ❡st ♥♦té X ∪ Y ✮✳ ❊♥
❡✛❡t✱ ♣♦✉r t♦✉t❡ ét✐q✉❡tt❡ ❞❡s ❛r❝s✱ ❡①❛❝t❡♠❡♥t ✉♥ ❛r❝ s♦rt❛♥t ❛✈❡❝ ❝❡tt❡ ét✐q✉❡tt❡
❡st ❝❤♦✐s✐❡ ♣♦✉r t♦✉t❡ r❡q✉êt❡ ❞❛♥s X ❡t ❞❡✉① ❛r❝s ❞❡ ♠ê♠❡ ét✐q✉❡tt❡ ♥❡ ♣❡✉✈❡♥t
♣❛s êtr❡ ✐♥❝✐❞❡♥ts ❛✉ ♠ê♠❡ s♦♠♠❡t ❞❡ Y ❝❛r ❝❡❧❛ ✈♦✉❞r❛✐t ❞✐r❡ q✉❡ ❞❡✉① r❡q✉êt❡s
✉t✐❧✐s❡r❛✐❡♥t ❧❛ ♠ê♠❡ r❡ss♦✉r❝❡ ♣♦✉r tr❛✈❡rs❡r ❧❡ ❧✐❡♥ e✳ ❘é❝✐♣r♦q✉❡♠❡♥t✱ ♣♦✉r t♦✉t
❛rêt❡ e ∈ E(G) ✭✐✳❡✳✱ ♣♦✉r t♦✉t❡ ét✐q✉❡tt❡ ❞❡s ❛r❝s ❞❡ D✮✱ s♦✐t Me ✉♥ ❝♦✉♣❧❛❣❡
♠❛①✐♠❛❧ ❞❡ De✳ ❆❧♦rs✱ ❧❡ s♦✉s✲❣r❛♣❤❡ ❞❡ D ✐♥❞✉✐t ♣❛r
⋃
e∈E(G)Me ❝♦rr❡s♣♦♥❞ à ✉♥❡
r❡❝♦♥✜❣✉r❛t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧❡ r♦✉t❛❣❡ R′ ❡t ❧❡s ❝❛♣❛❝✐tés ❞❡s ❧✐❡♥s ❞✉ rés❡❛✉✳
P❛r ❡①❡♠♣❧❡✱ ❧❛ ✜❣✉r❡ ✷✳✶✽✭❜✮ r❡♣rés❡♥t❡ ✉♥ ❝❤♦✐① ❞✬✉♥ t❡❧ ❝♦✉♣❧❛❣❡ ♣♦✉r ❧❡ ♠✉❧t✐✲
❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ❞é❝r✐t ❞❛♥s ❧❛ ✜❣✉r❡ ✷✳✶✽✭❛✮✳
❙♦✐tD ✉♥ ♠✉❧t✐✲❞✐❣r❛♣❤❡ ❛✈❡❝ ❞❡s ét✐q✉❡tt❡s s✉r ❧❡s ❛r❝s✱ t❡❧❧❡s q✉❡ ❧❡s ❛rêt❡s ❛✈❡❝
❧❛ ♠ê♠❡ ét✐q✉❡tt❡ e ✐♥❞✉✐s❡♥t ✉♥ ❜❡❛✉ ❞✐❣r❛♣❤❡ ❜✐♣❛rt✐ De ✭♥♦✉s ❞✐s♦♥s q✉❡ D ❡st
❜✐❡♥ ét✐q✉❡té✮✳ P♦✉r t♦✉t❡ ét✐q✉❡tt❡ e✱ s♦✐t Me ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦✉♣❧❛❣❡s ♠❛①✐♠❛✉①
❞❡De✳ ❙♦✐tD ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉s ❧❡s ❞✐❣r❛♣❤❡s q✉✐ ♣❡✉✈❡♥t êtr❡ ♦❜t❡♥✉s ❡♥ ❝❤♦✐s✐ss❛♥t
✉♥ ❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ Me ❞❡ Me ♣♦✉r ❝❤❛q✉❡ ét✐q✉❡tt❡ e ❡t ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡ s♦✉s✲
❣r❛♣❤❡ ✐♥❞✉✐t ♣❛r
⋃
eMe✳
❉é✜♥✐t✐♦♥ ✷✺ ▲✬ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❣é♥ér❛❧✐sé ❞❡ D✱ ♥♦té ❣♣♥(D)✱ ❡st ❧❡ ♣❧✉s
♣❡t✐t ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❡ D′ ♣❛r♠✐ t♦✉s ❧❡s D′ ❞❛♥s D✳
P❛r ❞é✜♥✐t✐♦♥✱ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❣é♥ér❛❧✐sé ❞✬✉♥ ♠✉❧t✐✲❞✐❣r❛♣❤❡ ❞❡ ❞é♣❡♥✲
❞❛♥❝❡s ❞❡ ❞❡✉① r♦✉t❛❣❡s R ❡t R′ ❡st é❣❛❧ ❛✉ ♣❧✉s ♣❡t✐t ♥♦♠❜r❡ ❞❡ r❡q✉êt❡s q✉✐
❞♦✐✈❡♥t êtr❡ s✐♠✉❧t❛♥é♠❡♥t ✐♥t❡rr♦♠♣✉❡s ❞✉r❛♥t ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡ R à R′✳
◆♦t♦♥s q✉❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❣é♥ér❛❧✐sé ❡st ✉♥ ✐♥✈❛r✐❛♥t ❞❡ ♠✉❧t✐✲❞✐❣r❛♣❤❡
❛✈❡❝ ❞❡s ét✐q✉❡tt❡s s✉r ❧❡s ❛r❝s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ t♦✉s ❧❡s ❛r❝s ❞❡D ♦♥t ❞❡s ét✐q✉❡tt❡s
❞✐✛ér❡♥t❡s ✭❧♦rsq✉❡ t♦✉s ❧❡s ❧✐❡♥s ❞❡ G ♦♥t ❝❛♣❛❝✐té 1✮✱ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❣é♥ér❛✲
❧✐sé ❞❡ D ❡st é❣❛❧ à s♦♥ ✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❝❡ ❝❛s✱ t♦✉t s♦✉s✲❣r❛♣❤❡
De ✐♥❞✉✐t ♣❛r ❧❡s ❛r❝s ❞❡ D ❛✈❡❝ ❧❛ ♠ê♠❡ ét✐q✉❡tt❡ e ✭e ∈ E(G)✮ ❡st ✉♥❡ ✉♥✐q✉❡
❛rêt❡✱ ❡t ❞♦♥❝ D = {D}✳
✼✵ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
✷✳✹✳✷✳✷ ❉é❝✐❞❡r s✬✐❧ ❡①✐st❡ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ s❛♥s ✐♥t❡rr✉♣t✐♦♥ ❡st ◆P✲
❝♦♠♣❧❡t
▲❡ ❚❤é♦rè♠❡ ✶✸ ♠♦♥tr❡ ❧❛ ❣r❛♥❞❡ ❞✐✣❝✉❧té ❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❣é✲
♥ér❛❧✐sé❡✳ ❊♥ ❡✛❡t✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞é❝✐❞❡r s✬✐❧ ❡①✐st❡ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡s r❡q✉êt❡s
❞❡ ❝♦♥♥❡①✐♦♥ s❛♥s ✐♥t❡rr✉♣t✐♦♥ ❞❡ tr❛✜❝ ❡st ◆P✲❝♦♠♣❧❡t ❛❧♦rs q✉❡ ❞❛♥s ❧❡ ♠♦❞è❧❡
✐♥✐t✐❛❧✱ ❝❡ ♣r♦❜❧è♠❡ ❞❡ ❞é❝✐s✐♦♥ ❡st très s✐♠♣❧❡✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡
❞é❝✐❞❡r s✐ ❣♣♥(D) = 0 ❡st ◆P✲❝♦♠♣❧❡t✳
❚❤é♦rè♠❡ ✶✸ ❙✐ ✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ♣❡✉t êtr❡ ♣❛rt❛❣é❡ ♣❛r ❛✉ ♣❧✉s tr♦✐s r❡q✉êt❡s✱
❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞é❝✐❞❡r s✬✐❧ ❡①✐st❡ r❡❝♦♥✜❣✉r❛t✐♦♥ s❛♥s ✐♥t❡rr✉♣t✐♦♥ ❡st ◆P✲❝♦♠♣❧❡t✳
Pr❡✉✈❡ ✿ ▲❡ ♣r♦❜❧è♠❡ ❛♣♣❛rt✐❡♥t ❝❧❛✐r❡♠❡♥t à ◆P ❝❛r ❣♣♥(D) = 0 s✐ ❡t s❡✉❧❡♠❡♥t
s✬✐❧ ❡①✐st❡ ✉♥ ❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ Me ♣♦✉r t♦✉t❡ ét✐q✉❡tt❡ e✱ t❡❧ q✉❡ ❧❡ s♦✉s✲❣r❛♣❤❡
✐♥❞✉✐t ♣❛r
⋃
eMe ❡st ✉♥ ❉❆●✳
▲❛ ♣r❡✉✈❡ ré❞✉✐t ✸✲❙❆❚ à ♥♦tr❡ ♣r♦❜❧è♠❡✳ ❙♦✐t F ✉♥❡ ❢♦r♠✉❧❡ ✸✲❙❆❚ ❛✈❡❝ ❧❡s
✈❛r✐❛❜❧❡s x1, · · · , xn ❡t ❧❡s ❝❧❛✉s❡s C1, · · · , Cm✳ ❉❡ F ♥♦✉s ❝♦♥str✉✐s♦♥s ✉♥ ❞✐❣r❛♣❤❡
D ❝♦♠♣♦sé ❞❡ 3n + 6m s♦♠♠❡ts ❛✈❡❝ ❞❡s ét✐q✉❡tt❡s s✉r ❧❡s ❛rêt❡s t❡❧ q✉❡✱ ♣♦✉r
t♦✉t❡ ét✐q✉❡tt❡✱ ❧❡ s♦✉s✲❣r❛♣❤❡ ✐♥❞✉✐t ♣❛r ❧❡s ❛rêt❡s ❛✈❡❝ ❝❡tt❡ ét✐q✉❡tt❡ ❡st s♦✐t ✉♥❡
ét♦✐❧❡ ❞❡ ❞❡❣ré s♦rt❛♥t ♠❛①✐♠✉♠ tr♦✐s s♦✐t ✉♥ K3,3✳ ◆♦✉s ❝♦♥str✉✐s♦♥s D ❝♦♠♠❡
s✉✐t ✭✈♦✐r ❧❛ ✜❣✉r❡ ✷✳✶✾✭❛✮ ♣♦✉r ✉♥ ❡①❡♠♣❧❡✮ ✿
✶✳ ♣♦✉r ❝❤❛q✉❡ ✈❛r✐❛❜❧❡ xi ❞❡ F ✱ ♥♦✉s ❛❥♦✉t♦♥s tr♦✐s s♦♠♠❡ts vi✱ vi0✱ ❡t v
i
1 ❀
✷✳ ♣♦✉r t♦✉t i ≤ n✱ ♥♦✉s ❝❤♦✐s✐ss♦♥s ✉♥❡ ét✐q✉❡tt❡ ♣❛s ✉t✐❧✐sé❡ ❡t ♥♦✉s ❛❥♦✉t♦♥s
❞❡✉① ❛r❝s ❛✈❡❝ ❝❡tt❡ ét✐q✉❡tt❡ ❞❡ vi à vi0 ❡t ❞❡ v
i à vi1✳ ■♥t✉✐t✐✈❡♠❡♥t✱ t♦✉t
❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ ❞❛♥s ❧❡ s♦✉s✲❣r❛♣❤❡ ✐♥❞✉✐t ♣❛r ❝❡s ❞❡✉① ❛r❝s r❡♣rés❡♥t❡ ✉♥❡
❛ss✐❣♥❛t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ xi ❀
✸✳ ♣♦✉r ❝❤❛q✉❡ ❝❧❛✉s❡ Cj ❞❡ F ✱ ♥♦✉s ❛❥♦✉t♦♥s ❧❡s s✐① s♦♠♠❡ts aj1✱ a
j
2✱ a
j
3✱ c
j ✱ cj0 ❡t
cj1✳ ■♥t✉✐t✐✈❡♠❡♥t✱ a
j
1✱ a
j
2 ❡t a
j
3 s❡r♦♥t ❛ss♦❝✐és ❛✉① ✈❛r✐❛❜❧❡s ❛♣♣❛r❛✐ss❛♥t ❞❛♥s
Cj ✱ ❡t cj r❡♣rés❡♥t❡r❛ ❧❛ ✈❛❧❡✉r ❞❡ Cj ❀
✹✳ ♣♦✉r t♦✉t j ≤ m✱ ♥♦✉s ❝❤♦✐s✐ss♦♥s ✉♥❡ ét✐q✉❡tt❡ ♣❛s ✉t✐❧✐sé❡ ❡t ♥♦✉s ❛❥♦✉t♦♥s
t♦✉s ❧❡s ❛r❝s ❛✈❡❝ ❝❡tt❡ ét✐q✉❡tt❡ ❞❡ aj1✱ a
j
2 ❡t a
j
3 à c
j ✱ cj0 ❡t c
j
1✳ ◆♦t♦♥s q✉❡ c
j
0 ❡t
cj1 s♦♥t ✉t✐❧✐sés s❡✉❧❡♠❡♥t ❛✜♥ ❞✬❛ss✉r❡r q✉❡ ❧❡ s♦✉s✲❣r❛♣❤❡ ♦❜t❡♥✉ ❛✈❡❝ ❝❡tt❡
ét✐q✉❡tt❡ s♦✐t ✉♥ ❜❡❛✉ ❞✐❣r❛♣❤❡ ❜✐♣❛rt✐ ❀
✺✳ ♣♦✉r t♦✉t j ≤ m✱ ❝♦♥s✐❞ér♦♥s ✉♥❡ ✈❛r✐❛❜❧❡ xi q✉✐ ❛♣♣❛r❛ît ❞❛♥s Cj ✳ ◆♦✉s
❝❤♦✐s✐ss♦♥s ✉♥❡ ét✐q✉❡tt❡ ♣❛s ✉t✐❧✐sé❡ ❡t ♥♦✉s ❛❥♦✉t♦♥s ✉♥ ❛r❝ s♦✐t ❞❡ vi0 à a
j
1 s✐
❧✬♦❝❝✉r❡♥❝❡ xi ❛♣♣❛r❛ît ❞❛♥s Cj s♦✐t ❞❡ vi1 à a
j
1 s✐ ❧✬♦❝❝✉r❡♥❝❡ x¯
i ❛♣♣❛r❛ît ❞❛♥s
Cj ✳ ◆♦✉s ❞✐s♦♥s q✉❡ ♥♦✉s ❛ss♦❝✐♦♥s xi à aj1✳ ❉❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡✱ ❡♥ ✉t✐❧✐s❛♥t
❞❡s ét✐q✉❡tt❡s ❞✐st✐♥❝t❡s✱ ♥♦✉s ❛ss♦❝✐♦♥s ❧❛ ❞❡✉①✐è♠❡ ✈❛r✐❛❜❧❡ ❛♣♣❛r❛✐ss❛♥t
❞❛♥s Cj ❛✈❡❝ aj2✱ ❡t ❧❛ tr♦✐s✐è♠❡ ✈❛r✐❛❜❧❡ ❛✈❡❝ a
j
3 ❀
✻✳ ♣♦✉r t♦✉t j ≤ m ❡t ♣♦✉r t♦✉t❡ ✈❛r✐❛❜❧❡ xi q✉✐ ❛♣♣❛r❛ît ❞❛♥s Cj ❡t ❛ss♦❝✐é❡ à
ajℓ ✱ ℓ ∈ {1, 2, 3}✱ ♥♦✉s ❝❤♦✐s✐ss♦♥s ✉♥❡ ét✐q✉❡tt❡ ♣❛s ✉t✐❧✐sé❡ ❡t ♥♦✉s ❛❥♦✉t♦♥s
✉♥ ❛r❝ ❞❡ cj à vi ❡t ❞❡ cj à ajℓ ✳
✷✳✹✳ ❊①t❡♥s✐♦♥s ❡t ❛✉tr❡s ♠♦❞é❧✐s❛t✐♦♥s ✼✶
a b c d e
1 0 0 0 01 1 1 10
✭❛✮ ❘é❞✉❝t✐♦♥ ❞❡ ❧❛ ❢♦r♠✉❧❡ (a ∨ b ∨ ¬c) ∧
(¬b ∨ d ∨ ¬e)✳
a b c d e
1 0 0 0 01 1 1 10
✭❜✮ ❊♥s❡♠❜❧❡ ❞❡ ❝♦✉♣❧❛❣❡s ✐♥❞✉✐s❛♥t ✉♥
❉❆●✳ ▲❡s ❛r❝s ❡♥ ❣r✐s ♦♥t été ✏s✉♣♣r✐♠és✑✳
❋✐❣✳ ✷✳✶✾ ✕ ❘é❞✉❝t✐♦♥ ❞✬✉♥❡ ❢♦r♠✉❧❡ ✸✲❙❆❚ à ♥♦tr❡ ♣r♦❜❧è♠❡ ✭✜❣✉r❡ ✷✳✶✾✭❛✮✮ ❡t
❡♥s❡♠❜❧❡ ❞❡ ❝♦✉♣❧❛❣❡s ❢♦r♠❛♥t ✉♥ ❉❆● ❡t ❞♦♥❝ ❧✬❛ss✐❣♥❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t❡ ✭✜✲
❣✉r❡ ✷✳✶✾✭❜✮✮✳
◆♦t♦♥s q✉❡ ♣♦✉r t♦✉t ❛r❝ e ❞é✜♥✐ à ❧✬ét❛♣❡ ✺✱ e ❡st ❧❡ s❡✉❧ ❛r❝ ❛✈❡❝ s♦♥ ét✐q✉❡tt❡
❡t ❞♦♥❝ q✉❡ t♦✉t ❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ ❝♦♥t✐❡♥t e✳
❙♦✐t F ✉♥❡ ❢♦r♠✉❧❡ q✉✐ ♥❡ ♣❡✉t ♣❛s êtr❡ s❛t✐s❢❛✐t❡✳ ❙♦✐t D ❧❡ ❞✐❣r❛♣❤❡ ♦❜t❡♥✉
à ♣❛rt✐r ❞❡ F ❛✈❡❝ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞é❝r✐t❡ ♣ré❝é❞❡♠♠❡♥t✳ P♦✉r t♦✉t❡ ét✐q✉❡tt❡ e
❞❡s ❛r❝s ❞❡ D✱ ♥♦✉s ❝❤♦✐s✐ss♦♥s ✉♥ ❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ ❛r❜✐tr❛✐r❡ Me ❞✉ s♦✉s✲❣r❛♣❤❡
✐♥❞✉✐t ♣❛r ❧❡s ❛rêt❡s ❞✬ét✐q✉❡tt❡ e✳ ◆♦✉s ♣r♦✉✈♦♥s q✉❡ ❧❡ s♦✉s✲❣r❛♣❤❡ H ❞❡ D ✐♥❞✉✐t
♣❛r
⋃
eMe ❝♦♥t✐❡♥t ✉♥ ❝✐r❝✉✐t✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s ❧✬❛ss✐❣♥❛t✐♦♥ β t❡❧❧❡ q✉❡ ♣♦✉r t♦✉t❡
✈❛r✐❛❜❧❡ xi✱ ♥♦✉s ♣♦s♦♥s β(xi) = vrai s✐ H ❝♦♥t✐❡♥t ❧✬❛r❝ (vi, vi1) ❡t β(x
i) = faux
s✐♥♦♥ ✭H ❝♦♥t✐❡♥t ❧✬❛r❝ (vi, vi0)✮✳ ❈♦♠♠❡ F ♥❡ ♣❡✉t ♣❛s êtr❡ s❛t✐s❢❛✐t❡✱ ✐❧ ❡①✐st❡ ✉♥
j ≤ m✱ t❡❧ q✉❡ β(Cj) = faux✳ ❉❛♥sH✱ ❧❡ s♦♠♠❡t cj ❡st ❧❛ têt❡ ❞✬✉♥ ❛r❝ ❡t s❛♥s ♣❡rt❡
❞❡ ❣é♥ér❛❧✐té✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ (aj1, c
j) ∈ E(H)✳ ❙♦✐t xi ❧❛ ✈❛r✐❛❜❧❡ ❛♣♣❛r❛✐ss❛♥t
❞❛♥s Cj q✉✐ ❡st ❛ss♦❝✐é❡ à aj1✳ ◆♦✉s ♣r♦✉✈♦♥s ❧❡ rés✉❧t❛t ❡♥ s✉♣♣♦s❛♥t q✉❡ C
j ❝♦♥t✐❡♥t
❧✬♦❝❝✉r❡♥❝❡ ❞❡ x¯i✱ ❧✬❛✉tr❡ ❝❛s ❡st s✐♠✐❧❛✐r❡✳ P❛r ❞é✜♥✐t✐♦♥ ❞❡ D✱ (vi1, a
j
1) ∈ E(D) ❡t
❝✬❡st ❧❡ s❡✉❧ ❛r❝ ❛✈❡❝ s♦♥ ét✐q✉❡tt❡✳ ❉♦♥❝✱ (vi1, a
j
1) ∈ E(H)✳ ❈♦♠♠❡ β(Cj) = faux✱
❛❧♦rs β(xi) = vrai ❡t (vi, vi1) ∈ E(H)✳ P♦✉r ❝♦♥❝❧✉r❡✱ ✐❧ ❡st s✉✣s❛♥t ❞❡ r❡♠❛rq✉❡r
q✉❡ s♦✐t (cj , vj) s♦✐t (cj , aj1) ❡st ✉♥ ❛r❝ ❞❡ H✳ ❆✐♥s✐✱ H ❝♦♥t✐❡♥t ✉♥ ❝✐r❝✉✐t ✿ (c
j , aj1, c
j)
♦✉ (cj , vi, vi1, a
j
1, c
j)✳
❙♦✐t β ✉♥❡ ❛ss✐❣♥❛t✐♦♥ s❛t✐s❢❛✐s❛♥t F ✳ ◆♦✉s ♠♦♥tr♦♥s q✉❡✱ ♣♦✉r t♦✉t❡ ét✐q✉❡tt❡✱
♥♦✉s ♣♦✉✈♦♥s ❝❤♦✐s✐r ✉♥ ❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ ❛✈❡❝ ❝❡tt❡ ét✐q✉❡tt❡ t❡❧ q✉❡ ❧❡ s♦✉s✲❣r❛♣❤❡
✐♥❞✉✐t ♣❛r ❝❡s ❛r❝s ❡st s❛♥s ❝✐r❝✉✐t✳ P♦✉r t♦✉t i ≤ n✱ ♥♦✉s ❝❤♦✐s✐ss♦♥s ❧✬❛r❝ (vi, vi1)
s✐ β(xi) = vrai✱ ❡t (vi, vi0) s✐♥♦♥✳ P♦✉r t♦✉t j ≤ m✱ ❝♦♥s✐❞ér♦♥s ❧❛ ❝❧❛✉s❡ Cj ✳ ■❧
❡①✐st❡ ✉♥ i ≤ n t❡❧ q✉❡✱ s♦✐t β(xi) = vrai ❡t ✐❧ ② ❛ ✉♥❡ ♦❝❝✉r❡♥❝❡ ❞❡ xi ❞❛♥s Cj ✱
♦✉ β(xi) = faux ❡t ✐❧ ② ❛ ✉♥❡ ♦❝❝✉rr❡♥❝❡ ❞❡ x¯i ❞❛♥s Cj ✭✉♥ t❡❧ ❡♥t✐❡r i ❡①✐st❡ ❝❛r
β ❡st ✉♥❡ ❛ss✐❣♥❛t✐♦♥ s❛t✐s❢❛✐s❛♥t F ✮✳ ▲❛ ✈❛r✐❛❜❧❡ xi ❥♦✉❡ ✉♥ rô❧❡ ♣❛rt✐❝✉❧✐❡r ♣♦✉r ❧❛
❝❧❛✉s❡ Cj ❝❛r ❡❧❧❡ ✐♠♣❧✐q✉❡ β(Cj) = vrai✳ ❙❛♥s ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✱ ♥♦✉s s✉♣♣♦s♦♥s
q✉❡ xi ❡st ❛ss♦❝✐é à aj1 ❞❛♥s D✳ ◆♦✉s ❝❤♦✐s✐ss♦♥s (a
j
1, c
j)✱ (aj2, c
j
0) ❡t (a
j
3, c
j
1) ❡t ♥♦✉s
❝❤♦✐s✐ss♦♥s (cj , vi), (cj , aj2) ❡t (c
j , aj3)✳ ❱♦✐r ❧❛ ✜❣✉r❡ ✷✳✶✾✭❜✮ ♣♦✉r ✉♥ ❡①❡♠♣❧❡✳
✼✷ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
◆♦✉s ♣r♦✉✈♦♥s ♠❛✐♥t❡♥❛♥t q✉❡ ❧❡ s♦✉s✲❣r❛♣❤❡ H ❞❡ D ❡st s❛♥s ❝✐r❝✉✐t✳
◆♦✉s ♣r♦✉✈♦♥s ♣r❡♠✐èr❡♠❡♥t q✉✬❛✉❝✉♥ ❝✐r❝✉✐t ♥❡ ♣❛ss❡ ♣❛r vi ♣♦✉r t♦✉t❡ ✈❛r✐❛❜❧❡
xi✳ ◆♦t♦♥s q✉❡ vi ❛ ❞❡❣ré s♦rt❛♥t 1 ❞❛♥sH ❡t q✉❡H ❝♦♥t✐❡♥t s♦✐t (vi, vi1) s♦✐t (v
i, vi0)✱
s❛♥s ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✱ (vi, vi0) ∈ E(H)✳ P❛r ❝♦♥str✉❝t✐♦♥ ❞❡ H✱ ❝❡❧❛ ✈❡✉t ❞✐r❡ q✉❡
β(xi) = faux✳ ❙✐ vi0 ❡st ✉♥❡ ❢❡✉✐❧❧❡ ✭✐✳❡✳✱ ❛ ❞❡❣ré s♦rt❛♥t 0✮✱ ❛✉❝✉♥ ❝✐r❝✉✐t ♥❡ ♣❛ss❡
♣❛r vi✳ ❙✐♥♦♥✱ ❝♦♥s✐❞ér♦♥s ✉♥ ✈♦✐s✐♥ s♦rt❛♥t ajℓ ❞❡ v
i
0✱ ♣♦✉r ✉♥ j ≤ m, ℓ ∈ {1, 2, 3}✳
◆♦✉s ♣r♦✉✈♦♥s q✉❡ ❧❡ s❡✉❧ ✈♦✐s✐♥ s♦rt❛♥t ❞❡ ajℓ ❛ ❞❡❣ré s♦rt❛♥t 1 ❡t q✉❡ ❝❡ ♥✬❡st ♣❛s
vi✱ ❡t ❞♦♥❝ q✉✬❛✉❝✉♥ ❝✐r❝✉✐t ♥❡ ♣❛ss❡ ♣❛r vi✳ ❊♥ ❡✛❡t✱ (vi0, a
j
ℓ) ❛♣♣❛rt✐❡♥t à E(D)
s❡✉❧❡♠❡♥t s✬✐❧ ❡①✐st❡ ✉♥❡ ♦❝❝✉rr❡♥❝❡ ❞❡ xi ❞❛♥s Cj ✭ét❛♣❡ ✺ ❞❡ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡
D✮✳ ❈♦♠♠❡ β(xi) = faux✱ ❧❛ ✈❛❧❡✉r ❞❡ xi ♥✬✐♠♣❧✐q✉❡ ♣❛s q✉❡ β(Cj) = vrai ❡t✱ ♣❛r
❝♦♥str✉❝t✐♦♥ ❞❡ H✱ (ajℓ , c
j) /∈ E(H)✳ ❉♦♥❝✱ ❧✬✉♥✐q✉❡ ✈♦✐s✐♥ s♦rt❛♥t ❞❡ ajℓ ❡st s♦✐t cj0
s♦✐t cj1 q✉✐ ♦♥t ✉♥ ❞❡❣ré s♦rt❛♥t 0✳ ❉❡ ♣❧✉s✱ ♣♦✉r t♦✉t i ≤ n✱ ❧❡ s❡✉❧ ✈♦✐s✐♥ ❡♥tr❛♥t
❞❡ vi0 ✭❡t ❞❡ v
i
1✮ ❞❛♥s H✱ s✬✐❧ ❡①✐st❡✱ ❡st v
i✳ ❉♦♥❝ ❛✉❝✉♥ ❝✐r❝✉✐t ♥❡ ♣❛ss❡ ♣❛r vip✳
P❛r ❝♦♥str✉❝t✐♦♥ ❞❡ D✱ ♣♦✉r t♦✉t j < k ≤ m✱ ✐❧ ♥✬② ❛ ♣❛s ❞✬❛r❝s ❡♥tr❡ ✉♥ s♦♠♠❡t
❞❡ {aj1, aj2, aj3, cj , cj0, cj1} ❡t ✉♥ s♦♠♠❡t ❞❡ {ak1, ak2, ak3, ck, ck0, ck1}✳ ❆✐♥s✐✱ s✬✐❧ ❡①✐st❡ ✉♥
❝✐r❝✉✐t ❞❛♥s H✱ ❛❧♦rs ✐❧ ② ❛ ✉♥ j ≤ m✱ t❡❧ q✉❡ ❧❡s s♦♠♠❡ts ❞❡ ❝❡ ❝✐r❝✉✐t ❛♣♣❛rt✐❡♥♥❡♥t
à {aj1, aj2, aj3, cj , cj0, cj1}✳ ❘❛♣♣❡❧♦♥s q✉❡✱ ❞❛♥s H✱ ✐❧ ② ❛ tr♦✐s ❛r❝s ✐♥❞é♣❡♥❞❛♥ts ❞❡ aj1✱
aj2 ❡t a
j
3 à c
j ✱ cj0 ❡t c
j
1✱ ❞❡✉① ❛r❝s ❞❡ c
j à 2 s♦♠♠❡ts ❞❡ {aj1, aj2, aj3} ❡t ♣❛s ❞✬❛r❝s
s✉♣♣❧é♠❡♥t❛✐r❡s ❞❡ ❡t à ❞❡s s♦♠♠❡ts ❛♣♣❛rt❡♥❛♥t à ❧✬❡♥s❡♠❜❧❡ ♣ré❝é❞❡♥t✳ ❙❛♥s ♣❡rt❡
❞❡ ❣é♥ér❛❧✐té✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡ s❡✉❧ ✈♦✐s✐♥ ❡♥tr❛♥t ❞❡ cj ❞❛♥s H ❡st aj1✳ P❛r
❝♦♥str✉❝t✐♦♥ ❞❡ H✱ ❧❡s 2 ❛r❝s ♣ré❝é❞❡♥ts ❞❡ cj s♦♥t ✈❡rs aj2 ❡t ✈❡rs a
j
3✳ ❉♦♥❝ ✐❧ ♥✬② ❛
♣❛s ❞❡ ❝✐r❝✉✐t ❛✈❡❝ ❧❡s s♦♠♠❡ts ❞❡ {aj1, aj2, aj3, cj , cj0, cj1}✳ ❈❡❧❛ ❝♦♥❝❧✉t ❧❛ ♣r❡✉✈❡ q✉❡
H ❡st s❛♥s ❝✐r❝✉✐t✱ ❡t ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✶✸✳ 
❯♥❡ q✉❡st✐♦♥ ✐♥tér❡ss❛♥t❡ ❡st ❞❡ ❞ét❡r♠✐♥❡r ❧❛ ❝♦♠♣❧❡①✐té ❞✉ ♣r♦❜❧è♠❡ ❧♦rs✲
q✉✬✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ♣❡✉t êtr❡ ♣❛rt❛❣é❡ ♣❛r ❛✉ ♣❧✉s ❞❡✉① r❡q✉êt❡s✳
◗✉❡st✐♦♥ ✶ ◗✉❡❧❧❡ ❡st ❧❛ ❝♦♠♣❧❡①✐té ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❞é❝✐❞❡r s✬✐❧ ❡①✐st❡ ✉♥❡ r❡❝♦♥✜✲
❣✉r❛t✐♦♥ s❛♥s ✐♥t❡rr✉♣t✐♦♥ s✐ ✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ♣❡✉t êt❡ ♣❛rt❛❣é❡ ♣❛r ❛✉ ♣❧✉s ❞❡✉①
r❡q✉êt❡s ❄
✷✳✹✳✸ ▼♦❞è❧❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ♣❤②s✐q✉❡s
❉❛♥s ❝❡tt❡ s❡❝t✐♦♥ ♥♦✉s ❛❜♦r❞♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ s♦✉s ✉♥ ❛♥❣❧❡
❞✐✛ér❡♥t✱ q✉✐ ❡st ❝❡❧✉✐ ❞❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❝♦♥tr❛✐♥t❡s ♣❤②s✐q✉❡s ❧✐é❡s à ❧✬ét❛✲
❜❧✐ss❡♠❡♥t ❞✬✉♥ ❝❤❡♠✐♥ ♦♣t✐q✉❡✳ ◆♦✉s ❝❤❡r❝❤♦♥s à ♦♣t✐♠✐s❡r ❧❡ ❝♦ût ✐♥❞✉✐t ♣❛r ❝❡s
❝♦♥tr❛✐♥t❡s s❛♥s s❡ s♦✉❝✐❡r ❞❡s ✐♥é✈✐t❛❜❧❡s ✐♥t❡rr✉♣t✐♦♥s ✭♥♦✉s s✉♣♣♦s♦♥s q✉❡ t♦✉t❡s
❧❡s r❡q✉êt❡s ♦♥t ❞❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡s ❞✐✛ér❡♥t❡s✮✳ ❊♥ ❡✛❡t✱ ❧❛ tr❛♥s♠✐ss✐♦♥ ❞✬✉♥
s✐❣♥❛❧ ♦♣t✐q✉❡ ❞❛♥s ✉♥❡ ✜❜r❡ ❡st s✉❥❡tt❡ à ❞❡ très ♥♦♠❜r❡✉① ♣❛r❛♠ètr❡s ✿ ❧❛r❣❡✉r
❞❡ ❜❛♥❞❡✱ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥✱ ❛tté♥✉❛t✐♦♥ ❞✉ s✐❣♥❛❧ ✐♠♣♦s❛♥t ❧✬✉s❛❣❡ ❞✬❛♠♣❧✐✜❝❛✲
t❡✉rs t♦✉s ❧❡s ✺✵ à ✽✵ ❦✐❧♦♠ètr❡s✱ ❞é❝❛❧❛❣❡s ❞❡ ♣❤❛s❡s ❧✐és à ❧✬✐♠♣❡r❢❡❝t✐♦♥ ❞✉ ❧❛s❡r
❡t à ❧❛ ❞✐st♦rs✐♦♥ ❞❡ ❧❛ ✜❜r❡✱ ♦✉ ❡♥❝♦r❡ ❞✐✈❡rs ❡✛❡ts ❡❧❡❝tr♦✲♠❛❣♥ét✐q✉❡s✳ ❚♦✉t ❝❡❝✐
❞❡♠❛♥❞❡ ❞❡s ré❣❧❛❣❡s ❡①trê♠❡♠❡♥t ✜♥s ♣♦✉r ❛ss✉r❡r ✉♥❡ ❜♦♥♥❡ q✉❛❧✐té ❞❡ tr❛♥s♠✐s✲
s✐♦♥✱ ♠❛✐s t♦✉t ❡st à r❡❢❛✐r❡ ✭♦✉ ❛❞❛♣t❡r✮ ❧♦rsq✉✬✉♥❡ ♥♦✉✈❡❧❧❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❡st
✉t✐❧✐sé❡ ❞❛♥s ❧❛ ✜❜r❡✳ ❆✐♥s✐✱ ét❛❜❧✐r ✉♥ ♥♦✉✈❡❛✉ ❝❤❡♠✐♥ ♦♣t✐q✉❡ ❞❛♥s ✉♥ rés❡❛✉ ❛ ✉♥
✷✳✹✳ ❊①t❡♥s✐♦♥s ❡t ❛✉tr❡s ♠♦❞é❧✐s❛t✐♦♥s ✼✸
❝♦ût ✭é♥❡r❣ét✐q✉❡✱ t❡♠♣♦r❡❧ ❡t✴♦✉ ❞❡ ♠❛✐♥ ❞✬÷✉✈r❡✮ ❞û ❛✉① r❡❝❛❧✐❜r❛❣❡s s✉r t♦✉t❡s
❧❡s ✜❜r❡s ❡♠♣r✉♥té❡s ♣❛r ❝❡ ❝❤❡♠✐♥ ❡t q✉✐ ❞é♣❡♥❞ ❞❡ ❢❛ç♦♥ ♥♦♥ ❧✐♥é❛✐r❡ ❞❡s ❞✐✛é✲
r❡♥t❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡s ❞é❥à ♣rés❡♥t❡s✳ ❉❡ ♣❧✉s✱ ❝❡s ♠♦❞✐✜❝❛t✐♦♥s ♣❡✉✈❡♥t ❛✈♦✐r ❞❡s
ré♣❡r❝✉ss✐♦♥s s✉r ❧✬❡♥s❡♠❜❧❡ ❞✉ rés❡❛✉ ♣❛r ♣r♦♣❛❣❛t✐♦♥ ❞❡s ❝♦rr❡❝t✐♦♥s à ❡✛❡❝t✉❡r✳
❱♦✐r ❬▼❈❑+✵✾❪ ♣♦✉r ✉♥ ❡①❡♠♣❧❡ ❞❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❝❡s ❡✛❡ts ❞❛♥s ❧❡ ❝❛❧❝✉❧ ❞✉
r♦✉t❛❣❡ ♦♣t✐q✉❡✳
▲❡ rés❡❛✉ ♣❤②s✐q✉❡ ❡st ♠♦❞é❧✐sé ♣❛r ✉♥ ♠✉❧t✐✲❞✐❣r❛♣❤❡ D = (V,A) ❡t ♥♦t♦♥s Υ
❧✬❡♥s❡♠❜❧❡ ❞❡s r❡q✉êt❡s ❞❡ ❝♦♥♥❡①✐♦♥✱ ❛✈❡❝ m = |Υ|✳ ➱t❛♥t ❞♦♥♥és ✉♥ r♦✉t❛❣❡ ✐♥✐t✐❛❧
Rinit ❡t ✉♥ r♦✉t❛❣❡ ✜♥❛❧ Rfin✱ ♥♦✉s ♥♦t♦♥s Rinitd ✭R
fin
d ✱ r❡s♣❡❝t✐✈❡♠❡♥t✮ ❧❡ ❝❤❡♠✐♥
♦♣t✐q✉❡ ✐♥✐t✐❛❧ ✭✜♥❛❧✱ r❡s♣❡❝t✐✈❡♠❡♥t✮ ❞❡ d ∈ Υ✳ S ⊆ Υ ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦♥♥❡①✐♦♥s
❞é❥à r❡r♦✉té❡s à ✉♥❡ ét❛♣❡ ❞♦♥♥é❡✱ ♥♦té❡ é❣❛❧❡♠❡♥t S✳ CS ❡st ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞✉
rés❡❛✉ à ❧✬ét❛♣❡ S✱ ❞é✜♥✐❡ ♣❛r ❧✬❡♥s❡♠❜❧❡ (RSd )d∈Υ ❞❡s ❝❤❡♠✐♥s ♦♣t✐q✉❡s à ❝❡tt❡ ét❛♣❡
❛✈❡❝ RSd = R
fin
d s✐ d ∈ S ❡t RSd = Rinitd s✐♥♦♥✳ ▲❛ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥✐t✐❛❧❡ ❡st ♥♦té❡ C∅✳
◆♦✉s ♥♦t♦♥s lS(e) ❧❛ ❝❤❛r❣❡ ❞✉ ❧✐❡♥ e à ❧✬ét❛♣❡ S✱ ❝✬❡st✲à✲❞✐r❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❝❤❡♠✐♥s
♦♣t✐q✉❡s ❧✬❡♠♣r✉♥t❛♥t✳D❞❡♣ ❡st ❧❡ ❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s ❞♦♥t ❧❡s s♦♠♠❡ts s♦♥tΥ ❡t
✐❧ ② ❛ ✉♥ ❛r❝ ❞❡ d1 ∈ Υ ✈❡rs d2 ∈ Υ s✐ (A(Rfind1 )\A(Rinitd1 ))∩(A(Rinitd2 )\A(R
fin
d2
)) 6= ∅
✭❝❡tt❡ ❞é✜♥✐t✐♦♥ ❞✐✛èr❡ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ❝❧❛ss✐q✉❡ é♥♦♥❝é❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✶✳✷✮✳
✷✳✹✳✸✳✶ ▼♦❞é❧✐s❛t✐♦♥
P♦✉r ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡s ❝♦♥tr❛✐♥t❡s ♣❤②s✐q✉❡s ❞é❝r✐t❡s ♣ré❝é❞❡♠♠❡♥t✱ ♥♦✉s
❞é✜♥✐ss♦♥s ❧❡ ❝♦ût ❞✉ r❡r♦✉t❛❣❡ ❞❡ d ∈ Υ \S ✈❡rs ❧❛ r♦✉t❡ Rfind ❧♦rsq✉❡ ❧❡ rés❡❛✉ ❡st
❞❛♥s ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ CS ♣❛r ❧❛ s♦♠♠❡ ✭♣♦t❡♥t✐❡❧❧❡♠❡♥t ♥♦♥ ❧✐♥é❛✐r❡✮ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡
α ≥ 0 ❞❡ ❧❛ ❝❤❛r❣❡ à ❝❡t ✐♥st❛♥t ❞❡s ❧✐❡♥s ❡♠♣r✉♥tés ♣❛r Rfind ✭♦♥ ♥♦t❡ ❛❜✉s✐✈❡♠❡♥t
0α = 0✱ ♣♦✉r t♦✉t α ≥ 0✮✱ ❡t ❞♦♥❝ ❞✉ ♥♦♠❜r❡ ❞❡ ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡s à ❛❥✉st❡r s✉r ❝❡s
❧✐❡♥s ✿
❝♦ût(d,CS) =
∑
e∈A(Rfind )\A(Rinitd )
(lS(e))α =
∑
e∈A(Rfind )\A(Rinitd )
|{d′ ∈ Υ : e ∈ A(RSd′)}|α.
■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ ❧❡ ❝♦ût ❞✉ ❞é♣❧❛❝❡♠❡♥t ❞✬✉♥❡ r❡q✉êt❡ ♥❡ ❞é♣❡♥❞ ♣❛s
❞❡ ❧✬♦r❞r❡ ❞❛♥s ❧❡q✉❡❧ ❧❡s r❡q✉êt❡s ♣ré❝é❞❡♥t❡s ♦♥t été ❞é♣❧❛❝é❡s✱ ♠❛✐s ✉♥✐q✉❡♠❡♥t
❞❡ ❧✬❡♥s❡♠❜❧❡ S ❞❡s r❡q✉êt❡s ❞é❥à ❞é♣❧❛❝é❡s✳ P❛r ❛✐❧❧❡✉rs✱ ❧❡ ❝❛s α = 0 ❡st ✐♥tér❡ss❛♥t
❝❛r ❧❡ ❝♦ût ❡st ❜♦r♥é ♣❛r ❧❛ ❧♦♥❣✉❡✉r ❞✉ ❝❤❡♠✐♥ ♦♣t✐q✉❡✱ ✐✳❡✳✱ ♣❛r ❧❡ ♥♦♠❜r❡ ❞❡ ❧✐❡♥s
❞✉ rés❡❛✉ s✉r ❧❡sq✉❡❧s ✉♥❡ ✐♥t❡r✈❡♥t✐♦♥ ❡st ♥é❝❡ss❛✐r❡✱ ✐♥❞é♣❡♥❞❡♠♠❡♥t ❞❡ ❧❛ ❝❤❛r❣❡✳
Pr♦❜❧è♠❡ ✸ ➱t❛♥t ❞♦♥♥és ✉♥❡ t♦♣♦❧♦❣✐❡ ❞❡ rés❡❛✉ D✱ ✉♥ ❡♥s❡♠❜❧❡ Υ ❞❡ r❡✲
q✉êt❡s✱ ❡t ❧❡s r♦✉t❛❣❡s ♦♣t✐q✉❡s ✐♥✐t✐❛✉① ❡t ✜♥❛✉①✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥
❛✈❡❝ ❝♦♥tr❛✐♥t❡s ♣❤②s✐q✉❡s ❝♦♥s✐st❡ à tr♦✉✈❡r ✉♥ ♦r❞r❡ O = (d1, d2, · · · , dm) s✉r
❧❡s r❡q✉êt❡s ❛✜♥ ❞❡ ♠✐♥✐♠✐s❡r ❝♦ût(O) = ∑j≤m ❝♦ût(dj , CSj )✱ ♦ù S1 = ∅ ❡t
Sj = {d1, · · · , dj−1} ♣♦✉r j > 1✳
❘❛♣♣❡❧♦♥s q✉❡ ♥♦✉s ♥❡ ❝♦♥s✐❞ér♦♥s ♣❛s ❧❡ ♣r♦❜❧è♠❡ ❞✉ ❝❛❧❝✉❧ ❞✉ r♦✉t❛❣❡ ✿ ❧❡s
r♦✉t❡s ✐♥✐t✐❛❧❡s ❡t ✜♥❛❧❡s s♦♥t ❞♦♥♥é❡s ❝♦♠♠❡ ❡♥tré❡s ❞❡ ♥♦tr❡ ♣r♦❜❧è♠❡ q✉✐ ❝♦♥s✐st❡
à ♦r❞♦♥♥❡r ❧❡ r❡r♦✉t❛❣❡ ❞❡ ❝❤❛q✉❡ r❡q✉êt❡✳ ◆♦✉s s✉♣♣♦s♦♥s é❣❛❧❡♠❡♥t q✉❡ ❧❡ ♥♦♠❜r❡
✼✹ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
❞❡ ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡s ❡st s✉✣s❛♠♠❡♥t ❣r❛♥❞ ♣♦✉r q✉❡✱ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ séq✉❡♥❝❡
❞❡ r❡r♦✉t❛❣❡s ❞❡s r❡q✉êt❡s✱ ❛✉❝✉♥❡ ✐♥t❡rr✉♣t✐♦♥ ♥❡ s♦✐t ♥é❝❡ss❛✐r❡✳
✷✳✹✳✸✳✷ ❘és✉❧t❛ts
◆♦✉s ♠♦♥tr♦♥s t♦✉t ❞✬❛❜♦r❞ q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s
♣❤②s✐q✉❡s ❡st ◆P✲❝♦♠♣❧❡t ♠ê♠❡ ♣♦✉r ✉♥❡ ✐♥st❛♥❝❡ très s✐♠♣❧❡ ✭2 ♥÷✉❞s ❡t α = 0✮
❛✈❛♥t ❞✬ét❛❜❧✐r ❞❡s ❜♦r♥❡s ❣é♥ér❛❧❡s ❡t ✉♥ ❛❧❣♦r✐t❤♠❡ ❧✐♥é❛✐r❡ ♦♣t✐♠❛❧ ♣♦✉r ❧✬❛♥♥❡❛✉
♦r✐❡♥té s②♠étr✐q✉❡ ❛✈❡❝ α = 1✳
❚❤é♦rè♠❡ ✶✹ ❙✐ α = 0✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❛✈❡❝ ❝♦♥tr❛✐♥t❡s ♣❤②s✐q✉❡s
❡st ◆P✲❝♦♠♣❧❡t ♣♦✉r ✉♥ rés❡❛✉ ❲❉▼ à 2 ♥÷✉❞s✳
Pr❡✉✈❡ ✿ Pr❡♥♦♥s ❧❡ rés❡❛✉ à 2 ♥÷✉❞s u ❡t v ❡t n ≥ 1 ❧✐❡♥s uv ✿ A = {a1, · · · , an}✳
❈♦♥s✐❞ér♦♥s ✉♥ ❡♥s❡♠❜❧❡ ❞❡ m r❡q✉êt❡s ❞❡ u à v ❛②❛♥t ❝❤❛❝✉♥❡ ✉♥ ❧✐❡♥ ♣♦✉r r♦✉t❡
✐♥✐t✐❛❧❡ ❡t ✉♥ ❧✐❡♥ ❞✐✛ér❡♥t ♣♦✉r r♦✉t❡ ✜♥❛❧❡✳ ❙❛♥s ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✱ ♥♦✉s s✉♣♣♦s♦♥s
q✉❡ ❝❤❛q✉❡ ❧✐❡♥ ❡st ❧❛ r♦✉t❡ ✜♥❛❧❡ ❞✬❛✉ ♠♦✐♥s ✉♥❡ r❡q✉êt❡✳
❈♦♠♠❡ α = 0✱ r❡♠❛rq✉♦♥s q✉❡ ❧❡ r❡r♦✉t❛❣❡ ❞✬✉♥❡ r❡q✉êt❡ ♥❡ ❝♦ût❡ r✐❡♥ s✐ ❡❧❧❡
❡st ❞é♣❧❛❝é❡ s✉r ✉♥ ❧✐❡♥ ✈✐❞❡✱ ❡t 1 s✐♥♦♥✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ét❛♥t ❞♦♥♥é ✉♥ ❧✐❡♥ a ∈ A
q✉✐ ❡st ❧❛ r♦✉t❡ ✜♥❛❧❡ ❞❡ c(a) ≥ 1 r❡q✉êt❡s✱ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❝❡ ❧✐❡♥ ❛✉ ❝♦ût t♦t❛❧
❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❡st ❞❡ c(a)−1 ♦✉ c(a) s❡❧♦♥ q✉❡ ❝❡ ❧✐❡♥ ❡st ✈✐❞❡ ♦✉ ♥♦♥ ❧♦rsq✉❡
❧❛ ♣r❡♠✐èr❡ r❡q✉êt❡ ❧✬❛②❛♥t ♣♦✉r r♦✉t❡ ✜♥❛❧❡ ❡st ❞é♣❧❛❝é❡✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ q✉❡❧
q✉❡ s♦✐t ❧✬♦r❞r❡ O ❛❞♦♣té✱ m− n =∑i≤n(c(ai)− 1) ≤ ❝♦ût(O) ≤∑i≤n c(ai) = m✳
❈♦♥s✐❞ér♦♥s ❧❡ ❣r❛♣❤❡ ❛✉①✐❧✐❛✐r❡ Gaux ❞♦♥t A ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦♠♠❡ts ❡t ✐❧ ② ❛
❛✉t❛♥t ❞✬❛r❝s aiaj q✉❡ ❞❡ r❡q✉êt❡s ❞♦♥t ❧❛ r♦✉t❡ ✐♥✐t✐❛❧❡ ❡st ai ❡t ❧❛ r♦✉t❡ ✜♥❛❧❡ aj ✳ ❖♥
♣❡✉t ♠♦♥tr❡r q✉❡ ❧❡ ❝♦ût ♦♣t✐♠❛❧ ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ✈❛✉tm−n+|MFV S(Gaux)|✳
❘❛♣♣❡❧♦♥s q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r MFV S(Gaux)✱ ✉♥ ♠✐♥✐♠✉♠ ❢❡❡❞❜❛❝❦
✈❡rt❡① s❡t ❞❡ Gaux✱ ❡st ◆P✲❝♦♠♣❧❡t ❬❑❛♥✾✷❪✳
P♦✉r ❝♦♥❝❧✉r❡ ❧❛ ♣r❡✉✈❡✱ ✐❧ ❡st tr✐✈✐❛❧ ❞❡ ♠♦♥tr❡r q✉❡ ♣♦✉r t♦✉t ❣r❛♣❤❡ ♦r✐❡♥té
G✱ ✐❧ ❡①✐st❡ ✉♥❡ ✐♥st❛♥❝❡ ❞❡ ♥♦tr❡ ♣r♦❜❧è♠❡ ♣♦✉r ❧❛q✉❡❧❧❡ Gaux = G✳ 
❇✐❡♥ q✉❡ ❧❡ ♣r♦❜❧è♠❡ s♦✐t ◆P✲❝♦♠♣❧❡t ❡♥ ❣é♥ér❛❧✱ ✐❧ ❡①✐st❡ ❞❡s ✐♥st❛♥❝❡s ♦ù ✐❧
♣❡✉t êtr❡ rés♦❧✉ ❡✣❝❛❝❡♠❡♥t✳ ❊♥tr❡ ❛✉tr❡s✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ❧✐♥é❛✐r❡
♦♣t✐♠❛❧ ♣♦✉r ✉♥ ❛♥♥❡❛✉ ♦r✐❡♥té s②♠étr✐q✉❡ s✐ α = 1✳ ◆♦✉s ❝♦♠♠❡♥ç♦♥s ❛✈❡❝ ❞❡s
❜♦r♥❡s ❣é♥ér❛❧❡s✳
◆♦t♦♥s I(a) = |{d ∈ Υ : a ∈ A(Rinitd ) \ A(Rfind )}|✱ F (a) = |{d ∈ Υ : a ∈
A(Rfind ) \ A(Rinitd )}| ❡t P (a) = |{d ∈ Υ : a ∈ A(Rfind ) ∩ A(Rinitd )}| ❧❡ ♥♦♠❜r❡ ❞❡
r❡q✉êt❡s ✉t✐❧✐s❛♥t ❧❡ ❧✐❡♥ a ✉♥✐q✉❡♠❡♥t ❞❛♥s ❧❡✉rs r♦✉t❡s ✐♥✐t✐❛❧❡s✱ ✜♥❛❧❡s✱ ❞❡ ❢❛ç♦♥
♣❡r♠❛♥❡♥t❡✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❊♥✜♥✱ s♦✐t A′ ⊆ A✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❧✐❡♥s a t❡❧s q✉❡
F (a) > 0✳ ▲❡s ❜♦r♥❡s s✉✐✈❛♥t❡s s♦♥t très s✐♠♣❧❡s à ♦❜t❡♥✐r ✭♥♦✉s ♥♦t♦♥s ❛❜✉s✐✈❡♠❡♥t∑y
i=x i
α = 0 s✐ y < x✮✳
▲❡♠♠❡ ✶✹ P♦✉r t♦✉t α ≥ 0 ❡t ♣♦✉r t♦✉t ♦r❞r❡ O ❞❡ ❞é♣❧❛❝❡♠❡♥t ❞❡s r❡q✉êt❡s✱
∑
a∈A′
P (a)+F (a)−1∑
i=P (a)
iα ≤ ❝♦ût(O) ≤
∑
a∈A′
P (a)+I(a)+F (a)−1∑
i=P (a)+I(a)
iα.
✷✳✺✳ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s ✼✺
❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ I(a) = 0 ♣♦✉r t♦✉t a ∈ A′✱ ❧❡ ❝♦ût ♦♣t✐♠❛❧ ❡st ❛tt❡✐♥t ♣♦✉r
♥✬✐♠♣♦rt❡ q✉❡❧ ♦r❞r❡ ❞❡ ❞é♣❧❛❝❡♠❡♥t ❞❡s r❡q✉êt❡s✳ P❧✉s ❣é♥ér❛❧❡♠❡♥t✱
❚❤é♦rè♠❡ ✶✺ P♦✉r t♦✉t α ≥ 0✱ s✐ ❧❡ ❣r❛♣❤❡ ❞❡ ❞é♣❡♥❞❛♥❝❡s Ddep ❞❡ ❧✬✐♥st❛♥❝❡ ❞❡
r❡❝♦♥✜❣✉r❛t✐♦♥ ❡st ❛❝②❝❧✐q✉❡✱ ❛❧♦rs t♦✉t ♦r❞r❡ ❞✬❡✛❡✉✐❧❧❛❣❡ ❞❡ Ddep ❡st ♦♣t✐♠❛❧ ❞❡
❝♦ût
∑
a∈A′
∑P (a)+F (a)−1
i=P (a) i
α✳
❙♦✐t O = (d1, · · · , dm) ✉♥ ♦r❞r❡ s✉r ❧❡s r❡q✉êt❡s ❡t O′ ❧✬♦r❞r❡ ♦❜t❡♥✉ ❞❡ O ❡♥
✐♥✈❡rs❛♥t ❧❡s ie ❡t (i+1)e r❡q✉êt❡s✳ ■♥s✐st♦♥s s✉r ❧❡ ❢❛✐t q✉❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❝♦ût ❞❡s
❞❡✉① ♦r❞r❡s ❞é♣❡♥❞ ✉♥✐q✉❡♠❡♥t ❞❡ Si = {d1, · · · , di−1} ✿
❝♦ût(O)−❝♦ût(O′) = ❝♦ût(di, CSi)+❝♦ût(di+1, CSi+1)−❝♦ût(di+1, CSi)−❝♦ût(di, CSi∪{di+1}).
❚❤é♦rè♠❡ ✶✻ ❙♦✐t ✉♥ ❛♥♥❡❛✉ ♦r✐❡♥té s②♠étr✐q✉❡ ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞❡♠❛♥❞❡s à
❞é♣❧❛❝❡r {d1, · · · , dm} r❛♥❣é❡s ♣❛r ♦r❞r❡ ❞é❝r♦✐ss❛♥t ❞❡s ❧♦♥❣✉❡✉rs ❞❡ ❧❡✉rs r♦✉t❡s
✐♥✐t✐❛❧❡s✳ ❈❡t ♦r❞r❡ ❡st ♦♣t✐♠❛❧ ♣♦✉r ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥✳
Pr❡✉✈❡ ✿ ❈♦♥s✐❞ér♦♥s ✉♥ ♦r❞r❡ O q✉❡❧❝♦♥q✉❡ ❡t ❧✬♦r❞r❡ O′ ♦❜t❡♥✉ ❞❡ O ❡♥ ✐♥✈❡rs❛♥t
❞❡✉① ❞❡♠❛♥❞❡s ❝♦♥sé❝✉t✐✈❡s d ❡t d′✳ ▲✬❛r❣✉♠❡♥t ❝❧é ✭❞û à ❧❛ ❧✐♥é❛r✐té ❞❡ ❧❛ ❢♦♥❝t✐♦♥✮
❡st q✉❡ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❝♦ût ❡♥tr❡ ❧❡s ❞❡✉① ♦r❞r❡s ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ d ❡t d′ ✭✐♥✉t✐❧❡
❞❡ ❝♦♥♥❛îtr❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s r❡q✉êt❡s ♣ré❝é❞❡♥t d ❡t d′✮✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ s✐ d ❡t d′
♥✬♦♥t ♣❛s ❧❡ ♠ê♠❡ s❡♥s ❞❛♥s ❧❡ r♦✉t❛❣❡ ✐♥✐t✐❛❧ ✭❝♦ût(O) = ❝♦ût(O′) s✐♥♦♥✮✱ ❝♦ût(O)−
❝♦ût(O′) = |A(Rinitd′ )∩A(Rfind )|− |A(Rinitd )∩A(Rfind′ )| ❝❡ q✉✐✱ ❞❛♥s ✉♥ ❛♥♥❡❛✉✱ ✈❛✉t
|A(Rinitd′ )|− |A(Rinitd )|✳ P❡r♠✉t❡r s✉❝❝❡ss✐✈❡♠❡♥t ❧❡s r❡q✉êt❡s ❞❛♥s O ❥✉sq✉✬à ♦❜t❡♥✐r
✉♥ ♦r❞r❡ ❞é❝r♦✐ss❛♥t s✉r ❧❡s ❧♦♥❣✉❡✉rs ❞❡s r♦✉t❡s ✐♥✐t✐❛❧❡s ♥✬❛✉❣♠❡♥t❡ ❞♦♥❝ ♣❛s ❧❡
❝♦ût✳ ▲❡ ❝♦ût ♦❜t❡♥✉ ❡st ❞♦♥❝ ♦♣t✐♠❛❧✳ 
P♦✉r ❝♦♥❝❧✉r❡ ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ♣r♦♣♦sé ❞✐✛ér❡♥t❡s ❤❡✉r✐s✲
t✐q✉❡s ♣♦✉r ❝❡ ♣r♦❜❧è♠❡ ❡t ♥♦✉s ❧❡s ❛✈♦♥s é✈❛❧✉é❡s ✈✐❛ s✐♠✉❧❛t✐♦♥s ❬❇❈▼+✶✶❪✳
✷✳✺ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s
▲❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡s r❡q✉êt❡s ❞❡ ❝♦♥♥❡①✐♦♥ ❞❛♥s ❧❡s rés❡❛✉① ♦♣✲
t✐q✉❡s s♦✉❧è✈❡ ❞❡ ♥♦♠❜r❡✉s❡s q✉❡st✐♦♥s ❞✬♦r❞r❡s très ✈❛r✐és✳
❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧❛ ♣❧✉♣❛rt ❞❡s ♣r♦✲
❜❧è♠❡s ❞✬♦♣t✐♠✐s❛t✐♦♥ ❞❡ ♣❛r❛♠ètr❡s ✐♠♣♦rt❛♥ts ❧✐és ❛✉① ✐♥t❡rr✉♣t✐♦♥s ❞❡s r❡q✉êt❡s✱
s❡ tr❛❞✉✐s❡♥t ♣❛r ❞❡s ♣r♦❜❧è♠❡s ❞❡ ❣r❛♣❤❡s ✿ ❝❛❧❝✉❧ ❞❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ♦✉ ❞❡
❧✬✐♥❞✐❝❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❞✉ ❞✐❣r❛♣❤❡ ❛ss♦❝✐é à ❧✬✐♥st❛♥❝❡ ✭♠✐♥✐♠✐s❛t✐♦♥ ❞✉ ♥♦♠❜r❡
♠❛①✐♠✉♠ ❞❡ r❡q✉êt❡s s✐♠✉❧t❛♥é♠❡♥t ✐♥t❡rr♦♠♣✉❡s ♦✉ ♠✐♥✐♠✐s❛t✐♦♥ ❞✉ ♥♦♠❜r❡ t♦t❛❧
❞❡ r❡q✉êt❡s ✐♥t❡rr♦♠♣✉❡s✮✳ ◆♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ♣♦✉r ❧❡ ❝❛❧✲
❝✉❧ ❞❡ ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t ❞❛♥s ❧❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s✳ ■❧ ♣❡✉t êtr❡ ❛❞❛♣té
❛✉ ❝❛❧❝✉❧ ❞❡ ❧✬✐♥❞✐❝❡ ❞✬é❝❤❛♣♣❡♠❡♥t s♦♠♠❡t✱ ❡♥tr❡ ❛✉tr❡s ♣❛r❛♠ètr❡s✳ ◆♦✉s ❛✈♦♥s
❡♥s✉✐t❡ ✐♥tr♦❞✉✐t ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❝♦♠♣r♦♠✐s ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ s✐♠✉❧t❛♥é♠❡♥t
❝❡s ❞❡✉① ♠étr✐q✉❡s✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥
❛✈❡❝ ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡ r❡q✉êt❡s ♣r✐♦r✐t❛✐r❡s ♥❡ ♣♦✉✈❛♥t ♣❛s êtr❡ ✐♥t❡rr♦♠♣✉❡s✱
✼✻ ❈❤❛♣✐tr❡ ✷✳ ❘❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s rés❡❛✉① ♦♣t✐q✉❡s
♣❡✉t s❡ r❛♠❡♥❡r ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ ❛✉ ♣r♦❜❧è♠❡ ✐♥✐t✐❛❧✳ ◆♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t
❝♦♥s✐❞éré ✉♥ ♠♦❞è❧❡ ❛✈❡❝ ♣❛rt❛❣❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❡t ♠♦♥tré s❛ ❣r❛♥❞❡ ❞✐✣✲
❝✉❧té ✿ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞é❝✐❞❡r s✬✐❧ ❡①✐st❡ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ s❛♥s ❛✉❝✉♥❡ ✐♥t❡rr✉♣t✐♦♥
❡st ◆P✲❝♦♠♣❧❡t s✐ ❝❤❛q✉❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ♣❡✉t êtr❡ ♣❛rt❛❣é❡ ♣❛r tr♦✐s ❝♦♥♥❡①✐♦♥s✳
❊♥✜♥✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❞❡s ❝♦♥tr❛✐♥t❡s ♣❤②✲
s✐q✉❡s✳ ❊♥❝♦r❡ ✉♥❡ ❢♦✐s✱ ♥♦✉s ❛✈♦♥s ♠✐s ❡♥ ❡①❡r❣✉❡ s❛ ❣r❛♥❞❡ ❞✐✣❝✉❧té ✿ ❧❡ ♣r♦❜❧è♠❡
❞❡ ♠✐♥✐♠✐s❡r ❧❡ ❝♦ût ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❡st ◆P✲❝♦♠♣❧❡t ♠ê♠❡ ♣♦✉r ✉♥ rés❡❛✉
♣❤②s✐q✉❡ ❝♦♠♣♦sé ❞❡ 2 ♥÷✉❞s✳
❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ t❤é♦r✐q✉❡✱ ❞❡ ♥♦♠❜r❡✉s❡s q✉❡st✐♦♥s r❡st❡♥t ❛❝t✉❡❧❧❡♠❡♥t s❛♥s
ré♣♦♥s❡✳ P♦✉✈♦♥s✲♥♦✉s ❛❞❛♣t❡r ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ❝❛❧❝✉❧❛♥t ❧✬✐♥❞✐❝❡ ❞❡ tr❛✐t❡♠❡♥t
❞❡s ❛r❜r❡s ♦r✐❡♥tés s②♠étr✐q✉❡s ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❝❡ ♣❛r❛♠ètr❡ ❞❛♥s ❞❡s ❝❧❛ss❡s
❞❡ ❣r❛♣❤❡s ♣r♦❝❤❡s ❞❡ ❝❡❧❧❡ ❞❡ ❧✬❛r❜r❡ ❄ P♦✉✈♦♥s✲♥♦✉s ♥♦t❛♠♠❡♥t ❡♥ ❞é❞✉✐r❡ ✉♥
❛❧❣♦r✐t❤♠❡ ❛②❛♥t ✉♥❡ ❝♦♠♣❧❡①✐té r❛✐s♦♥♥❛❜❧❡ ✭❜✐❡♥s ♠♦✐♥s q✉❡ ❧❡ O(n11) ❞❡ ❬❇❑✾✻❪✮
♣♦✉r ❧❛ ❝❧❛ss❡ ❞❡s ❣r❛♣❤❡s ♣❧❛♥❛✐r❡s ❡①tér✐❡✉rs ❜✐❝♦♥♥❡①❡s ❄ ❊st✲❝❡ q✉❡ ❧❡ r❛♣♣♦rt
mfvspn(D)
mfvs(D) ❡st ♣❧✉s ♣❡t✐t q✉❡ 3 ♣♦✉r t♦✉t ❞✐❣r❛♣❤❡ ♦r✐❡♥té s②♠étr✐q✉❡ ✭❈♦♥❥❡❝t✉r❡ ✶✮ ❄
◗✉❡❧❧❡ ❡st ❧❛ ❝♦♠♣❧❡①✐té ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❞é❝✐❞❡r s✬✐❧ ❡①✐st❡ ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ s❛♥s
✐♥t❡rr✉♣t✐♦♥ s✐ ✉♥❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ♣❡✉t êt❡ ♣❛rt❛❣é❡ ♣❛r ❛✉ ♣❧✉s ❞❡✉① r❡q✉êt❡s
✭◗✉❡st✐♦♥ ✶✮ ❄
■❧ r❡st❡ ❞❡ ♥♦♠❜r❡✉s❡s ♣✐st❡s à ❡①♣❧♦r❡r ❝♦♥❝❡r♥❛♥t ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ ♣r♦✲
❜❧è♠❡ ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡✳ ❊♥tr❡ ❛✉tr❡s q✉❡st✐♦♥s✱ ❝♦♠♠❡♥t ♣r❡♥❞r❡ ❡♥
❝♦♠♣t❡ ❧❛ ❞✉ré❡ ❞❡s ✐♥t❡rr✉♣t✐♦♥s ❄ ❉❡✈♦♥s✲♥♦✉s ♠✐♥✐♠✐s❡r ❧❛ s♦♠♠❡ ❞❡s ❞✉ré❡s ♦✉
❧❛ ❞✉ré❡ ❧❛ ♣❧✉s ❣r❛♥❞❡ ♦✉ ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❡s ❞❡✉① ❄ ■❧ ❡st é❣❛❧❡♠❡♥t ♣❡rt✐♥❡♥t
❞❡ ♠✐♥✐♠✐s❡r ❧❡ ♥♦♠❜r❡ ❞✬ét❛♣❡s ❞❡ ❧❛ r❡❝♦♥✜❣✉r❛t✐♦♥✳ ■❧ ❢❛✉t ❛❧♦rs ❞é✜♥✐r ♣ré❝✐sé✲
♠❡♥t ❧❛ ♥♦t✐♦♥ ❞✬ét❛♣❡✳ ❱♦✐r ❬❈♦✉✶✵❪ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s s✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❛✈❡❝
♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞✉ t❡♠♣s✳
❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♣r❛t✐q✉❡✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ❞❛♥s ❬❈❍▼+✵✾❛❪ ❞❡s ❤❡✉r✐s✲
t✐q✉❡s ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ str❛té❣✐❡s ❞❡ tr❛✐t❡♠❡♥t✳ ◆♦✉s ♣♦✉rs✉✐✈♦♥s ❧❡s ❝♦♠♣❛r❛✐s♦♥s
❡♥ ❡✛❡❝t✉❛♥t ♥♦t❛♠♠❡♥t ❞❡s ❝♦♠♣❛r❛✐s♦♥s ❛✈❡❝ ❧❡s ❤❡✉r✐st✐q✉❡s ❞❡ ❬❏❙✵✸✱ ❙P❛✶✵❪✳
❈❤❛♣✐tr❡ ✸
❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
❙♦♠♠❛✐r❡
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✸✳✶ ■♥tr♦❞✉❝t✐♦♥
❉❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬❆◆❘ ❏❡✉♥❡s ❈❤❡r❝❤❡✉s❡s ❏❡✉♥❡s ❈❤❡r❝❤❡✉rs ❉■▼❆●❘❊❊◆✶✱
♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés à ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❡s rés❡❛✉① ❡t ♣r✐♥❝✐✲
♣❛❧❡♠❡♥t à ❝❡❧❧❡ ❧✐é❡ ❛✉ r♦✉t❛❣❡ ❞❡s ❞❡♠❛♥❞❡s✳ ▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❞✬ét✉❞✐❡r
❝♦♠♠❡♥t ❧❡ r♦✉t❛❣❡ ✐♥✢✉❡ s✉r ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❡t ❞❡ ♣r♦♣♦s❡r ❞❡s s♦❧✉✲
t✐♦♥s é❝♦♥♦♠❡s ❡♥ é♥❡r❣✐❡✳ ❈❡ tr❛✈❛✐❧ ❛ été ré❛❧✐sé ❛✈❡❝ ❋ré❞ér✐❝ ●✐r♦✐r❡✱ ❏♦❛♥♥❛
▼♦✉❧✐❡r❛❝ ❡t ❇r✐❝❡ ❖♥❢r♦② ❬●▼▼❖✶✵❛✱ ●▼▼❖✶✵❜✱ ●▼▼✶✶❪✳
✶❤tt♣✿✴✴✇✇✇✲s♦♣✳✐♥r✐❛✳❢r✴t❡❛♠s✴♠❛s❝♦tt❡✴❈♦♥tr❛ts✴❉■▼❆●❘❊❊◆
✼✽ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
✸✳✶✳✶ ▼♦t✐✈❛t✐♦♥s ❡t ét❛t ❞❡ ❧✬❛rt
▲❡s t❡❝❤♥♦❧♦❣✐❡s ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❡t ❞❡ ❧❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭❚■❈✮ s♦♥t r❡s♣♦♥✲
s❛❜❧❡s à ❡❧❧❡s s❡✉❧❡s ❞❡ ✷✪ à ✶✵✪ ✭s❡❧♦♥ ❧❡s ❡st✐♠❛t✐♦♥s✮ ❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ♠♦♥✲
❞✐❛❧❡ ❬❈▲▼✵✾❪✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❧✐é❡
❛✉① rés❡❛✉①✳ ■❧ ❡st ❡st✐♠é q✉❡ ❧❡s ❝♦♥❝❡♥tr❛t❡✉rs ✭❤✉❜s✮✱ ❝♦♠♠✉t❛t❡✉rs ✭s✇✐t❝❤❡s✮
❡t r♦✉t❡✉rs ❝♦♥s♦♠♠❡♥t ✻ ❚❲❤ ♣❛r ❛♥ ❛✉① ❯❙❆ ❬◆❈✵✺❪✳ ❯♥ ❝❡rt❛✐♥ ♥♦♠❜r❡
❞✬ét✉❞❡s ❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❡s rés❡❛✉① ♦♥t été ❡✛❡❝t✉é❡s ❝❡s ❞❡r♥✐èr❡s
❛♥♥é❡s ❬▼❙❇❘✵✽✱ ▼❙❇❘✵✾✱ ❈❙❇+✵✽❪✳ ▲❡s ❛✉t❡✉rs ♠❡tt❡♥t ❡♥ ❡①❡r❣✉❡ ❧❡ ❢❛✐t q✉❡
❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞❡s éq✉✐♣❡♠❡♥ts ❡st ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ ❧❡✉rs ❝❤❛r❣❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r
❞❛♥s ❬❈❙❇+✵✽✱ ▼❙❇❘✵✾❪✱ ❧❡s ❛✉t❡✉rs s❡ s♦♥t ✐♥tér❡ssés à ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡
❞❡s r♦✉t❡✉rs✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✉ ❈✐s❝♦ ✶✷✵✵✵ ❧♦rsq✉❡ ❧❛ ❝❤❛r❣❡ ❡st ❞❡
✼✺✪ ❡st s❡✉❧❡♠❡♥t ✷✪ ♣❧✉s ❣r❛♥❞❡ q✉❡ s❛ ❝♦♥s♦♠♠❛t✐♦♥ ❡♥ ét❛t ❞✬✐♥❛❝t✐✈✐té ✭✼✼✵❲
❝♦♥tr❡ ✼✺✺❲✮✳ ❉❛♥s ❬▼❙❇❘✵✾❪✱ ❞❡s ❡①♣ér✐♠❡♥t❛t✐♦♥s ♠♦♥tr❡♥t q✉❡ ❧❛ ❝♦♥s♦♠♠❛✲
t✐♦♥ ❞✬é♥❡r❣✐❡ ❞é♣❡♥❞ ❞✉ ♥♦♠❜r❡ ❞❡ ♣♦rts ❛❝t✐✈és✳ ❆✐♥s✐ ét❡✐♥❞r❡ ❝❡rt❛✐♥s ♣♦rts ♥♦♥
✉t✐❧✐sés ❞✬✉♥❡ ❧✐♥❡ ❝❛r❞ ré❞✉✐t ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❡ ❧✬éq✉✐♣❡♠❡♥t✳ ▲❡s ✈❛✲
❧❡✉rs ♦❜t❡♥✉❡s ❧♦rs ❞❡s ❡①♣ér✐♠❡♥t❛t✐♦♥s ♠♦♥tr❡♥t q✉❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬✉♥❡ ❧✐♥❡
❝❛r❞ ✹✲♣♦rt ●✐❣❛❜✐t ❡t❤❡r♥❡t ✭✶✵✵❲✮ r❡♣rés❡♥t❡ ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ✉♥ q✉❛rt ❞❡ ❧❛
❝♦♥s♦♠♠❛t✐♦♥ ❣❧♦❜❛❧❡ ❞✉ s②stè♠❡ ✭✹✸✵❲✮✳
❆✐♥s✐✱ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞é♣❡♥❞ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞✉ ♥♦♠❜r❡ ❞✬éq✉✐♣❡♠❡♥ts ❞✉
rés❡❛✉ ❛❧❧✉♠és ❡t ❞♦♥❝ ❞✉ r♦✉t❛❣❡ ❞❡s ❞❡♠❛♥❞❡s✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ✐❧ s✬❛❣✐t ❛❧♦rs
❞❡ tr♦✉✈❡r ✉♥ r♦✉t❛❣❡ ❞❡s ❞❡♠❛♥❞❡s q✉✐ ♠✐♥✐♠✐s❡ ❧❡ ♥♦♠❜r❡ ❞✬éq✉✐♣❡♠❡♥ts ✉t✐❧✐sés✳
❉❛♥s ❬❈❙❇+✵✽❪✱ ❧❡s ❛✉t❡✉rs ♣r♦♣♦s❡♥t ✉♥ ♣r♦❣r❛♠♠❡ ❧✐♥é❛✐r❡ ♣♦✉r rés♦✉❞r❡ ❝❡
♣r♦❜❧è♠❡✳ ▲❛ ❢♦♥❝t✐♦♥ ♦❜❥❡❝t✐❢ ❡st ❧❛ s♦♠♠❡ ♣♦♥❞éré❡ ❞✉ ♥♦♠❜r❡ ❞❡ ♣❧❛t❡❢♦r♠❡s
❡t ❞✬✐♥t❡r❢❛❝❡s✳ ■❧s ♠♦♥tr❡♥t ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❧❛ q✉❛♥t✐té ❞✬é♥❡r❣✐❡ q✉✐ ♣❡✉t êtr❡
é❝♦♥♦♠✐sé❡ ❞❛♥s ❞✐✛ér❡♥ts rés❡❛✉① ❛✈❡❝ ❝❡ ♠♦❞è❧❡✳ ❉❛♥s ❬■❖❘+✶✵❪✱ ❧❡s ❛✉t❡✉rs s✬✐♥✲
tér❡ss❡♥t ❛✉ r❡r♦✉t❛❣❡ s✉r ❞✐✛ér❡♥t❡s ❝♦✉❝❤❡s ❞❛♥s ❧❡s rés❡❛✉① ■P✲s✉r✲❲❉▼ ♣♦✉r
é❝♦♥♦♠✐s❡r ❞❡ ❧✬é♥❡r❣✐❡✳ ❉❛♥s ❬P❱❈+✵✾❪✱ ❧✬✐♠♣❛❝t ❞❡ ❧❛ t❡❝❤♥♦❧♦❣✐❡ s✉r ❧✬❡✣❝❛❝✐té ❞✉
r♦✉t❛❣❡ ❡♥ t❡r♠❡s ❞✬é♥❡r❣✐❡ ❡st ét✉❞✐é✳ ❉❛♥s ❬◆■❘❲✵✽✱ ●❙✵✸✱ ❈▼◆✵✾❛❪✱ ❞✐✛ér❡♥t❡s
t❡❝❤♥✐q✉❡s s♦♥t ♣rés❡♥té❡s ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❛❞❛♣t❡r ❧❡ t❛✉① ❞✬❡♥✈♦✐ ❞❡s ♠❡ss❛❣❡s
❡♥ ❢♦♥❝t✐♦♥ ❞✉ tr❛✜❝ ❞❛♥s ❧❡s ▲❆◆ ✭▲♦❝❛❧ ❆r❡❛ ◆❡t✇♦r❦s✮✳ ❉❛♥s ❬❈◆❘✶✵❪✱ ❧❡s ❛✉✲
t❡✉rs ♣r♦♣♦s❡♥t ✉♥❡ ♠♦❞✉❧❛t✐♦♥ ❞❡ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ r❛❞✐♦ ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧ à
❧❛r❣❡ ❜❛♥❞❡ ♣♦✉r ré❞✉✐r❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥✳
❈❡s ♣r♦❜❧è♠❡s ét❛♥t très ❞✐✣❝✐❧❡s✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥❡ ❛r❝❤✐t❡❝t✉r❡ s✐♠♣❧✐✜é❡
❞❛♥s ❧❛q✉❡❧❧❡ ✉♥❡ ❝♦♥♥❡①✐♦♥ ❡♥tr❡ ❞❡✉① r♦✉t❡✉rs ❡st r❡♣rés❡♥té❡ ♣❛r ✉♥ ❧✐❡♥ r❡❧✐❛♥t
❞❡✉① ✐♥t❡r❢❛❝❡s✳
▲❡ rés❡❛✉ ❡st ♠♦❞é❧✐sé ♣❛r ✉♥ ❣r❛♣❤❡ ❛rêt❡✲♣♦♥❞éré ♥♦♥✲♦r✐❡♥té G = (V,E, c)✱
c : E → R∗+✱ ❛✈❡❝ c(e) ≥ 0 r❡♣rés❡♥t❛♥t ❧❛ ❝❛♣❛❝✐té ❞❡ ❧✬❛rêt❡ e ∈ E✳ ◆♦✉s ♥♦t♦♥s
n = |V | ❡t m = |E|✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ❞❡♠❛♥❞❡s ❡st ♥♦té D = {Dst ≥ 0; (s, t) ∈
V ×V, s 6= t} ❛✈❡❝ Dst ❧❡ ✈♦❧✉♠❡ ❞❡ tr❛✜❝ ❞❡ s à t✳ ❯♥❡ ❞❡♠❛♥❞❡ Dst ❞♦✐t êtr❡ r♦✉té❡
✈✐❛ ✉♥ ✉♥✐q✉❡ ❝❤❡♠✐♥ ❞❡ s à t✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❧❡s ❞❡♠❛♥❞❡s s♦♥t ✐♥sé❝❛❜❧❡s
✭✉♥s♣❧✐tt❛❜❧❡✮✳ ❯♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s ❡st ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❝❤❡♠✐♥s ❞❛♥s G
♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ❞❡♠❛♥❞❡s Dst ∈ D✱ t❡❧ q✉❡✱ ♣♦✉r ❝❤❛q✉❡ ❛rêt❡ e ∈ E✱ ❧❡ ✈♦❧✉♠❡
t♦t❛❧ ❞❡ tr❛✜❝ ♣❛ss❛♥t ♣❛r e ♥✬❡①❝è❞❡ ♣❛s s❛ ❝❛♣❛❝✐té c(e)✳ ❈♦♠♠❡ ❞❛♥s ❬❈▲❇●✵✵❪✱
✸✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✼✾
15 15 13 13
14
10
8879
16 16 16
8
11
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s2
t1
t2
❋✐❣✳ ✸✳✶ ✕ ■♥st❛♥❝❡ ♥✬❛❞♠❡tt❛♥t ♣❛s ❞❡ s♦❧✉t✐♦♥ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ✭❡t
❞♦♥❝ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠✮ ❛✈❡❝ Ds1t1 = 10 ❡t Ds2t2 =
10✳ ▲❡s ❡♥t✐❡rs s✉r ❧❡s ❛rêt❡s r❡♣rés❡♥t❡♥t ❧❡✉rs ❝❛♣❛❝✐tés r❡s♣❡❝t✐✈❡s✳
♣♦✉r t♦✉t❡ ❛rêt❡ {uv} ∈ E✱ ♥♦✉s ♥❡ ❢❛✐s♦♥s ♣❛s ❞❡ ❞✐st✐♥❝t✐♦♥ ❡♥tr❡ ❧❡ tr❛✜❝ ♣❛ss❛♥t
❞❡ u ❡t ✈❡rs v ❡t ❧❡ tr❛✜❝ ♣❛ss❛♥t ❞❡ v ✈❡rs u✳ ❯♥ ♣r♦❜❧è♠❡ ❞❡ ❞é❝✐s✐♦♥ ❝❧❛ss✐q✉❡ ❡st
❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ q✉✐ ❝♦♥s✐t❡ à ❞ét❡r♠✐♥❡r s✐ ✉♥ t❡❧ r♦✉t❛❣❡ ❡①✐st❡ ♦✉ ♥♦♥✳
Pr♦❜❧è♠❡ ✹ ✭♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡✮ ❊t❛♥t ❞♦♥♥és ✉♥ ❣r❛♣❤❡ ♣♦♥❞éré G =
(V,E, c) ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞❡♠❛♥❞❡s D✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❝♦♥s✐st❡ à
❞é❝✐❞❡r s✬✐❧ ❡①✐st❡ ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s ❞❡ D ❞❛♥s G✳
❈♦♥s✐❞ér♦♥s ❧❡ ❣r❛♣❤❡ ❞❡ ❧❛ ✜❣✉r❡ ✸✳✶ ❛✈❡❝ ❧❡s ❞❡✉① ❞❡♠❛♥❞❡s Ds1t1 = 10 ❡t
Ds2t2 = 10✳ ▲❡s ❡♥t✐❡rs s✉r ❧❡s ❛rêt❡s r❡♣rés❡♥t❡♥t ❧❡✉rs ❝❛♣❛❝✐tés r❡s♣❡❝t✐✈❡s✳ ■❧
♥✬② ❛ ♣❛s ❞❡ s♦❧✉t✐♦♥ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡✳ ❊♥ ❡✛❡t✱ ✐❧ ❡st ✐♠♣♦ss✐❜❧❡
❞❡ r♦✉t❡r Ds2t2 = 10 ❝❛r ❧❡ s♦♠♠❡t s2 ❛ ❞❡✉① ❛rêt❡s ❛❞❥❛❝❡♥t❡s ❞❡ ❝❛♣❛❝✐tés 8 ❡t
9✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❘❛♣♣❡❧♦♥s q✉❡ ❝❤❛q✉❡ ❞❡♠❛♥❞❡ ❞♦✐t êtr❡ r♦✉té❡ ✈✐❛ ✉♥ ✉♥✐q✉❡
❝❤❡♠✐♥✳
▲❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❡st ❜✐❡♥ ❝♦♥♥✉ ♣♦✉r êtr❡ ◆P✲❝♦♠♣❧❡t ♠ê♠❡ ♣♦✉r
❞❡✉① ❞❡♠❛♥❞❡s ❬❊■❙✼✺❪✳
✸✳✶✳✷ ▼✐♥✐♠✐s❡r ❧❡ ♥♦♠❜r❡ ❞✬❛rêt❡s ❧♦rsq✉❡ ❧❡s ❝❛♣❛❝✐tés ❡t ❧❡s ❞❡✲
♠❛♥❞❡s s♦♥t ✜①é❡s
❉❛♥s ❧❡ ❜✉t ❞✬é❝♦♥♦♠✐s❡r ❞❡ ❧✬é♥❡r❣✐❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬ét❡✐♥❞r❡ ❞❡✉① ✐♥t❡r❢❛❝❡s
q✉✐ s♦♥t ❛✉① ❞❡✉① ❡①tré♠✐tés ❞✬✉♥ ❧✐❡♥ r❡❧✐❛♥t ❞❡✉① r♦✉t❡✉rs✳ ❉❛♥s ♥♦tr❡ ♠♦❞é❧✐✲
s❛t✐♦♥✱ ❧✬♦❜❥❡❝t✐❢ ❡st ❛❧♦rs ❞❡ tr♦✉✈❡r ✉♥ s♦✉s✲❣r❛♣❤❡ ♠✐♥✐♠✉♠ ❡♥ ♥♦♠❜r❡ ❞✬❛rêt❡s
♣❡r♠❡tt❛♥t ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s✳ ❋♦r♠❡❧❧❡♠❡♥t✳
Pr♦❜❧è♠❡ ✺ ✭♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠✮ ❊t❛♥t ❞♦♥♥és ✉♥
❣r❛♣❤❡ ♣♦♥❞éré G = (V,E, c) ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞❡♠❛♥❞❡s D✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡
r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ❝♦♥s✐st❡ à tr♦✉✈❡r ✉♥ ❡♥s❡♠❜❧❡ E∗ ⊆ E ❞❡ ❝❛r❞✐♥❛❧✐té
♠✐♥✐♠✉♠ t❡❧ q✉✬✐❧ ❡①✐st❡ ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s D ❞❛♥s G∗ = (V,E∗, c∗)✱
c∗ : E∗ → R∗+✱ ❛✈❡❝ c∗(e) = c(e)✱ ♣♦✉r t♦✉t e ∈ E∗✳
▲❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ❡st ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ♣r♦✲
❜❧è♠❡s ❝❧❛ss✐q✉❡s ❞✬♦♣t✐♠✐s❛t✐♦♥ ❞❛♥s ❧❡s rés❡❛✉① ✿ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❞❡ ❝♦ût ♠✐♥✐✲
♠✉♠ ❬❨❏✼✶❪✱ ♣r♦❜❧è♠❡ ❞❡ ✢♦t ❝♦♥❝❛✈❡ ♠✐♥✐♠✉♠ ❬●P✾✵❪✱ ♣r♦❜❧è♠❡ ❞❡ ✢♦t ♠✐♥✐♠✉♠
✽✵ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
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✭❛✮ Ds1t1 = 12 ❡t Ds2t2 = 5→ |E
∗| = 8✳ ▲❛
s♦❧✉t✐♦♥ ♦♣t✐♠❛❧❡ ❞♦♥♥❡ ❞❡✉① ♣❧✉s ❝♦✉rts
❝❤❡♠✐♥s✳
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✭❜✮ Ds1t1 = 10 ❡t Ds2t2 = 5 → |E
∗| = 7✳
▲❡s ❞❡✉① r♦✉t❡s ❞❡ ❧❛ s♦❧✉t✐♦♥ ♦♣t✐♠❛❧❡ ♥❡
s♦♥t ♣❛s ❞❡s ♣❧✉s ❝♦✉rts ❝❤❡♠✐♥s✳
❋✐❣✳ ✸✳✷ ✕ ❉❡✉① s♦❧✉t✐♦♥s ♦♣t✐♠❛❧❡s ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐✲
♥✐♠✉♠ ♣♦✉r ❞❡✉① ✐♥st❛♥❝❡s ❧é❣èr❡♠❡♥t ❞✐✛ér❡♥t❡s✳ ▲❡s ❡♥t✐❡rs s✉r ❧❡s ❛rêt❡s r❡♣ré✲
s❡♥t❡♥t ❧❡✉rs ❝❛♣❛❝✐tés r❡s♣❡❝t✐✈❡s✳
❛✈❡❝ ❢♦♥❝t✐♦♥s ❞❡ ❝♦ût ❬●❑▼✾✾❪✳ ❊♥ r❡❝❤❡r❝❤❡ ♦♣ér❛t✐♦♥♥❡❧❧❡✱ ❧❡ ♣r♦❜❧è♠❡ ♣❡✉t êtr❡
✈✉ ❝♦♠♠❡ ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✉ ✜①❡❞ ❝❤❛r❣❡ tr❛♥s♣♦rt❛t✐♦♥ ♣r♦❜❧❡♠ ❬❙♣✐✻✹✱ ❉❛♥✻✸❪✱
♦ù ❧❡ ❝♦ût ❞✉ ✢♦t ✉♥✐t❛✐r❡ s✉r ✉♥❡ ❛rêt❡ ❡st ③ér♦✳ ◆♦t♦♥s q✉❡ ❝❡ ♣r♦❜❧è♠❡ ❡st ◆P✲
❞✐✣❝✐❧❡ ❬●P✾✵❪✳
◆♦✉s ♣rés❡♥t♦♥s à ♣rés❡♥t ❞❡s ✐♥st❛♥❝❡s s✐♠♣❧❡s ❛✐♥s✐ q✉❡ ❧❡s s♦❧✉t✐♦♥s ♦♣t✐♠❛❧❡s
❛ss♦❝✐é❡s ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡
❣r❛♣❤❡ ❞❡ ❧❛ ✜❣✉r❡ ✸✳✶ ♦ù ❧❡s ❡♥t✐❡rs r❡♣rés❡♥t❡♥t ❧❡s ❝❛♣❛❝✐tés ❞❡s ❛rêt❡s✳
❙✐ ❧❡s ❞❡✉① ❞❡♠❛♥❞❡s s♦♥t Ds1t1 = 10 ❡t Ds2t2 = 10✱ ❛❧♦rs ✐❧ ♥✬② ❛ ♣❛s ❞❡ s♦❧✉t✐♦♥
♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ✭✜❣✉r❡ ✸✳✶✮✳
❉❛♥s ❧❛ ✜❣✉r❡ ✸✳✷✭❛✮✱ ✐❧ ② ❛ ❞❡✉① ❞❡♠❛♥❞❡s Ds1t1 = 12 ❡t Ds2t2 = 5✳ ▲❛ s♦❧✉t✐♦♥
♦♣t✐♠❛❧❡ E∗ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ❡st ❝♦♠♣♦sé❡ ❞❡
|E∗| = 8 ❡t ❧❡s ❞❡✉① ❞❡♠❛♥❞❡s s♦♥t r♦✉té❡s ✈✐❛ ❧❡✉rs ♣❧✉s ❝♦✉rts ❝❤❡♠✐♥s r❡s♣❡❝t✐❢s✳
❉❛♥s ❧❛ ✜❣✉r❡ ✸✳✷✭❜✮✱ ✐❧ ② ❛ ❞❡✉① ❞❡♠❛♥❞❡s Ds1t1 = 10 ❡t Ds2t2 = 5✳ ▲❛ s♦❧✉t✐♦♥
♦♣t✐♠❛❧❡ E∗ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ❡st ❝♦♠♣♦sé❡ ❞❡
|E∗| = 7 ❛rêt❡s✳ ❘❡♠❛rq✉♦♥s q✉❡ ❧❡ ❝❤❡♠✐♥ ❞❡ si à ti ❞❛♥s G∗ = (V,E∗) ❡st ❝♦♠♣♦sé
❞❡ 5 ❛rêt❡s✱ ❛❧♦rs q✉❡ ❧❡ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ❞❛♥s G ❡st ❝♦♠♣♦sé ❞❡ 4 ❛rêt❡s✱ ♣♦✉r
i ∈ {1, 2}✳ ❊♥ ❡✛❡t✱ ❧❡s ❞❡✉① ♣❧✉s ❝♦✉rts ❝❤❡♠✐♥s s♦♥t ❛rêt❡✲❞✐s❥♦✐♥ts ❛❧♦rs q✉❡ ❞❛♥s
❧❛ s♦❧✉t✐♦♥ E∗✱ ❧❡s ❞❡✉① ❝❤❡♠✐♥s ♣❛rt❛❣❡♥t 3 ❛rêt❡s✳ ❈❡t ❡①❡♠♣❧❡ très s✐♠♣❧❡ ♠♦♥tr❡
q✉❡ ❧❡ r♦✉t❛❣❡ ♣❛r ♣❧✉s ❝♦✉rts ❝❤❡♠✐♥s ♥❡ ❞♦♥♥❡♥t ♣❛s ✭♥é❝❡ss❛✐r❡♠❡♥t✮ ✉♥❡ s♦❧✉t✐♦♥
♦♣t✐♠❛❧❡✳
❉❛♥s ❧❛ ✜❣✉r❡ ✸✳✸✱ ✐❧ ② ❛ tr♦✐s ❞❡♠❛♥❞❡s Ds1t1 = 10✱ Ds2t2 = 5 ❡t Ds3t3 = 2✳ ❆
❝❛✉s❡ ❞❡s tr♦✐s ❛rêt❡s ❞❡ ❝❛♣❛❝✐té 16✱ s❡✉❧❡♠❡♥t ❞❡✉① ❞❡♠❛♥❞❡s ♣❡✉✈❡♥t êtr❡ r♦✉té❡s
✈✐❛ ❝❡s tr♦✐s ❛rêt❡s✳ ■❧ ② ❛✐♥s✐ ❞❡✉① s♦❧✉t✐♦♥s ♦♣t✐♠❛❧❡s ❛✈❡❝ |E∗| = 9 r❡♣rés❡♥té❡s
❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✸✭❛✮ ❡t ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✸✭❜✮✳
✸✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✽✶
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✭❛✮ Ds1t1 ❡t Ds3t3 s♦♥t r♦✉té❡s ✈✐❛ ❞❡s ♣❧✉s
❝♦✉rts ❝❤❡♠✐♥s✳
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✭❜✮ Ds2t2 ❡t Ds3t3 s♦♥t r♦✉té❡s ✈✐❛ ❞❡s ♣❧✉s
❝♦✉rts ❝❤❡♠✐♥s✳
❋✐❣✳ ✸✳✸ ✕ ❉❡✉① s♦❧✉t✐♦♥s ♦♣t✐♠❛❧❡s ❞✐✛ér❡♥t❡s ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡
❛rêt❡s ♠✐♥✐♠✉♠ ♣♦✉r ✉♥❡ ♠ê♠❡ ✐♥st❛♥❝❡ ❛✈❡❝ Ds1t1 = 10✱ Ds2t2 = 5 ❡t Ds3t3 = 2✳
▲❡s ❡♥t✐❡rs s✉r ❧❡s ❛rêt❡s r❡♣rés❡♥t❡♥t ❧❡✉rs ❝❛♣❛❝✐tés r❡s♣❡❝t✐✈❡s✳
✸✳✶✳✸ ▼✐♥✐♠✐s❡r ❧❡ r❛♣♣♦rt ❝❛♣❛❝✐té s✉r ❞❡♠❛♥❞❡ ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡
❞✬❛rêt❡s ❡st ✜①é
◆♦✉s ❞é✜♥✐ss♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ✉♥ ♣r♦❜❧è♠❡ ♦rt❤♦❣♦♥❛❧ ❛✉ ♣r♦❜❧è♠❡ ❞❡
r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠✳ ◆♦✉s s✉♣♣♦s♦♥s q✉❡ t♦✉t❡s ❧❡s ❝❛♣❛❝✐tés ❞❡s ❛rêt❡s
s♦♥t ✐❞❡♥t✐q✉❡s ❡t é❣❛❧❡s à ✉♥❡ ❝♦♥st❛♥t❡ c ❡t ❧❡s ❞❡♠❛♥❞❡s s♦♥t ❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧
♦✉ ♦♥❡✲t♦✲❛❧❧✱ ❝❤❛❝✉♥❡ ❞✬❡♥tr❡ ❡❧❧❡s ❛②❛♥t ✉♥ ✈♦❧✉♠❡ ❝♦♥st❛♥t κ✳ ◆♦✉s ❞é✜♥✐ss♦♥s ❧❡
r❛♣♣♦rt λ ❡♥tr❡ ❝❡s ❞❡✉① ✈❛❧❡✉rs✳
❉é✜♥✐t✐♦♥ ✷✻ ✭r❛♣♣♦rt ❝❛♣❛❝✐té s✉r ❞❡♠❛♥❞❡✮ ▲❡ r❛♣♣♦rt ❝❛♣❛❝✐té s✉r ❞❡✲
♠❛♥❞❡ λ ❡①♣r✐♠❡ ❧❡ ❧✐❡♥ ❡♥tr❡ ❧❛ ❝❛♣❛❝✐té ❞❡s ❛rêt❡s ❡t ❧❡ ✈♦❧✉♠❡ ❞❡s ❞❡♠❛♥❞❡s ✿
λ = c/κ✳
◆♦✉s ❞é✜♥✐ss♦♥s à ♣rés❡♥t ❧❡ ♣r♦❜❧è♠❡ ♦rt❤♦❣♦♥❛❧ ❛✉ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡
❛rêt❡s ♠✐♥✐♠✉♠ ❝♦♥s✐st❛♥t à ❞ét❡r♠✐♥❡r ❧❡ ♣❧✉s ♣❡t✐t r❛♣♣♦rt λ q✉✐ ♣❡r♠❡tt❡ ✉♥
r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s ❧♦rsq✉❡ ❧❡s ❞❡♠❛♥❞❡s s♦♥t ❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧ ❡t q✉❡ ❧❡
♥♦♠❜r❡ ❞✬❛rêt❡s ❡st ❝♦♥tr❛✐♥t✳
Pr♦❜❧è♠❡ ✻ ✭♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ r❛♣♣♦rt ♠✐♥✐♠✉♠ ✭❛❧❧✲t♦✲❛❧❧✮✮ ❊t❛♥t
❞♦♥♥és ✉♥ ❣r❛♣❤❡ ❝♦♥♥❡①❡ ♣♦♥❞éré G = (V,E, c) ❛✈❡❝ c(e) = c ♣♦✉r t♦✉t e ∈ E✱
✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞❡♠❛♥❞❡s D = {Dst = κ; (s, t) ∈ V × V, s 6= t} ✭ ❛❧❧✲t♦✲❛❧❧✮ ❡t ✉♥
❡♥t✐❡r q✱ n − 1 ≤ q ≤ m✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ r❛♣♣♦rt ♠✐♥✐♠✉♠ ❝♦♥s✐st❡
à ❞ét❡r♠✐♥❡r ❧❡ r❛♣♣♦rt λq q✉✐ ❡st ❧❡ ♣❧✉s ♣❡t✐t λ = c/κ t❡❧ q✉✬✐❧ ❡①✐st❡ ✉♥ ❡♥s❡♠❜❧❡
Eq ⊆ E ❞❡ ❝❛r❞✐♥❛❧✐té |Eq| ≤ q t❡❧ q✉✬✐❧ ❡①✐st❡ ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s ❞❛♥s
❧❡ ❣r❛♣❤❡ Gq = (V,Eq, c)✳
❙♦✐t ✉♥❡ ✐♥st❛♥❝❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ r❛♣♣♦rt ♠✐♥✐♠✉♠ ❞é✜♥✐❡ ♣❛r
✉♥ ❣r❛♣❤❡ G = (V,E, c)✱ ❞❡s ❞❡♠❛♥❞❡s ❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧ ❞❡ ✈♦❧✉♠❡ κ ❡t ✉♥ ❡♥t✐❡r
q✳ ❙♦✐t λq ❧❛ s♦❧✉t✐♦♥✳ ◆♦✉s ❞é✜♥✐ss♦♥s ✉♥❡ ✐♥st❛♥❝❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡
❛rêt❡s ♠✐♥✐♠✉♠ ♣❛r ❧❡ ❣r❛♣❤❡ G = (V,E, c) ❛✈❡❝ c(e) = c ♣♦✉r t♦✉t e ∈ E ❡t ❞❡s
✽✷ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
✭❛✮ λm=10 = 2✳ ✭❜✮ λ7 = 4✳ ✭❝✮ λ5 = 6✳ ✭❞✮ λn−1=4 = 8✳
❋✐❣✳ ✸✳✹ ✕ λm=10 = 2✱ λ7 = 4✱ λ5 = 6 ❡t λn−1=4 = 8 ✿ q✉❛tr❡ ✈❛❧❡✉rs ♦♣t✐♠❛❧❡s
♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ r❛♣♣♦rt ♠✐♥✐♠✉♠ ♣♦✉r ❧❡ ❣r❛♣❤❡ ❝♦♠♣❧❡t K5
❝♦♠♣♦sé ❞❡ 5 s♦♠♠❡ts ❡t ❞❡ 10 ❛rêt❡s ❡t ❞❡s ❞❡♠❛♥❞❡s ❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧✳
❞❡♠❛♥❞❡s ❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧ ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t κ ✈ér✐✜❛♥t λq = c/κ✳ ◆♦✉s ❞é❞✉✐s♦♥s
❛❧♦rs q✉✬✉♥❡ s♦❧✉t✐♦♥ E∗ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ✈ér✐✜❡
|E∗| ≤ q✳ ◆♦✉s ♥✬❛✈♦♥s ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❧✬é❣❛❧✐té ❝❛r s✐ q = |E| ♣❛r ❡①❡♠♣❧❡✱ ✉♥
r♦✉t❛❣❡ ♦♣t✐♠❛❧ ♣❡✉t ♥❡ ♣❛s ✉t✐❧✐s❡r t♦✉t❡s ❧❡s ❛rêt❡s ❞✉ ❣r❛♣❤❡✳
◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❛✉① ❞❡✉① ✈❛❧❡✉rs ❡①trê♠❡s ❞❡ λ ✿ λm
❡t λn−1✳ ▲❡ r❛♣♣♦rt λm r❡♣rés❡♥t❡ ❧❛ ♣❧✉s ♣❡t✐t❡ ✈❛❧❡✉r ❞✉ r❛♣♣♦rt ❝❛♣❛❝✐té s✉r
❞❡♠❛♥❞❡ λ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ✭❡t ❧❡ ♣r♦✲
❜❧è♠❡ ❞❡ r♦✉t❛❣❡✮ ❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ r❡❧✐❡r ❧❛ ✈❛❧❡✉r λm à
❧❛ ♥♦t✐♦♥ ❞❡ ❝❤❛r❣❡ ❞✉ ❣r❛♣❤❡ ❡t à ❧❛ ♥♦t✐♦♥ ❞❡ ❡❞❣❡✲❢♦r✇❛r❞✐♥❣ ✐♥❞❡① ✐♥tr♦❞✉✐t❡
❞❛♥s ❬❍▼❙✽✾❪✳
❉é✜♥✐t✐♦♥ ✷✼ ✭❝❤❛r❣❡ ❞✉ ❣r❛♣❤❡✱ ❡❞❣❡✲❢♦r✇❛r❞✐♥❣ ✐♥❞❡①✮ ❊t❛♥t ❞♦♥♥és ✉♥
❣r❛♣❤❡ ❝♦♥♥❡①❡ ♣♦♥❞éré G = (V,E, c) ❛✈❡❝ c(e) = c ♣♦✉r t♦✉t e ∈ E✱ ✉♥ ❡♥s❡♠❜❧❡
❞❡ ❞❡♠❛♥❞❡s D = {Dst = 1; (s, t) ∈ V × V, s 6= t} ✭ ❛❧❧✲t♦✲❛❧❧✮✱ ❧❡ ❡❞❣❡✲❢♦r✇❛r❞✐♥❣
✐♥❞❡① ❡st ❧❡ ♣❧✉s ♣❡t✐t c t❡❧ q✉✬✐❧ ❡①✐st❡ ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s ❞❛♥s G✳
❈♦♠♠❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r ❧❛ ❝❤❛r❣❡ ❞✉ ❣r❛♣❤❡ ❡st ◆P✲❝♦♠♣❧❡t✱ ❛❧♦rs ❧❡
♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r λm ❧✬❡st ❛✉ss✐✳
▲❡ r❛♣♣♦rt λn−1 r❡♣rés❡♥t❡ ❧❛ ♣❧✉s ♣❡t✐t❡ ✈❛❧❡✉r ❞✉ r❛♣♣♦rt λ ♣♦✉r ❧❛q✉❡❧❧❡ ✐❧
❡①✐st❡ ✉♥ r♦✉t❛❣❡ ❞❡s ❞❡♠❛♥❞❡s ✈✐❛ ✉♥ ❛r❜r❡ ❝♦✉✈r❛♥t ❞❡ G✳ ❊♥ ❡✛❡t✱ ❧❡s ❞❡♠❛♥❞❡s
ét❛♥t ❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧✱ |V | − 1 ❛rêt❡s s♦♥t ♥é❝❡ss❛✐r❡s✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ λn−1/κ
r❡♣rés❡♥t❡ ❧❛ ❝❤❛r❣❡ ♠✐♥✐♠✉♠ ♣❛r♠✐ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝❤❛r❣❡s ❞❡ t♦✉s ❧❡s ❛r❜r❡s ♣♦s✲
s✐❜❧❡s ❛❞♠❡tt❛♥t ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s✳
❈♦♥s✐❞ér♦♥s ❧❡ ❣r❛♣❤❡ ❝♦♠♣❧❡t K5 r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✹ ❡t ❞❡s ❞❡♠❛♥❞❡s
❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧✳ P♦✉r ❝❡tt❡ ✐♥st❛♥❝❡✱ ♥♦✉s ❛✈♦♥s λm=10 = 2 ❝❛r ❝❤❛q✉❡ ❞❡♠❛♥❞❡
❡st r♦✉té❡ ✈✐❛ ✉♥ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ❛rêt❡ ✭✜❣✉r❡ ✸✳✹✭❛✮✮✳ ◆♦✉s
♣♦✉✈♦♥s ❢❛❝✐❧❡♠❡♥t ✈ér✐✜❡r q✉❡ λ7 = 4 ✭✜❣✉r❡ ✸✳✹✭❜✮✮✳ ❉❡ ♠❛♥✐èr❡ ♦rt❤♦❣♦♥❛❧❡✱
❧❡ s♦✉s✲❣r❛♣❤❡ ❞❡ ❧❛ ✜❣✉r❡ ✸✳✹✭❜✮ r❡♣rés❡♥t❡ ✉♥❡ s♦❧✉t✐♦♥ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡
r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ❧♦rsq✉❡ λ = 4✳ ❉❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡✱ ♥♦✉s ❛✈♦♥s λ5 = 6
✭✜❣✉r❡ ✸✳✹✭❝✮✮✳ ▲❡ ❣r❛♣❤❡ ❞❡ ❧❛ ✜❣✉r❡ ✸✳✹✭❝✮ ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡
r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ s✐ λ = 6✳ ❊♥✜♥ ❡♥ ♣r❡♥❛♥t ✉♥ ❛r❜r❡ ❢♦r♠❛♥t ✉♥❡
ét♦✐❧❡ ✭✜❣✉r❡ ✸✳✹✭❞✮✮✱ ♥♦✉s ♦❜t❡♥♦♥s λn−1=4 = 8✳ ❙✐ ♥♦✉s ❛✈✐♦♥s ♣r✐s ✉♥ ❝❤❡♠✐♥ ♣❛r
✸✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✽✸
❡①❡♠♣❧❡✱ ♥♦✉s ❛✉r✐♦♥s ♦❜t❡♥✉ λ = 12✳ ❙✐ λ ≥ 8✱ ❛❧♦rs ❧❡ ❣r❛♣❤❡ ❞❡ ❧❛ ✜❣✉r❡ ✸✳✹✭❞✮
❡st ✉♥❡ s♦❧✉t✐♦♥ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠✳
◆♦✉s ❞é✜♥✐ss♦♥s ❧❡ ♣r♦❜❧è♠❡ ❛♥❛❧♦❣✉❡ ❧♦rsq✉❡ ❧❡s ❞❡♠❛♥❞❡s s♦♥t ❞❡ t②♣❡ ♦♥❡✲
t♦✲❛❧❧✳
Pr♦❜❧è♠❡ ✼ ✭♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ r❛♣♣♦rt ♠✐♥✐♠✉♠ ✭♦♥❡✲t♦✲❛❧❧✮✮ ❊t❛♥t
❞♦♥♥és ✉♥ ❣r❛♣❤❡ ❝♦♥♥❡①❡ ♣♦♥❞éré G = (V,E, c) ❛✈❡❝ c(e) = c ♣♦✉r t♦✉t e ∈ E✱
✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞❡♠❛♥❞❡s D = {Drt = κ; t ∈ V, t 6= r} ❛✈❡❝ r ∈ V ✉♥ s♦♠♠❡t ✜①é
✭ ♦♥❡✲t♦✲❛❧❧✮ ❡t ✉♥ ❡♥t✐❡r q✱ n − 1 ≤ q ≤ m✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ r❛♣♣♦rt
♠✐♥✐♠✉♠ ❝♦♥s✐st❡ à ❞ét❡r♠✐♥❡r ❧❡ r❛♣♣♦rt λq q✉✐ ❡st ❧❡ ♣❧✉s ♣❡t✐t λ = c/κ t❡❧ q✉✬✐❧
❡①✐st❡ ✉♥ ❡♥s❡♠❜❧❡ Eq ⊆ E ❞❡ ❝❛r❞✐♥❛❧✐té |Eq| ≤ q t❡❧ q✉✬✐❧ ❡①✐st❡ ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡
❞❡s ❞❡♠❛♥❞❡s ❞❛♥s ❧❡ ❣r❛♣❤❡ Gq = (V,Eq, c)✳
❉❛♥s ❧❛ s✉✐t❡ ❡t ♣♦✉r t♦✉t t②♣❡ ❞❡ ❞❡♠❛♥❞❡s✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❧❡ t❡r♠❡ ❝❤❛r❣❡
❞✬✉♥❡ ❛rêt❡ e ❝♦♠♠❡ ét❛♥t ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s ♣❛ss❛♥t ♣❛r e✳ ❉❡ ♠❛♥✐èr❡ ❛♥❛✲
❧♦❣✉❡✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❧❡ t❡r♠❡ ❝❤❛r❣❡ ❞✉ ❣r❛♣❤❡ ❝♦♠♠❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❝❤❛r❣❡ ❞❡
❧✬❛rêt❡ ❧❛ ♣❧✉s ❝❤❛r❣é❡✳
✸✳✶✳✹ ❈♦♥tr✐❜✉t✐♦♥s
❉❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✷✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ ❝♦♠♣❧❡①✐té ❞❡s ♣r♦❜❧è♠❡s ❞é✲
✜♥✐s ♣ré❝é❞❡♠♠❡♥t ❡t ♥♦t❛♠♠❡♥t à ❧❡✉rs ✐♥❛♣♣r♦①✐♠❛❜✐❧✐tés✳ ◆♦✉s ♠❡tt♦♥s t♦✉t
❞✬❛❜♦r❞ ❡♥ ❡①❡r❣✉❡ ❞❡s rés✉❧t❛ts ♥é❣❛t✐❢s ❝♦♥❝❡r♥❛♥t ❞❡s ❤❡✉r✐st✐q✉❡s ❣❧♦✉t♦♥♥❡s
✭s❡❝t✐♦♥ ✸✳✷✳✶✮✳ ◆♦✉s ♠♦♥tr♦♥s q✉❡ ❞❡s ❤❡✉r✐st✐q✉❡s ❣❧♦✉t♦♥♥❡s ❜❛sé❡s s✉r ❧❡s ♣❧✉s
❝♦✉rts ❝❤❡♠✐♥s ♦✉ s✉r ❧❡ ♥♦♠❜r❡ ❞✬❛rêt❡s ❛❥♦✉té❡s à ❧❛ s♦❧✉t✐♦♥ ❝♦✉r❛♥t❡ ♣❡✉✈❡♥t
❞♦♥♥❡r ✉♥ r❛♣♣♦rt ♥♦♥ ❜♦r♥é ❡♥tr❡ ❧❡s ❝❛r❞✐♥❛❧✐tés ❞❡ ❧❛ s♦❧✉t✐♦♥ ❤❡✉r✐st✐q✉❡ ❡t
❞✬✉♥❡ s♦❧✉t✐♦♥ ♦♣t✐♠❛❧❡✳ ❈❡❧❛ r❡st❡ ✈r❛✐ ♠ê♠❡ s✐ ❧❡ ♠❡✐❧❧❡✉r ♦r❞r❡ s✉r ❧❡s ❞❡♠❛♥❞❡s
❡st ❞♦♥♥é ❡♥ ❡♥tré❡✳ P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ♥♦✉s ♣r♦✉✈♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✷✳✷ q✉❡ ❧❡
♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ♥✬❡st ♣❛s ❞❛♥s ❆P❳✱ ❝✬❡st✲à✲❞✐r❡ q✉✬✐❧
♥✬❡①✐st❡ ♣❛s ❞✬❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ à ✉♥ ❢❛❝t❡✉r ❝♦♥st❛♥t ♣rès✱
à ♠♦✐♥s q✉❡ P❂◆P✳ ❈❡❧❛ r❡st❡ ✈r❛✐ ♠ê♠❡ ♣♦✉r ❞❡s ✐♥st❛♥❝❡s très s✐♠♣❧❡s ✿ ❛✈❡❝
s❡✉❧❡♠❡♥t ❞❡✉① ❞❡♠❛♥❞❡s ♦✉ s✐ ❧❡s ❝❛♣❛❝✐tés ❞❡s ❛rêt❡s s♦♥t ❝♦♥st❛♥t❡s✳ ❉❛♥s ❧❛
s❡❝t✐♦♥ ✸✳✷✳✸✱ ♥♦✉s ét✉❞✐♦♥s ❧❛ ❝♦♠♣❧❡①✐té ❞✉ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ r❛♣♣♦rt
♠✐♥✐♠✉♠ ♣♦✉r ❞❡s ❞❡♠❛♥❞❡s ❞❡ t②♣❡ ♦♥❡✲t♦✲❛❧❧✳ ◆♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡
❞ét❡r♠✐♥❡r λn−1 ❡st ◆P✲❞✐✣❝✐❧❡✳ ◆♦✉s ♠♦♥tr♦♥s ❞❡ ♣❧✉s q✉❡ ❞ét❡r♠✐♥❡r λn−1 ♥✬❡st
♣❛s ❞❛♥s ❆P❳ s✐ ♥♦✉s ❛❥♦✉t♦♥s ✉♥❡ ❝♦♥tr❛✐♥t❡ s✉♣♣❧é♠❡♥t❛✐r❡ s✉r ❧❡ ❞❡❣ré ♠❛①✐✲
♠✉♠ ❞❡ ❝❡rt❛✐♥s s♦♠♠❡ts ❞❛♥s ❧✬❛r❜r❡ s♦❧✉t✐♦♥✳ ❈❡❧❛ r❡st❡ ✈r❛✐ ♠ê♠❡ s✐ ❧❡ ❞❡❣ré
♠❛①✐♠✉♠ ❞❛♥s ❧✬❛r❜r❡ ❡st ✉♥ Ω(n
k
k+2 ) ❛✈❡❝ n ❧❡ ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ❡t k ♥✬✐♠♣♦rt❡
q✉❡❧❧❡ ❝♦♥st❛♥t❡✳
❉❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸✱ ♥♦✉s ♣r♦✉✈♦♥s ❞❡s ❜♦r♥❡s t❤é♦r✐q✉❡s ❡t ❞❡s ✈❛❧❡✉rs ❡①❛❝t❡s
❞❡s ♣❛r❛♠ètr❡s ❞é✜♥✐s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✶✳✷ ❡t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✶✳✸ ♣♦✉r ❞✐✛ér❡♥t❡s
❝❧❛ss❡s ❞❡ ❣r❛♣❤❡s✳ ◆♦✉s ét✉❞✐♦♥s ♣ré♠✐èr❡♠❡♥t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸✳✶ ❧❡s ❣r❛♣❤❡s
❣é♥ér❛✉①✳ ◆♦✉s ❞é❜✉t♦♥s ♣❛r ❞é❝r✐r❡ ❞❡s ❜♦r♥❡s ❝❧❛ss✐q✉❡s ❝♦♥❝❡r♥❛♥t ❧❡s ❝❛♣❛❝✐tés
❡t ❧❡s ✈♦❧✉♠❡s ❞❡s ❞❡♠❛♥❞❡s ♣❡r♠❡tt❛♥t ❞✬❛ss✉r❡r ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s✳
✽✹ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
❉❛♥s ❧❡ r❡st❡ ❞❡ ❧❛ s❡❝t✐♦♥✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡s ❞❡♠❛♥❞❡s s♦♥t ❞❡ t②♣❡ ❛❧❧✲t♦✲
❛❧❧✳ ◆♦✉s ♣r♦✉✈♦♥s ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ♣♦✉r λn−1 ♣♦✉r ✉♥ ❣r❛♣❤❡ q✉❡❧❝♦♥q✉❡ ❡♥
❢♦♥❝t✐♦♥ ❞❡ s♦♥ ❞❡❣ré ♠❛①✐♠✉♠✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸✳✷✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉ ❝❛s
♣❛rt✐❝✉❧✐❡r ❞✉ ❣r❛♣❤❡ ❝♦♠♣❧❡t ♣♦✉r ❧❡q✉❡❧ ♥♦✉s ❛✈♦♥s λm = 2 ❡t λn−1 = 2(n − 1)✳
▲✬é❝❛rt ❡♥tr❡ ❝❡s ❞❡✉① ✈❛❧❡✉rs ét❛♥t ✐♠♣♦rt❛♥t✱ ♥♦✉s ♣r♦✉✈♦♥s ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡
s✉r ❧❡ ♥♦♠❜r❡ ❞✬❛rêt❡s ✉t✐❧✐sé❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ λ✳ ❊♥✜♥✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❞❛♥s
❧❛ s❡❝t✐♦♥ ✸✳✸✳✸ ❛✉① ❣r✐❧❧❡s✳ ◆♦✉s ♣r♦✉✈♦♥s ✉♥❡ ❢♦r♠✉❧❡ ❝❧♦s❡ ♣♦✉r λn−1 ❡t ♥♦✉s
❞♦♥♥♦♥s ❡♥s✉✐t❡ ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ♣♦✉r λm✳ ◆♦✉s ❞♦♥♥♦♥s é❣❛❧❡♠❡♥t ✉♥❡ ❜♦r♥❡
s✉♣ér✐❡✉r❡ ✭❝♦♥str✉❝t✐♦♥ ❞✬✉♥ ❣r❛♣❤❡ ❛tt❡✐❣♥❛♥t ❝❡tt❡ ❜♦r♥❡✮ ❡t ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡
♣♦✉r ❧❡s ✈❛❧❡✉rs ❞❡ λq ✐♥t❡r♠é❞✐❛✐r❡s✳
❈♦♠♠❡ ❧❡s ♣r♦❜❧è♠❡s ét✉❞✐és ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ s♦♥t ◆P✲❞✐✣❝✐❧❡s ❡t ♣❛r❢♦✐s ♠ê♠❡
♣❛s ❞❛♥s ❆P❳✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✹ ❞❡s ❤❡✉r✐st✐q✉❡s ♣♦✉r ❧❡ ♣r♦✲
❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ❡t ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ r❛♣♣♦rt
♠✐♥✐♠✉♠ ✭s❡❝t✐♦♥ ✸✳✹✳✶✮✳ ◆♦✉s ❝♦♠♣❛r♦♥s ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣❛r ❧❡s ❤❡✉r✐st✐q✉❡s
❛✈❡❝ ❧❡ ♣r♦❣r❛♠♠❡ ❧✐♥é❛✐r❡ ❡♥t✐❡r ✭❧♦rsq✉❡ ❝❡❧❛ ❡st ♣♦ss✐❜❧❡✮✱ ❧❡s ✈❛❧❡✉rs ❡①❛❝t❡s ❡t ❧❡s
❜♦r♥❡s ♦❜t❡♥✉❡s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸ ♣♦✉r ❧❛ t♦♣♦❧♦❣✐❡ ❞❡ ❣r✐❧❧❡ ✭s❡❝t✐♦♥ ✸✳✹✳✷✮✳ ❉❛♥s
❧❛ s❡❝t✐♦♥ ✸✳✹✳✸✱ ♥♦✉s ❢❛✐s♦♥s ❞❡ ♠ê♠❡ ♣♦✉r ❞❡s t♦♣♦❧♦❣✐❡s ré❡❧❧❡s ✿ ♥♦✉s ét✉❞✐♦♥s
❧❡ ❣❛✐♥ ❡♥ t❡r♠❡s ❞✬é♥❡r❣✐❡ ♣♦✉r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ rés❡❛✉① ❜❛❝❦❜♦♥❡ ❡①✐st❛♥ts✳ ◆♦✉s
♠♦♥tr♦♥s q✉✬❛✉ ♠♦✐♥s ✉♥ t✐❡rs ❞❡s ✐♥t❡r❢❛❝❡s ❞✉ rés❡❛✉ ♣❡✉t êtr❡ é❝♦♥♦♠✐sé ♣♦✉r ✉♥
❡♥s❡♠❜❧❡ ❞❡ ❞❡♠❛♥❞❡s ❛❧❧✲t♦✲❛❧❧✳ ◆♦✉s ❞✐s❝✉t♦♥s é❣❛❧❡♠❡♥t ❧✬✐♠♣❛❝t ❞❡ ❝❡s s♦❧✉t✐♦♥s
❡✣❝❛❝❡s ❡♥ é♥❡r❣✐❡ s✉r ❧❛ ❧♦♥❣✉❡✉r ❞❡s r♦✉t❡s ❡t s✉r ❧❛ t♦❧ér❛♥❝❡ ❛✉① ♣❛♥♥❡s✳
✸✳✷ ❘és✉❧t❛ts ❞✬✐♥❛♣♣r♦①✐♠❛❜✐❧✐té
❉❛♥s ❝❡tt❡ s❡❝t✐♦♥ ♥♦✉s ♠♦♥tr♦♥s ♣r❡♠✐èr❡♠❡♥t q✉❡ ❧❡ r♦✉t❛❣❡ ♣❛r ♣❧✉s ❝♦✉rts
❝❤❡♠✐♥s ♣❡✉t ❞♦♥♥❡r ✉♥❡ s♦❧✉t✐♦♥ ❛r❜✐tr❛✐r❡♠❡♥t ♠❛✉✈❛✐s❡ ♣❛r r❛♣♣♦rt à ✉♥❡ s♦✲
❧✉t✐♦♥ ♦♣t✐♠❛❧❡ ✭▲❡♠♠❡ ✶✺✮✳ ❉❡ ♣❧✉s✱ ✉♥ ❛❧❣♦r✐t❤♠❡ ❣❧♦✉t♦♥ r♦✉t❛♥t ❧❡s ❞❡♠❛♥❞❡s
✈✐❛ ✉♥ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ♦✉ ✉♥ ❝❤❡♠✐♥ q✉✐ ♠✐♥✐♠✐s❡ ❧❡ ♥♦♠❜r❡ ❞✬❛rêt❡s ❛❥♦✉té❡s
à ❧❛ s♦❧✉t✐♦♥ ❝♦✉r❛♥t❡ ♣❡✉t é❣❛❧❡♠❡♥t ❞♦♥♥❡r ✉♥❡ s♦❧✉t✐♦♥ ❛r❜✐tr❛✐r❡♠❡♥t ♠❛✉✈❛✐s❡
q✉❡❧ q✉❡ s♦✐t ❧✬♦r❞r❡ ❞❛♥s ❧❡q✉❡❧ ❧❡s ❞❡♠❛♥❞❡s s♦♥t r♦✉té❡s ✭❈♦r♦❧❧❛✐r❡ ✼✮✳ P❧✉s
❣é♥ér❛❧❡♠❡♥t✱ ♥♦✉s ♣r♦✉✈♦♥s ❡♥s✉✐t❡ q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐✲
♠✉♠ ♥✬❡st ♣❛s ❞❛♥s ❆P❳✳ ❈❡❧❛ r❡st❡ ✈r❛✐ ♠ê♠❡ ❛✈❡❝ ❞❡✉① ✐♥st❛♥❝❡s très ♣❛rt✐❝✉❧✐èr❡s
✭❚❤é♦rè♠❡ ✶✼ ❡t ❚❤é♦rè♠❡ ✶✽✮✳ ❊♥✜♥✱ ♥♦✉s ♣r♦✉✈♦♥s ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✷✵ q✉❡ ❧❡
♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r λn−1 ♥✬❡st ♣❛s ❞❛♥s ❆P❳ s✐ ♥♦✉s ❛❥♦✉t♦♥s ✉♥❡ ❝♦♥tr❛✐♥t❡
s✉♣♣❧é♠❡♥t❛✐r❡ s✉r ❧❡s ❞❡❣rés ❞❡s s♦♠♠❡ts ❞❛♥s ❧✬❛r❜r❡✳
✸✳✷✳✶ ❆❧❣♦r✐t❤♠❡s ❣❧♦✉t♦♥s
❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ♠♦♥tr♦♥s q✉✬✉♥ ❛❧❣♦r✐t❤♠❡ ❣❧♦✉t♦♥ ❜❛sé s✉r ❧❡s ♣❧✉s
❝♦✉rts ❝❤❡♠✐♥s ♦✉ s✉r ❧❡ ♥♦♠❜r❡ ♠✐♥✐♠✉♠ ❞✬❛rêt❡s à ❛❥♦✉t❡r à ❝❤❛q✉❡ ét❛♣❡ ♣❡✉t
❞♦♥♥❡r ✉♥ ♥♦♠❜r❡ ❞✬❛rêt❡s ❛r❜✐tr❛✐r❡♠❡♥t ❣r❛♥❞ ❝♦♠♣❛ré à |E∗|✳ ❈❡❧❛ r❡st❡ ✈r❛✐
♠ê♠❡ s✐ ❧❡ ♠❡✐❧❧❡✉r ♦r❞r❡ ♣♦✉r ❡✛❡❝t✉❡r ❧❡ r♦✉t❛❣❡ ❣❧♦✉t♦♥ ♥♦✉s ❡st ❞♦♥♥é ❡♥ ❡♥tré❡✳
✸✳✷✳ ❘és✉❧t❛ts ❞✬✐♥❛♣♣r♦①✐♠❛❜✐❧✐té ✽✺
u v
s1
s2
s|D|
t1
t2
t |D|
1
1
1
1
1
1
1
1
1
1
11
1 1
1
1
|D| |D|
|D| |D|
❋✐❣✳ ✸✳✺ ✕ ●r❛♣❤❡ G = (V,E, c) ♣♦✉r x = 3 ✉t✐❧✐sé ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞✉ ▲❡♠♠❡ ✶✺ ❡t
❞❛♥s ❧❡ ❈♦r♦❧❧❛✐r❡ ✼✳ ❊♥tr❡ u ❡t v✱ ✐❧ ② ❛ |D|+1 ❝❤❡♠✐♥s é❧é♠❡♥t❛✐r❡s ✿ 1 ❡st ❝♦♠♣♦sé
❞❡ x+1 = 4 ❛rêt❡s ❞❡ ❝❛♣❛❝✐té |D| ❡t |D| s♦♥t ❝♦♠♣♦sés ❞❡ x = 3 ❛rêt❡s ❞❡ ❝❛♣❛❝✐té
1✳ ■❧ ② ❛ |D| ❞❡♠❛♥❞❡s Ds1t1 ,Ds2t2 , . . . ,Ds|D|t|D| ✱ ❝❤❛❝✉♥❡ ❞❡ ✈♦❧✉♠❡ 1✳
❉é✜♥✐t✐♦♥ ✷✽ ✭♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ♣❛r ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ✭P❈❈✮✮ ❊t❛♥t
❞♦♥♥és ✉♥ ❣r❛♣❤❡ ♣♦♥❞éré G = (V,E, c) ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞❡♠❛♥❞❡s D✱ ❧❡
♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ♣❛r ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ❝♦♥s✐st❡ à tr♦✉✈❡r ✉♥ ❡♥s❡♠❜❧❡
EPCC ⊆ E ❞❡ ❝❛r❞✐♥❛❧✐té ♠✐♥✐♠✉♠ t❡❧ q✉✬✐❧ ❡①✐st❡ ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s
D ❞❛♥s GPCC = (V,EPCC , cPCC)✱ cPCC : EPCC → R∗+✱ ❛✈❡❝ cPCC(e) = c(e)✱ ♣♦✉r
t♦✉t e ∈ EPCC ✱ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ❝❤❛q✉❡ ❞❡♠❛♥❞❡ s♦✐t r♦✉té❡ ✈✐❛ ✉♥ ♣❧✉s ❝♦✉rt
❝❤❡♠✐♥ ❞❡ G✳
▲❡ ▲❡♠♠❡ ✶✺ ♣r♦✉✈❡ q✉❡ ❧❡ r❛♣♣♦rt ❡♥tr❡ |EPCC | ❡t |E∗| ♥✬❡st ♣❛s ❜♦r♥é✳
▲❡♠♠❡ ✶✺ ∀k > 1✱ ✐❧ ❡①✐st❡ ✉♥ ❣r❛♣❤❡ ♣♦♥❞éré G = (V,E, c) ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡
❞❡♠❛♥❞❡s D t❡❧s q✉❡ |EPCC | > k|E∗|✳
Pr❡✉✈❡ ✿ ❈♦♥s✐❞ér♦♥s ❧❡ ❣r❛♣❤❡ ♣♦♥❞éré G = (V,E, c) ❞é❝r✐t ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✺✳
▲❡s ❡♥t✐❡rs s✉r ❧❡s ❛rêt❡s r❡♣rés❡♥t❡♥t ❧❡s ❞✐✛ér❡♥t❡s ❝❛♣❛❝✐tés c(e) ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s
❛rêt❡s e ∈ E✳ ❙♦✐❡♥t |D| ❡t x ❞❡✉① ❡♥t✐❡rs✳ ■❧ ② ❛ |D| s♦♠♠❡ts s1, . . . , s|D| r❡❧✐és
❛✉ s♦♠♠❡t u ♣❛r ❞❡s ❛rêt❡s ❞❡ ❝❛♣❛❝✐té 1✳ ■❧ ② ❛ |D| s♦♠♠❡ts t1, . . . , t|D| r❡❧✐és ❛✉
s♦♠♠❡t v ♣❛r ❞❡s ❛rêt❡s ❞❡ ❝❛♣❛❝✐té 1✳ ❊♥tr❡ u ❡t v✱ ✐❧ ② ❛ |D| ❝❤❡♠✐♥s ❛rêt❡✲❞✐s❥♦✐♥ts
❝♦♠♣♦sés ❞❡ x ❛rêt❡s ❝❤❛❝✉♥ ✭t♦✉t❡s ❞❡ ❝❛♣❛❝✐té 1✮✳ ■❧ ② ❛ é❣❛❧❡♠❡♥t ✉♥ ❝❤❡♠✐♥ ❡♥tr❡
u ❡t v ❝♦♠♣♦sé ❞❡ x + 1 ❛rêt❡s ❝❤❛❝✉♥❡ ❞❡ ❝❛♣❛❝✐té |D|✳ ❉❛♥s ❧❛ ✜❣✉r❡ ✸✳✺✱ G ❡st
r❡♣rés❡♥té ♣♦✉r x = 3✳ ▲❡s |D| ❞❡♠❛♥❞❡s s♦♥t Ds1t1 ,Ds2t2 , . . . ,Ds|D|t|D| ✱ ❝❤❛❝✉♥❡
❞❡ ✈♦❧✉♠❡ 1✳ ∀i ∈ {1, . . . , |D|}✱ ❧❛ ❧♦♥❣✉❡✉r ❞✬✉♥ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ❞❡ si à ti ❡st
x+2✳ ❙✐ ❝❤❛❝✉♥❡ ❞❡s ❞❡♠❛♥❞❡s ❡st r♦✉té❡ ✈✐❛ ✉♥ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥✱ ❛❧♦rs ✐❧ ❡st ❢❛❝✐❧❡
❞✬♦❜s❡r✈❡r q✉❡ ❧❡ r♦✉t❛❣❡ ✉t✐❧✐s❡ |EPCC | = (x+2)|D| ❛rêt❡s ❝❛r t♦✉t❡s ❧❡s ❛rêt❡s ❞❡
t♦✉t ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ♦♥t ❝❛♣❛❝✐té 1✳ ❊♥ ❡✛❡t✱ t♦✉t❡ ♣❛✐r❡ ❞❡ ❞❡♠❛♥❞❡s ✈ér✐✜❡ q✉❡
❝❡s ❞❡r♥✐èr❡s s♦♥t r♦✉té❡s ✈✐❛ ❞❡✉① ✭♣❧✉s ❝♦✉rts✮ ❝❤❡♠✐♥s ❛rêt❡✲❞✐s❥♦✐♥ts✳ ❈❡♣❡♥❞❛♥t✱
✐❧ ② ❛ ✉♥ r♦✉t❛❣❡ ♦♣t✐♠❛❧ E∗ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ t❡❧
q✉❡ |E∗| = 2|D|+x+1 ✿ ❝❤❛q✉❡ ❞❡♠❛♥❞❡ ❡st r♦✉té❡ ✈✐❛ ❧❡s x+1 ❛rêt❡s ❞❡ ❝❛♣❛❝✐té
|D|✳ ❘❡♠❛rq✉♦♥s q✉❡ ♣♦✉r ❝❡ r♦✉t❛❣❡ ♦♣t✐♠❛❧✱ ❛✉❝✉♥❡ ❞❡s ❞❡♠❛♥❞❡s ♥✬❡st r♦✉té❡
✈✐❛ ✉♥ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥✳
✽✻ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
P♦✉r t♦✉t❡ ❝♦♥st❛♥t❡ k > 1✱ s✐ ♥♦✉s ❝❤♦✐s✐ss♦♥s x > 2|D|(k−1)+k|D|−k ❡t ❡♥ ♣r❡♥❛♥t
|D| > k✱ ♥♦✉s ♦❜t❡♥♦♥s ❧✬✐♥é❣❛❧✐té ❞és✐ré❡✳ 
❙♦✐t O(D) ✉♥ ♦r❞r❡ s✉r ❧❡s ❞❡♠❛♥❞❡s✳ ▲✬❛❧❣♦r✐t❤♠❡ ❣❧♦✉t♦♥ ♣❛r ♣❧✉s
❝♦✉rt ❝❤❡♠✐♥ ❝♦♥s✐st❡ à ❞ét❡r♠✐♥❡r séq✉❡♥t✐❡❧❧❡♠❡♥t s❡❧♦♥ O(D) ✉♥❡ r♦✉t❡ ♣♦✉r
❝❤❛❝✉♥❡ ❞❡s ❞❡♠❛♥❞❡s ❛✈❡❝ ❧❛ ❝♦♥tr❛✐♥t❡ q✉❡ ❝❡tt❡ ❞❡r♥✐èr❡ ❡st ✉♥ ♣❧✉s ❝♦✉rt ❝❤❡✲
♠✐♥✳ ▲✬❛❧❣♦r✐t❤♠❡ ❣❧♦✉t♦♥ ♣❛r ♠✐♥✐♠✐s❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ♥♦✉✈❡❧❧❡s
❛rêt❡s ❝♦♥s✐st❡ à ❞ét❡r♠✐♥❡r séq✉❡♥t✐❡❧❧❡♠❡♥t s❡❧♦♥ O(D) ✉♥❡ r♦✉t❡ ♣♦✉r ❝❤❛❝✉♥❡
❞❡s ❞❡♠❛♥❞❡s ❡♥ ♠✐♥✐♠✐s❛♥t ❧❡ ♥♦♠❜r❡ ❞✬❛rêt❡s ❛❥♦✉té❡s à ❧❛ s♦❧✉t✐♦♥ ❝♦✉r❛♥t❡✳ ◆♦✉s
♥♦t♦♥s E(O(D)) ❧✬❡♥s❡♠❜❧❡ ❞✬❛rêt❡s r❡t♦✉r♥é ♣❛r ✉♥❡ ❞❡ ❝❡s ❞❡✉① ❤❡✉r✐st✐q✉❡s✳ ◆♦✉s
❞é❞✉✐s♦♥s ❞✉ ▲❡♠♠❡ ✶✺ q✉❡ ❧❡ r❛♣♣♦rt ❡♥tr❡ |E∗| ❡t |E(O(D))| ♥✬❡st ♣❛s ❜♦r♥é ✿
❈♦r♦❧❧❛✐r❡ ✼ ∀k > 1✱ ✐❧ ❡①✐st❡ ✉♥ ❣r❛♣❤❡ ♣♦♥❞éré G = (V,E, c) ❡t ✉♥ ❡♥s❡♠❜❧❡
❞❡ ❞❡♠❛♥❞❡s D t❡❧s q✉❡ ♣♦✉r t♦✉t ♦r❞r❡ O(D) s✉r ❧❡s ❞❡♠❛♥❞❡s✱ ♥♦✉s ❛✈♦♥s
|E(O(D))| > k|E∗|✳
P♦✉r ♠♦♥tr❡r ❝❡ rés✉❧t❛t✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧✬✐♥st❛♥❝❡ ❞❡ ❧❛ ♣r❡✉✈❡ ❞✉ ▲❡♠♠❡ ✶✺✳
❊♥ ❡✛❡t✱ ❧❡s ❛rêt❡s ❞❡ ❝❛♣❛❝✐té |D| ♥❡ s♦♥t ♣❛s ❝❤♦✐s✐❡s ♣❛r ❧❡s ❞❡✉① ❤❡✉r✐st✐q✉❡s✳
❉❛♥s ❧❛ ♣r♦❝❤❛✐♥❡ s❡❝t✐♦♥✱ ♥♦✉s ♠♦♥tr♦♥s ✉♥ rés✉❧t❛t ♥é❣❛t✐❢ ♣❧✉s ❣é♥ér❛❧ ♣♦✉r ❧❡
♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠✳
✸✳✷✳✷ ▲❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ♥✬❡st ♣❛s ❞❛♥s ❆P❳
◆♦✉s ♣r♦✉✈♦♥s q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ♥✬❡st ♣❛s
❞❛♥s ❆P❳ ♠ê♠❡ ♣♦✉r ❞❡✉① ❝❧❛ss❡s ❞✬✐♥st❛♥❝❡s ♣❛rt✐❝✉❧✐èr❡s ✭❚❤é♦rè♠❡ ✶✼ ❡t ❚❤é♦✲
rè♠❡ ✶✽✮✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♣♦✉r t♦✉t k ≥ 1✱ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞✬❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦✲
♠✐❛❧ ❣❛r❛♥t✐ss❛♥t |E′| ≤ k|E∗| ♦ù E′ ❡st ❧❛ s♦❧✉t✐♦♥ r❡t♦✉r♥é❡ ♣❛r ❝❡t ❛❧❣♦r✐t❤♠❡✱ à
♠♦✐♥s q✉❡ P❂◆P✳
❚❤é♦rè♠❡ ✶✼ ▲❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ♥✬❡st ♣❛s ❞❛♥s ❆P❳
♠ê♠❡ ❛✈❡❝ |D| = 2 ❞❡♠❛♥❞❡s✳
Pr❡✉✈❡ ✿ ❙♦✐t G = (V,E, c) ✉♥ ❣r❛♣❤❡ ♣♦♥❞éré✳ ❙♦✐❡♥t Ds1t1 > 0 ❡t Ds2t2 > 0 ❧❡s
❞❡✉① s❡✉❧❡s ❞❡♠❛♥❞❡s✳ ❙♦✐t k ≥ 1✳ ◆♦✉s ❝♦♥str✉✐s♦♥s G′ = (V ′, E′) ❝♦♠♠❡ s✉✐t ✿
♥♦✉s ♣❛rt♦♥s ❞✬✉♥❡ ❝♦♣✐❡ ❞❡ G ❀ ♥♦✉s ❛❥♦✉t♦♥s ✉♥ ❝❤❡♠✐♥ P1 ❡♥tr❡ s1 ❡t t1 ❝♦♠♣♦sé
❞❡ x > k|E| ❛rêt❡s ❡t ✉♥ ❝❤❡♠✐♥ P2 ❡♥tr❡ s2 ❡t t2 ❝♦♠♣♦sé é❣❛❧❡♠❡♥t ❞❡ x > k|E|
❛rêt❡s✳ ❈❤❛q✉❡ ❛rêt❡ ❞❡ P1 ❡t P2 ❛ ❝❛♣❛❝✐té Ds1t1+Ds2t2 ✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡s ♠ê♠❡s
❞❡♠❛♥❞❡s Ds1t1 > 0 ❡t Ds2t2 > 0✳ ▲❛ ✜❣✉r❡ ✸✳✻ r❡♣rés❡♥t❡ ❝❡tt❡ ❝♦♥str✉❝t✐♦♥✳
❙✉♣♣♦s♦♥s ♠❛✐♥t❡♥❛♥t q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ k ≥ 1 t❡❧❧❡ q✉✬✐❧ ❡①✐st❡ ✉♥
❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧ tr♦✉✈❛♥t ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ Ek ⊆ E✱ ❣❛r❛♥t✐ss❛♥t ❧✬❡①✐st❡♥❝❡
❞✬✉♥ r♦✉t❛❣❡ ❞❡s ❞❡♠❛♥❞❡s ✉t✐❧✐s❛♥t ✉♥✐q✉❡♠❡♥t ❧❡s ❛rêt❡s ❞❡ Ek ❡t ❛ss✉r❛♥t |Ek| ≤
k|E∗|✳ ◆♦✉s ♥♦t♦♥s E′k ❧❛ s♦❧✉t✐♦♥ r❡t♦✉r♥é❡ ♣♦✉r G′ ♣❛r ❝❡t ❛❧❣♦r✐t❤♠❡✳ ◆♦✉s ❛✈♦♥s
❛❧♦rs |E′k| ≤ k|E′∗|✳ ■❧ ② ❛ ❞❡✉① ❝❛s ♣♦ss✐❜❧❡s✳
✕ ❙✐ |E′k| ≥ x > k|E|✱ ❛❧♦rs ✐❧ ♥✬② ❛ ♣❛s ❞❡ s♦❧✉t✐♦♥ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡
r♦✉t❛❣❡ ♣♦✉r G✳ ❊♥ ❡✛❡t✱ ✉♥❡ t❡❧❧❡ s♦❧✉t✐♦♥ ✉t✐❧✐s❡r❛✐t ❛✉ ♣❧✉s ❧❡s |E| ❛rêt❡s ❞❡
G✱ ❡t ✉♥❡ k✲❛♣♣r♦①✐♠❛t✐♦♥ ❛✉r❛✐t ✉t✐❧✐sé ♠♦✐♥s ❞❡ x ❛rêt❡s✳
✸✳✷✳ ❘és✉❧t❛ts ❞✬✐♥❛♣♣r♦①✐♠❛❜✐❧✐té ✽✼
s2
s1
P1
P2
G
t1
t2
G’
❋✐❣✳ ✸✳✻ ✕ ●r❛♣❤❡ G′✱ ❝♦♥str✉✐t à ♣❛rt✐r ❞❡ G✱ ❞é❝r✐t ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✶✼✳
✕ ❙✐ |E′k| < x✱ ❛❧♦rs ❧❡s ❞❡✉① ❝❤❡♠✐♥s P1 ❡t P2 ❝♦♠♣♦sés ❞❡ x ❛rêt❡s ❝❤❛❝✉♥ ♥❡
s♦♥t ♣❛s ✉t✐❧✐sés✳ ❆✐♥s✐✱ |E′k| ≤ |E| ❡t ❞♦♥❝ ✐❧ ② ❛ ✉♥❡ s♦❧✉t✐♦♥ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡
❞❡ r♦✉t❛❣❡ ♣♦✉r G✳
❊♥ ✉t✐❧✐s❛♥t ❝❡tt❡ ❝♦♥str✉❝t✐♦♥✱ ♥♦✉s ❛✉r✐♦♥s ❛❧♦rs ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧
♣♦✉r ❞é❝✐❞❡r s✬✐❧ ② ❛ ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s ❞❛♥s G✱ ❡♥ ❞✬❛✉tr❡s t❡r♠❡s ✉♥
❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ q✉✐ ❡st ◆P✲❝♦♠♣❧❡t✳ ❯♥❡
❝♦♥tr❛❞✐❝t✐♦♥✱ à ♠♦✐♥s q✉❡ P❂◆P✳ 
❚❤é♦rè♠❡ ✶✽ ▲❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ♥✬❡st ♣❛s ❞❛♥s ❆P❳
♠ê♠❡ s✐ t♦✉t❡s ❧❡s ❛rêt❡s ♦♥t ✉♥❡ ❝❛♣❛❝✐té ❝♦♥st❛♥t❡ c✳
Pr❡✉✈❡ ✿ ❙♦✐t G = (V,E, c) ❧❡ ❣r❛♣❤❡ ♣♦♥❞éré ❞é❝r✐t ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✼✳ ❙♦✐t k ≥ 1✳
■❧ ② ❛ |D| s♦♠♠❡ts s1, . . . , s|D| r❡❧✐és ❛✉ s♦♠♠❡t u ♣❛r ❞❡s ❛rêt❡s ❞❡ ❝❛♣❛❝✐té c✳ ■❧
② ❛ |D| s♦♠♠❡ts t1, . . . , t|D| r❡❧✐és ❛✉ s♦♠♠❡t v ♣❛r ❞❡s ❛rêt❡s ❞❡ ❝❛♣❛❝✐té c✳ ❊♥tr❡
u ❡t v✱ ✐❧ ② ❛ 3 ❝❤❡♠✐♥s ❛rêt❡✲❞✐s❥♦✐♥ts ❝♦♠♣♦sés ❞❡ 2 ❛rêt❡s ❝❤❛❝✉♥ ❡t ✐❧ ② ❛ |D|
❝❤❡♠✐♥s ❛rêt❡✲❞✐s❥♦✐♥ts ❝♦♠♣♦sés ❞❡ x > k(2|D|+6) ❛rêt❡s ❝❤❛❝✉♥✳ ▲❡s |D| ❞❡♠❛♥❞❡s
Ds1t1 ,Ds2t2 , . . . ,Ds|D|t|D| s♦♥t t❡❧❧❡s q✉❡
∑|D|
i=1Dsiti = 3c✳
❙✉♣♣♦s♦♥s ♠❛✐♥t❡♥❛♥t q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ k ≥ 1 t❡❧❧❡ q✉✬✐❧ ❡①✐st❡ ✉♥
❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧ tr♦✉✈❛♥t ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ Ek ⊆ E✱ ❣❛r❛♥t✐ss❛♥t ❧✬❡①✐st❡♥❝❡
❞✬✉♥ r♦✉t❛❣❡ ❞❡s ❞❡♠❛♥❞❡s ✉t✐❧✐s❛♥t ✉♥✐q✉❡♠❡♥t ❧❡s ❛rêt❡s ❞❡ Ek ❡t ❛ss✉r❛♥t |Ek| ≤
k|E∗|✳
✕ ❙✐ |Ek| ≥ x > k(2|D| + 6)✱ ❛❧♦rs ✐❧ ♥✬② ❛ ♣❛s ❞❡ ♣❛rt✐t✐♦♥ ❞❡s ❞❡♠❛♥❞❡s ❡♥
tr♦✐s s♦✉s✲❡♥s❡♠❜❧❡s t❡❧s q✉❡ ❧❛ s♦♠♠❡ ❞❡s ✈♦❧✉♠❡s ❞❡s ❞❡♠❛♥❞❡s ❞❡ ❝❤❛❝✉♥ ❞❡s
tr♦✐s s♦✉s✲❡♥s❡♠❜❧❡s ❡st c✳ ❊♥ ❡✛❡t✱ s✐ ✉♥❡ t❡❧❧❡ ♣❛rt✐t✐♦♥ ❡①✐st❛✐t✱ ❧✬❛❧❣♦r✐t❤♠❡
❣❛r❛♥t✐ss❛♥t ✉♥❡ k✲❛♣♣r♦①✐♠❛t✐♦♥ ❧✬❛✉r❛✐t tr♦✉✈é❡✳
✕ ❙✐ |Ek| < x✱ ❛❧♦rs ❧❡s |D| ❝❤❡♠✐♥s ❝♦♠♣♦sés ❞❡ x ❛rêt❡s ❝❤❛❝✉♥ ♥❡ s♦♥t ♣❛s
✉t✐❧✐sés✳ ❆✐♥s✐✱ ✐❧ ② ❛ ✉♥❡ ♣❛rt✐t✐♦♥ ❞❡s ❞❡♠❛♥❞❡s ❡♥ tr♦✐s s♦✉s✲❡♥s❡♠❜❧❡s t❡❧s q✉❡
❧❛ s♦♠♠❡ ❞❡s ✈♦❧✉♠❡s ❞❡s ❞❡♠❛♥❞❡s ❞❡ ❝❤❛❝✉♥ ❞❡s tr♦✐s s♦✉s✲❡♥s❡♠❜❧❡s ❡st c✳
✽✽ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
u
x aretes
x aretes
x aretes
v
s|D|
1s
2s
3s
t |D|
t3
t2
t1
❋✐❣✳ ✸✳✼ ✕ ●r❛♣❤❡ G ❞é❝r✐t ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✶✽✳ ❈❤❛q✉❡ ❛rêt❡ e ∈ E ❛
❝❛♣❛❝✐té c(e) = c ❡t
∑|D|
i=1Dsiti = 3c✳
❊♥ ✉t✐❧✐s❛♥t ❝❡tt❡ ❝♦♥str✉❝t✐♦♥✱ ♥♦✉s ❛✉r✐♦♥s ❛❧♦rs ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧
♣♦✉r rés♦✉❞r❡ ❧❡ ♣r♦❜❧è♠❡ ❞✉ ❏♦❜ s❤♦♣ s❝❤❡❞✉❧✐♥❣ q✉✐ ❡st ◆P✲❝♦♠♣❧❡t ❬●❏❙✼✻❪✳ ❯♥❡
❝♦♥tr❛❞✐❝t✐♦♥✱ à ♠♦✐♥s q✉❡ P❂◆P✳ 
✸✳✷✳✸ ❈♦♠♣❧❡①✐té ❞✉ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ r❛♣♣♦rt ♠✐♥✐♠✉♠
◆♦✉s ét✉❞✐♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❛ ❝♦♠♣❧❡①✐té ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r λn−1
❞❛♥s ❧❡ ❝❛s ❞❡ ❞❡♠❛♥❞❡s ❞❡ t②♣❡ ♦♥❡✲t♦✲❛❧❧✳
❚❤é♦rè♠❡ ✶✾ ❊t❛♥t ❞♦♥♥és ✉♥ ❣r❛♣❤❡ G = (V,E) ❡t ✉♥ s♦♠♠❡t r ∈ V ✱ ❧❡ ♣r♦✲
❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r λn−1 ❞❛♥s ❧❡ ❝❛s ♦♥❡✲t♦✲❛❧❧ ❡st ◆P✲❝♦♠♣❧❡t✳
Pr❡✉✈❡ ✿ ❙♦✐t ❧❡ ❣r❛♣❤❡ G = (V,E) ❧✬✉♥✐♦♥ ❞✐s❥♦✐♥t❡ ❞❡ k ❝❤❡♠✐♥s P1, P2, . . . , Pk
❞❡ t❛✐❧❧❡s n1, n2, . . . , nk✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ◆♦✉s ♥♦t♦♥s u1, u2, . . . , uk ✉♥❡ ❞❡s ❞❡✉①
❡①tré♠✐tés ❞❡ P1, P2, . . . , Pk✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ◆♦✉s ♣♦s♦♥s n = n1 + n2 + . . . + nk✳
❙♦✐t G′ = (V ∪ {r, r1, r2, r3}, E ∪ {{r, r1}, {r, r2}, {r, r3}} ∪ {{rj , ui}, j = 1, 2, 3, i =
1, . . . , k})✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s ❞❡s ❞❡♠❛♥❞❡s ❞❡ t②♣❡ ♦♥❡✲t♦✲❛❧❧ ❛✈❡❝ r ❧❛ s♦✉r❝❡✳ ❙❛♥s
♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡ ✈♦❧✉♠❡ ❞❡s ❞❡♠❛♥❞❡s ❡st ✉♥✐t❛✐r❡✳ G′ ❡st
r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✽✳
◆♦✉s ♠♦♥tr♦♥s q✉❡ λn−1 = n3 + 1 s✐✱ ❡t s❡✉❧❡♠❡♥t s✐✱ ✐❧ ❡①✐st❡ ✉♥❡ ♣❛rt✐t✐♦♥
❞❡s ❡♥t✐❡rs n1, n2, . . . , nk ❡♥ tr♦✐s s♦✉s✲❡♥s❡♠❜❧❡s S1, S2, S3 t❡❧s q✉❡ ❧❛ s♦♠♠❡ ❞❡s
é❧é♠❡♥ts ❞❡ ❝❤❛❝✉♥ ❞❡s tr♦✐s s♦✉s✲❡♥s❡♠❜❧❡s ❡st n3 ✳
◆♦t♦♥s t♦✉t ❞✬❛❜♦r❞ q✉❡ s✐ λn−1 = n3 + 1✱ ❛❧♦rs ❧❡s tr♦✐s ❛rêt❡s ✐♥❝✐❞❡♥t❡s ❛✉
s♦♠♠❡t r s♦♥t ❞❛♥s t♦✉t ❛r❜r❡ ♦♣t✐♠❛❧ T ∗ = (V ∗, E∗)✳ ❊♥ ❡✛❡t✱ s✐✱ s❛♥s ♣❡rt❡ ❞❡
❣é♥ér❛❧✐té✱ {r, r1} /∈ E∗✱ {r, r2} ∈ E∗ ❡t {r, r3} ∈ E∗✱ ❛❧♦rs ❧❛ s♦♠♠❡ ❞❡s ❝❤❛r❣❡s ❞❡s
❛rêt❡s {r, r2} ❡t {r, r3} ❡st n+ 2✳ ❆✐♥s✐✱ ❛✉ ♠♦✐♥s ✉♥❡ ❞❡s ❞❡✉① ❛rêt❡s ❛ ✉♥❡ ❝❤❛r❣❡
❞❡ n2 + 1✳
✸✳✷✳ ❘és✉❧t❛ts ❞✬✐♥❛♣♣r♦①✐♠❛❜✐❧✐té ✽✾
r
r1
r3
2r
P
P
P
1P
2
3
k
❋✐❣✳ ✸✳✽ ✕ ●r❛♣❤❡ G′ ❞é❝r✐t ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✶✾✳
❙✉♣♣♦s♦♥s ❞♦♥❝ q✉❡ {r, r1}, {r, r2}, {r, r3} ∈ E∗✳ P♦✉r t♦✉t i ∈ {1, . . . , k}✱ ✉♥❡
❡t ✉♥❡ s❡✉❧❡ ❛rêt❡ ♣❛r♠✐ ❧❡s tr♦✐s ❛rêt❡s {r1, ui}✱ {r2, ui} ❡t {r3, ui}✱ ❡st ❞❛♥s T ∗✳
❊♥ ❡✛❡t✱ s✐ ❞❡✉① ❞❡ ❝❡s ❛rêt❡s s♦♥t ❞❛♥s T ∗ ❛❧♦rs ✐❧ ② ❛ ✉♥ ❝②❝❧❡✳ ❉❡ ♣❧✉s✱ t♦✉t❡s
❧❡s ❛rêt❡s ❞❡ Pi s♦♥t ❞❛♥s T ∗✳ P♦✉r j ∈ {1, 2, 3}✱ s♦✐t ❧✬❡♥s❡♠❜❧❡ Sj = {ui, 1 ≤ i ≤
k, {rj , ui} ∈ E∗}✳ P♦✉r j ∈ {1, 2, 3}✱ ❧❛ ❝❤❛r❣❡ ❞❡ {r, rj} ❡st 1+Σi,ui∈Sjni✳ ▲❛ s♦♠♠❡
❞❡s ❝❤❛r❣❡s ❞❡s ❛rêt❡s ✐♥❝✐❞❡♥t❡s à r ❡st 3+n✳ ❆✐♥s✐✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s ♣❛ss❛♥t
♣❛r ❝❡s tr♦✐s ❛rêt❡s ❡st n3 + 1 s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❧❡s ❡♥t✐❡rs n1, n2, . . . , nk ♣❡✉✈❡♥t
êtr❡ ♣❛rt✐t✐♦♥és ❡♥ tr♦✐s s♦✉s✲❡♥s❡♠❜❧❡s t❡❧s q✉❡ ❧❛ s♦♠♠❡ ❞❡s é❧é♠❡♥ts ❞❡ ❝❤❛❝✉♥
❡st n3 ✳ ❈❡ ♣r♦❜❧è♠❡ ✭❏♦❜ s❤♦♣ s❝❤❡❞✉❧✐♥❣✮ ét❛♥t ◆P✲❝♦♠♣❧❡t ❬●❏❙✼✻❪✱ ❧❡ ♣r♦❜❧è♠❡
❞❡ ❞ét❡r♠✐♥❡r λn−1 ❧✬❡st ❛✉ss✐✳ 
◆♦✉s ♠♦♥tr♦♥s ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✷✵ q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r λn−1 ♥✬❡st ♣❛s
❞❛♥s ❆P❳ s✐ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ✉♥❡ ❝♦♥tr❛✐♥t❡ s✉♣♣❧é♠❡♥t❛✐r❡ s✉r ❧❡s ❞❡❣rés ❞❡s
s♦♠♠❡ts ❞❛♥s ❧✬❛r❜r❡ s♦❧✉t✐♦♥✳
❚❤é♦rè♠❡ ✷✵ ❊t❛♥t ❞♦♥♥és ✉♥ ❣r❛♣❤❡ G = (V,E)✱ ✉♥ ❞❡❣ré ♠❛①✐♠✉♠ dmax(u)
♣♦✉r ❝❤❛q✉❡ s♦♠♠❡t u ∈ V ❡t ✉♥ s♦♠♠❡t r ∈ V ✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r λn−1 ❞❛♥s
❧❡ ❝❛s ♦♥❡✲t♦✲❛❧❧ ❛✈❡❝ ❧❛ ❝♦♥tr❛✐♥t❡ q✉❡ ∀u ∈ V ✱ dT (u) ≤ dmax(u)✱ ♥✬❡st ♣❛s ❞❛♥s
❆P❳ ✭dT (u) r❡♣rés❡♥t❡ ❧❡ ❞❡❣ré ❞❡ u ❞❛♥s ❧✬❛r❜r❡ s♦❧✉t✐♦♥ T ✮✳
Pr❡✉✈❡ ✿ ❙♦✐t ❧❡ ❣r❛♣❤❡ G = (V,E) ❛✈❡❝ |V | = n ❡t v ❡t w ❞❡✉① s♦♠♠❡ts ✜①és
q✉❡❧❝♦♥q✉❡s✳ ◆♦✉s ❝♦♥str✉✐s♦♥s G′ = (V ′, E′) à ♣❛rt✐r ❞❡ G ❡♥ ❛tt❛❝❤❛♥t à ❝❤❛q✉❡
s♦♠♠❡t u ∈ V ✱ nk s♦♠♠❡ts ❞✐✛ér❡♥ts✱ k ✉♥❡ ❝♦♥st❛♥t❡✳ ◆♦✉s ♦❜t❡♥♦♥s ❛✐♥s✐ G′ ❛✈❡❝
|V ′| = nk+1 + n s♦♠♠❡ts✳ ❙♦✐❡♥t G′1, . . . , G′n(q+1)✱ n(q + 1) ❝♦♣✐❡s ❞❡ G′ ❝♦♥t❡♥❛♥t
r❡s♣❡❝t✐✈❡♠❡♥t G1, . . . , Gn(q+1)✱ ❧❡s n(q+1) ❝♦♣✐❡s ❞❡ G✳ ◆♦✉s ♥♦t♦♥s v1, . . . , vn(q+1)
❧❡s ❝♦♣✐❡s ❞❡ v ❞❛♥s G1, . . . , Gn(q+1)✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❉❡ ♠❛♥✐èr❡ ❛♥❛❧♦❣✉❡✱ ♥♦✉s
♥♦t♦♥s w1, . . . , wn(q+1) ❧❡s ❝♦♣✐❡s ❞❡ w ❞❛♥s G1, . . . , Gn(q+1)✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡
❣r❛♣❤❡ Gˆ = (Vˆ , Eˆ) ❡st ❧✬✉♥✐♦♥ ❞❡ G′1, . . . , G
′
n(q+1)✱ ❞✬✉♥ s♦♠♠❡t r ❡t ❞✬✉♥ s♦♠♠❡t r
′✳
∀i ∈ {1, . . . , n(q+1)}✱ ✐❧ ② ❛ ✉♥❡ ❛rêt❡ ❡♥tr❡ r ❡t vi✳ ❉❡ ♣❧✉s✱ ✐❧ ② ❛ ✉♥❡ ❛rêt❡ ❡♥tr❡ r′ ❡t
r✳ ❊♥✜♥✱ ∀u ∈ V (G1)∪. . .∪V (Gn(q+1))✱ ✐❧ ② ❛ ✉♥❡ ❛rêt❡ ❡♥tr❡ r′ ❡t u✳ ❘❛♣♣❡❧♦♥s q✉❡ Gˆ
❡st ❝♦♥str✉✐t à ♣❛rt✐r ❞❡ ❝♦♣✐❡s ❞❡ G′ ❡t ❞♦♥❝ q✉❡ ❝❤❛❝✉♥❡ ❞❡ ❝❡s ❝♦♣✐❡s ❝♦♥t✐❡♥t ✉♥❡
❝♦♣✐❡ ❞❡G✳ ▲❡ ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ❞❡ Gˆ ❡st |Vˆ | = (q+1)(nk+2+n2)+2✳ ▲❛ s♦✉r❝❡ ❞❡s
✾✵ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
G1
G’1
2 (q+1)nG’G’
r’
r
v1
v
v
2
(q+1)n
❋✐❣✳ ✸✳✾ ✕ ●r❛♣❤❡ Gˆ ❞❡ ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✷✵ ❡t ❡sq✉✐ss❡ ❞✬❛r❜r❡ ❞❡ ❝❤❛r❣❡
♠✐♥✐♠✉♠ T ∗ s✐ ❧❡ ❣r❛♣❤❡ G ❝♦♥t✐❡♥t ✉♥ ❝❤❡♠✐♥ ❤❛♠✐❧t♦♥✐❡♥ ❛✈❡❝ ❝♦♠♠❡ ❡①tré♠✐tés
❧❡s s♦♠♠❡ts v ❡t w✳ T ∗ ❡st r❡♣rés❡♥té ♣❛r ❞❡s tr❛✐ts ♣❧❡✐♥s ❜❧❡✉s✳
❞❡♠❛♥❞❡s ♦♥❡✲t♦✲❛❧❧ ❡st ❧❡ s♦♠♠❡t r✳ ❙❛♥s ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡
❧❡ ✈♦❧✉♠❡ ❞❡s ❞❡♠❛♥❞❡s ❡st ✉♥✐t❛✐r❡✳ Gˆ ❡st r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✾✳ ❉é✜♥✐ss♦♥s
à ♣rés❡♥t ♣♦✉r ❝❤❛q✉❡ s♦♠♠❡t ❞❡ |Vˆ |✱ ❧❛ ❝♦♥tr❛✐♥t❡ s✉r s♦♥ ❞❡❣ré ❞❛♥s ❧✬❛r❜r❡✳
∀u ∈ (V (G1) \ {w1}) ∪ . . . ∪ (V (Gn(q+1)) \ {wn(q+1)})✱ dmax(u) = nk + 2✳ ∀u ∈
{w1, . . . , wn(q+1)}✱ dmax(u) = nk+1✳ P♦✉r t♦✉s ❧❡s ❛✉tr❡s s♦♠♠❡ts u✱ dmax(u) =∞
✭❛✉❝✉♥❡ ❝♦♥tr❛✐♥t❡ ❞❡ ❞❡❣ré✮✳
▲❡♠♠❡ ✶✻ ❙✐ G ❝♦♥t✐❡♥t ✉♥ ❝❤❡♠✐♥ ❤❛♠✐❧t♦♥✐❡♥ ❛✈❡❝ ❝♦♠♠❡ ❡①tré♠✐tés ❧❡s s♦♠✲
♠❡ts v ❡t w✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥ ❛r❜r❡ ❝♦✉✈r❛♥t ❞❡ Gˆ ❡♥r❛❝✐♥é ❡♥ r ❞❡ ❝❤❛r❣❡ ❛✉ ♣❧✉s
nk+1 + n✳ ❙✐♥♦♥✱ t♦✉t ❛r❜r❡ ❝♦✉✈r❛♥t ❞❡ Gˆ ❡♥r❛❝✐♥é ❡♥ r ❡st ❞❡ ❝❤❛r❣❡ ❛✉ ♠♦✐♥s
(nk+1 + n)(q + 1)✳
Pr❡✉✈❡ ✿ ✭▲❡♠♠❡ ✶✻✮ ❙✉♣♣♦s♦♥s q✉❡ G ❝♦♥t✐❡♥t ✉♥ ❝❤❡♠✐♥ ❤❛♠✐❧t♦♥✐❡♥ ❛✈❡❝
❝♦♠♠❡ ❡①tré♠✐tés ❧❡s s♦♠♠❡ts v ❡t w✳ ◆♦✉s ❝♦♥str✉✐s♦♥s ❛❧♦rs ✉♥ ❛r❜r❡ T ∗ =
(V ∗, E∗) ❞❡ ❝❤❛r❣❡ ❛✉ ♣❧✉s nk+1 + n ♠❡ss❛❣❡s✳ ❉❛♥s ❧❛ s✉✐t❡ ♥♦✉s ❝♦♥s✐❞ér♦♥s
i ∈ {1, . . . , (q + 1)n}✳ ◆♦✉s ❛✈♦♥s ❧❡s ❛rêt❡s (r, vi) ∈ E∗ ❡t ❧✬❛rêt❡ (r, r′) ∈ E∗✳
◆♦✉s ❝♦♥str✉✐s♦♥s ♠❛✐♥t❡♥❛♥t ✉♥ ❛r❜r❡ ❝♦✉✈r❛♥t ❞❡ G′i ❡♥r❛❝✐♥é ❡♥ vi✳ ❯♥ ❝❤❡♠✐♥
❤❛♠✐❧t♦♥✐❡♥ ❞❡ Gi ❛✈❡❝ ❝♦♠♠❡ ❡①tré♠✐tés ❧❡s s♦♠♠❡ts vi ❡t wi ❡st ❛❥♦✉té ❞❛♥s T ∗✳
❘❛♣♣❡❧♦♥s q✉❡ Gi ❡st ✉♥❡ ❝♦♣✐❡ ❞❡ G✳ ❉❡ ♣❧✉s✱ ♣♦✉r t♦✉t u ∈ V (G′i) \ V (Gi)✱ ✐❧ ② ❛
nk s♦♠♠❡ts ❛②❛♥t ❝♦♠♠❡ ✉♥✐q✉❡ ✈♦✐s✐♥ u✳ ❆✐♥s✐✱ nk ❛rêt❡s s♦♥t ❛❥♦✉té❡s ❞❛♥s T ∗✳
◆♦✉s ♣♦✉✈♦♥s ✈ér✐✜❡r q✉❡ t♦✉t s♦♠♠❡t u ∈ V (Gi) \ {wi} ❛ ❞❡❣ré 2+nk ❡t q✉❡ wi ❛
❞❡❣ré 1+nk✳ ■❧ ❡st ❢❛❝✐❧❡ ❞✬♦❜s❡r✈❡r q✉❡ ❧❡s ❛rêt❡s ❞❡ ♣❧✉s ❣r❛♥❞❡ ❝❤❛r❣❡ s♦♥t (r, vi)✳
❈❡tt❡ ❝❤❛r❣❡ ❡st nk+1 + n✱ ❧❡ ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ❞❡ G′i✳ T
∗ ❡st r❡♣rés❡♥té ❞❛♥s ❧❛
✜❣✉r❡ ✸✳✾ ♣❛r ❞❡s tr❛✐ts ♣❧❡✐♥s ❜❧❡✉s✳
✸✳✷✳ ❘és✉❧t❛ts ❞✬✐♥❛♣♣r♦①✐♠❛❜✐❧✐té ✾✶
❙✉♣♣♦s♦♥s q✉❡ G ♥❡ ❝♦♥t✐❡♥t ♣❛s ✉♥ ❝❤❡♠✐♥ ❤❛♠✐❧t♦♥✐❡♥ ❛✈❡❝ ❝♦♠♠❡ ❡①tré♠✐tés
❧❡s s♦♠♠❡ts v ❡t w✳ ❉❛♥s ❧❛ s✉✐t❡ ♥♦✉s ❝♦♥s✐❞ér♦♥s i ∈ {1, . . . , (q+ 1)n}✳ ❙♦✐t T ∗ =
(V ∗, E∗) ✉♥ ❛r❜r❡ ♠✐♥✐♠✐s❛♥t ❧❛ ❝❤❛r❣❡✳ ❈♦♠♠❡ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞✬❛r❜r❡ ❝♦✉✈r❛♥t ❞❛♥s
Gi r❡s♣❡❝t❛♥t ❧❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ❞❡❣rés✱ ✐❧ ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥ s♦♠♠❡t u ∈ V (Gi)
t❡❧ q✉❡ (r′, u) ∈ E∗✳ ❙✐ (r, vi) /∈ E∗✱ ❛❧♦rs (r, r′) ∈ E∗ ❡t ❧❛ ❝❤❛r❣❡ ❞❡ (r, r′) ❡st
|Vˆ | − 1 = (q + 1)(nk+2 + n2) + 1✳ ❙✉♣♣♦s♦♥s ♠❛✐♥t❡♥❛♥t q✉❡ (r, vi) ∈ E∗✳ ◆♦✉s
♠♦♥tr♦♥s q✉❡ (v′i, r
′) /∈ E∗ ❛✈❡❝ v′i ∈ V (Gi) ✉♥ s♦♠♠❡t t❡❧ q✉✬✐❧ ❡①✐st❡ ✉♥ ❝❤❡♠✐♥
❞❡ vi à v′i ❞❛♥s T
∗ ❡t q✉❡ ❝❡ ❝❤❡♠✐♥ ❡st ✐♥❝❧✉s ❞❛♥s Gi✳ ❙❛♥s ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✱
s✉♣♣♦s♦♥s q✉❡ v′i = vi✳ ❙✐ ✉♥ t❡❧❧❡ ❛rêt❡ ❡①✐st❡ ❞❛♥s T
∗✱ ♥♦✉s ♣♦✉✈♦♥s ♠❡ttr❡ ❡♥
❡①❡r❣✉❡ ❧❡ ❝②❝❧❡ (r, v1, r′, v2, r)✳ ❯♥❡ ❝♦♥tr❛❞✐❝t✐♦♥ ❝❛r T ∗ ❡st ✉♥ ❛r❜r❡✳ ▲❛ ❝❤❛r❣❡ ❞❡
❧✬❛rêt❡ (r, r′) ❡st ❞♦♥❝ ❛✉ ♠♦✐♥s (nk+1 + n)(q + 1)✳ ⊡
❙✉♣♣♦s♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ q t❡❧❧❡ q✉✬✐❧ ❡①✐st❡ ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦✲
♠✐❛❧ ❣❛r❛♥t✐ss❛♥t q✉❡ ❧❛ s♦❧✉t✐♦♥ λ′ tr♦✉✈é❡ ♣❛r ❝❡ ❞❡r♥✐❡r s♦✐t t❡❧❧❡ q✉❡ λ′ ≤ qλn−1✳
▲❡ r❛♣♣♦rt ❞❡s ❞❡✉①✱ s❡❧♦♥ s✐ G ❝♦♥t✐❡♥t ✉♥ ❝❤❡♠✐♥ ❤❛♠✐❧t♦♥✐❡♥ ❛✈❡❝ ❝♦♠♠❡ ❡①✲
tré♠✐tés ❧❡s s♦♠♠❡ts v ❡t w ♦✉ ♣❛s✱ ❡st q + 1✳ ❉♦♥❝✱ ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧
❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞♦♥♥❡ ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧ q✉✐ ❞ét❡r♠✐♥❡ s✬✐❧ ❡①✐st❡ ✉♥ ❝❤❡✲
♠✐♥ ❤❛♠✐❧t♦♥✐❡♥ ❛✈❡❝ ❧❡s ❞❡✉① ❡①tré♠✐tés ✜①é❡s ❞❛♥s ✉♥ ❣r❛♣❤❡✳ ❆✐♥s✐✱ ♥♦✉s ❛✉r✐♦♥s
✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧ ♣♦✉r ❞ét❡r♠✐♥❡r s✬✐❧ ❡①✐st❡ ✉♥ ❝❤❡♠✐♥ ❤❛♠✐❧t♦♥✐❡♥ ❞❛♥s
✉♥ ❣r❛♣❤❡✳ ❊♥ ❡✛❡t✱ ♥♦✉s ♣♦✉✈♦♥s ✉t✐❧✐s❡r ❧✬❛❧❣♦r✐t❤♠❡ ♣ré❝é❞❡♥t n(n−1)2 ❢♦✐s✱ t❡st❛♥t
t♦✉t❡s ❧❡s ❡①tré♠✐tés ❞✐✛ér❡♥t❡s ♣♦ss✐❜❧❡s✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r s✬✐❧ ❡①✐st❡ ✉♥
❝❤❡♠✐♥ ❤❛♠✐❧t♦♥✐❡♥ ❞❛♥s ✉♥ ❣r❛♣❤❡ ❡st ◆P✲❝♦♠♣❧❡t ❬●❏✼✾❪✳ ❯♥❡ ❝♦♥tr❛❞✐❝t✐♦♥✱ à
♠♦✐♥s q✉❡ P❂◆P✳ 
❈♦r♦❧❧❛✐r❡ ✽ P♦✉r t♦✉t ❡♥t✐❡r k ≥ 1✱ ét❛♥t ❞♦♥♥és ✉♥ ❣r❛♣❤❡ G = (V,E) à n = |V |
s♦♠♠❡ts✱ ✉♥ ❞❡❣ré ♠❛①✐♠✉♠ dmax(u) = Ω(n
k
k+2 ) ♣♦✉r ❝❤❛q✉❡ s♦♠♠❡t u ∈ V ❡t ✉♥
s♦♠♠❡t r ∈ V ✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r λn−1 ❞❛♥s ❧❡ ❝❛s ♦♥❡✲t♦✲❛❧❧ ❛✈❡❝ ❧❛ ❝♦♥tr❛✐♥t❡
q✉❡ ∀u ∈ V ✱ dT (u) ≤ dmax(u)✱ ♥✬❡st ♣❛s ❞❛♥s ❆P❳ ✭dT (u) r❡♣rés❡♥t❡ ❧❡ ❞❡❣ré ❞❡ u
❞❛♥s ❧✬❛r❜r❡ s♦❧✉t✐♦♥ T ✮✳
◆♦✉s ♦❜t❡♥♦♥s ❝❡ rés✉❧t❛t ❛✈❡❝ ❧❡ ❣r❛♣❤❡ Gˆ = (Vˆ , Eˆ) ❞é❝r✐t ❞❛♥s ❧❛ ♣r❡✉✈❡
❞✉ ❚❤é♦rè♠❡ ✷✵✳ ▲❡ ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts |Vˆ | ❡st N = (q + 1)(nk+2 + n2) + 2✳
❆✈❡❝ q ✉♥❡ ❝♦♥st❛♥t❡✱ N = θ(nk+2)✳ ▲❛ ❝♦♥tr❛✐♥t❡ ❞❡ ❞❡❣ré ❡st dmax(u) = ∞✱
dmax(u) = n
k+2 = θ(nk) ♦✉ dmax(u) = nk+1 = θ(nk)✱ ♣♦✉r t♦✉t u ∈ V ✳ ▲❡ ❣r❛♣❤❡
Gˆ ❞❡ ❧❛ ♣r❡✉✈❡ ✈ér✐✜❡ ❞♦♥❝ dmax(u) = Ω(N
k
k+2 )✳
◆♦✉s ❛✈♦♥s ♣r♦✉✈é q✉❡ ♥♦✉s ♥❡ ♣♦✉✈✐♦♥s ♣❛s ❛♣♣r♦①✐♠❡r λn−1 ❡♥ ❛❥♦✉t❛♥t ✉♥❡
❝♦♥tr❛✐♥t❡ s✉♣♣❧é♠❡♥t❛✐r❡ s✉r ❧❡ ❞❡❣ré ❞❛♥s ❧✬❛r❜r❡ ♣♦✉r ✉♥ ❝❡rt❛✐♥ s♦✉s✲❡♥s❡♠❜❧❡
❞❡ s♦♠♠❡ts✳ ❙❛♥s ❝❡tt❡ ❝♦♥tr❛✐♥t❡✱ ♥♦✉s ♥❡ s❛✈♦♥s ♣❛s s✐ ❧❛ ✈❛❧❡✉r λn−1 ♣❡✉t êtr❡
❛♣♣r♦①✐♠é❡ ♦✉ ♥♦♥ ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧✳ ◆♦✉s ❝♦♥❥❡❝t✉r♦♥s t♦✉t ❞❡ ♠ê♠❡ q✉❡ ❝❡
♣r♦❜❧è♠❡ ♥✬❡st ♣❛s ❞❛♥s ❆P❳✳
❈♦♥❥❡❝t✉r❡ ✷ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧❡r λn−1 ❞❛♥s ❧❡ ❝❛s ♦♥❡✲t♦✲❛❧❧ ❡t ❛❧❧✲t♦✲❛❧❧ ♥✬❡st
♣❛s ❞❛♥s ❆P❳✳
❈❡s rés✉❧t❛ts ❞✬✐♥❛♣♣r♦①✐♠❛❜✐❧✐té ♠♦t✐✈❡♥t ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✬❤❡✉r✐st✐q✉❡s ♣♦✉r ❧❡
♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ✭s❡❝t✐♦♥ ✸✳✹✮✳ ❆✈❛♥t ❝❡❧❛✱ ♥♦✉s ❞♦♥♥♦♥s
✾✷ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸ ❞❡s ❜♦r♥❡s t❤é♦r✐q✉❡s ❣é♥ér❛❧❡s ❡t ❞❡s ❜♦r♥❡s ♣♦✉r ❝❡rt❛✐♥❡s
✐♥st❛♥❝❡s ♣❛rt✐❝✉❧✐èr❡s✳
✸✳✸ ❇♦r♥❡s t❤é♦r✐q✉❡s
◆♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❞❡s ❜♦r♥❡s t❤é♦r✐q✉❡s ♣♦✉r ❧❡s ✈❛❧❡✉rs ❞❡s
♣❛r❛♠ètr❡s q✉❡ ♥♦✉s ét✉❞✐♦♥s ♣♦✉r ❞❡s ❣r❛♣❤❡s ❣é♥ér❛✉① ✭s❡❝t✐♦♥ ✸✳✸✳✶✮✱ ♣♦✉r ❧❡
❣r❛♣❤❡ ❝♦♠♣❧❡t ✭s❡❝t✐♦♥ ✸✳✸✳✷✮ ❡t ♣♦✉r ❧❛ ❣r✐❧❧❡ ✭s❡❝t✐♦♥ ✸✳✸✳✸✮✳
✸✳✸✳✶ ●r❛♣❤❡s ❣é♥ér❛✉①
✸✳✸✳✶✳✶ ❇♦r♥❡s ✐♥❢ér✐❡✉r❡s ❜❛sé❡s s✉r ❧❛ ❧♦♥❣✉❡✉r ❞❡s ❝❤❡♠✐♥s
▲❛ ❝❛♣❛❝✐té ❣❧♦❜❛❧❡ ❞✉ s②stè♠❡ ✭s♦♠♠❡ ❞❡s ❝❛♣❛❝✐tés ❞❡s ❛rêt❡s✮ ❞♦✐t êtr❡ ♥é✲
❝❡ss❛✐r❡♠❡♥t ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❡ ✈♦❧✉♠❡ ❣❧♦❜❛❧ ❞❡s ❞❡♠❛♥❞❡s ✭s♦♠♠❡s ❞❡s ✈♦❧✉♠❡s
❞❡s ❞❡♠❛♥❞❡s✮✳ ◆♦✉s ♥♦t♦♥s d(s, t) ❧❛ ❧♦♥❣✉❡✉r ❞✬✉♥ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ❡♥tr❡ ✉♥❡
s♦✉r❝❡ s ❡t ✉♥❡ ❞❡st✐♥❛t✐♦♥ t✳ ❆❧♦rs∑
e∈E
c(e) ≥
∑
(s,t)∈V×V,s 6=t
d(s, t)Dst.
❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ t♦✉t❡s ❧❡s ❛rêt❡s ♦♥t ❧❛ ♠ê♠❡ ❝❛♣❛❝✐té c ❡t s✐ ❧❡s ❞❡♠❛♥❞❡s s♦♥t ❞❡
t②♣❡ ❛❧❧✲t♦✲❛❧❧ ❡t ❞❡ ✈♦❧✉♠❡ κ✱ ❛❧♦rs
c|E| ≥ κ
∑
(s,t)∈V×V,s 6=t
d(s, t)
❡t ❞♦♥❝
λm ≥ 1|E|
∑
(s,t)∈V×V,s 6=t
d(s, t).
✸✳✸✳✶✳✷ ❇♦r♥❡s ❜❛sé❡s s✉r ❧❡ ✢♦t ♠❛①✐♠✉♠ ❡t ❧❛ ❝♦✉♣❡ ♠✐♥✐♠✉♠
P♦✉r ❝❤❛q✉❡ s♦✉s✲❡♥s❡♠❜❧❡ S ⊆ V ✱ ♥♦✉s ❞❡✈♦♥s ❛✈♦✐r∑
e={uv}∈E;u∈S,v∈S¯
c(e) ≥
∑
s∈S,t∈S¯
Dst +
∑
s∈S,t∈S¯
Dts,
❛✈❡❝ S¯ = V \ S✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ t♦✉t❡s ❧❡s ❛rêt❡s ♦♥t ❧❛ ♠ê♠❡ ❝❛♣❛❝✐té c ❡t s✐ ❧❡s ❞❡♠❛♥❞❡s s♦♥t
❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧ ❡t ❞❡ ✈♦❧✉♠❡ κ✱ ❛❧♦rs
c|ESS¯ | ≥ 2κ|S||S¯|
❡t ❞♦♥❝
λm ≥ 2|S||S¯||ESS¯ |
✸✳✸✳ ❇♦r♥❡s t❤é♦r✐q✉❡s ✾✸
❛✈❡❝ |ESS¯ | ❧❡ ♥♦♠❜r❡ ❞✬❛rêt❡s ❞❡ ❧❛ ❝♦✉♣❡ ❡♥tr❡ S ❡t S¯✳
❯♥ ❡①❡♠♣❧❡ ♣❛rt✐❝✉❧✐❡r ❞❡ ❝♦✉♣❡ ❡st ❧❛ ❝♦✉♣❡ ❜✐ss❡❝t✐♦♥ ♠✐♥✐♠✉♠ ✭♠✐♥✐♠✉♠
❜✐s❡❝t✐♦♥ ❝✉t✮✱ ♥♦té❡ E′
SS¯
✳ ▲❛ ❝♦✉♣❡ ❜✐ss❡❝t✐♦♥ ❡st ❧❛ ❝♦✉♣❡ ♠✐♥✐♠✉♠ q✉✐ ❞✐✈✐s❡ ❧❡
❣r❛♣❤❡ ❡♥ ❞❡✉① ré❣✐♦♥s ❞❡ ✭♣r❡sq✉❡✮ ♠ê♠❡s t❛✐❧❧❡s S ❡t S¯ ✿ |S| = ⌈n2 ⌉ ❡t |S¯| = ⌊n2 ⌋✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ t♦✉t❡s ❧❡s ❛rêt❡s ♦♥t ❧❛ ♠ê♠❡ ❝❛♣❛❝✐té c ❡t s✐ ❧❡s ❞❡♠❛♥❞❡s s♦♥t
❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧ ❡t ❞❡ ✈♦❧✉♠❡ κ✱ ❛❧♦rs ♥♦✉s ❛✈♦♥s ✿
λm ≥ 2|E′
SS¯
|
⌈n
2
⌉ ⌊n
2
⌋
.
❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ t♦✉t❡s ❧❡s ❛rêt❡s ♦♥t ❧❛ ♠ê♠❡ ❝❛♣❛❝✐té c ❡t
q✉❡ ❧❡s ❞❡♠❛♥❞❡s s♦♥t ❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧ ❡t ❞❡ ✈♦❧✉♠❡ κ✳
✸✳✸✳✶✳✸ ❇♦r♥❡ ❜❛sé❡ s✉r ❧❡ ❞❡❣ré ♠❛①✐♠✉♠ ❞✉ ❣r❛♣❤❡
❆✜♥ ❞❡ ♣rés❡♥t❡r ✉♥❡ ❜♦r♥❡ ❣é♥ér❛❧❡ s✉r ❧❛ ✈❛❧❡✉r ❞❡ λn−1 ❞❛♥s ❧❡ ▲❡♠♠❡ ✶✽✱
♥♦✉s ❝❛❧❝✉❧♦♥s ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❝❤❛r❣❡ ❞✬✉♥ ❛r❜r❡ ❞❛♥s ❧❡ ▲❡♠♠❡ ✶✼✳
▲❡♠♠❡ ✶✼ ❙♦✐❡♥t T ✉♥ ❛r❜r❡ ❡t v ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ ♣❧✉s ❣r❛♥❞❡ ❜r❛♥❝❤❡ ✐♥❝✐❞❡♥t❡ ❛✉
❝❡♥tr♦ï❞❡ ❞❡ T ✳ ◆♦✉s ❛✈♦♥s λm = λn−1 ≥ 2v(n− v)✳
Pr❡✉✈❡ ✿ ❙✉♣♣r✐♠❡r ✉♥❡ ❛rêt❡ e ❞❛♥s ✉♥ ❛r❜r❡ ❞é❝♦♥♥❡❝t❡ ❧❡ ❣r❛♣❤❡ ❡♥ ❞❡✉① ❝♦♠✲
♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❞❡ t❛✐❧❧❡s v(e) ❡t n − v(e) ✭❛✈❡❝ v(e) ≤ n − v(e)✮✳ ▲❛ ❝❤❛r❣❡ ❞❡
❝❡tt❡ ❛rêt❡ ❡st 2κv(e)(n− v(e))✳
❈♦♥s✐❞ér♦♥s ❧❡ ❝❡♥tr♦ï❞❡ ❞❡ ❧✬❛r❜r❡ C ❡t ✉♥❡ ❜r❛♥❝❤❡ ❞é❜✉t❛♥t à C✳ ▲❡ ❝❡♥tr♦ï❞❡
❞✬✉♥ ❛r❜r❡ ❡st ✉♥ s♦♠♠❡t ♦✉ ✉♥❡ ❛rêt❡ C q✉✐ ♠✐♥✐♠✐s❡ ❧❛ ♣❧✉s ❣r❛♥❞❡ ❝♦♠♣♦s❛♥t❡
❝♦♥♥❡①❡ ✐♥❞✉✐t❡ ♣❛r ❧❛ s✉♣♣r❡ss✐♦♥ ❞❡ C ❞✉ ❣r❛♣❤❡✳ ▲❛ ❝❤❛r❣❡ ♠❛①✐♠✉♠ ❞✬✉♥❡ ❛rêt❡
❞❡ ❝❡tt❡ ❜r❛♥❝❤❡ ❡st ❧❛ ❝❤❛r❣❡ ❞❡ ❧✬❛rêt❡ e∗ ✐♥❝✐❞❡♥t❡ à C✳ ❊♥ ❡✛❡t✱ ♣♦✉r t♦✉t e ❞❡
❧❛ ❜r❛♥❝❤❡ v(e) < v(e∗) ❡t v(e∗) ≤ ⌊n+12 ⌋✱ ❝♦♠♠❡ t♦✉t❡ ❜r❛♥❝❤❡ ❞✉ ❝❡♥tr♦ï❞❡ ❡st ❞❡
t❛✐❧❧❡ ✐♥❢ér✐❡✉r❡ à ⌊n+12 ⌋✳ ❆✐♥s✐ 2v(e)(n − v(e)) ≤ 2v(e∗)(n − v(e∗)) ❝❛r ❧❛ ❢♦♥❝t✐♦♥
x(n − x) ❡st ❝r♦✐ss❛♥t❡ ♣♦✉r 0 ≤ x ≤ n2 ✳ P♦✉r ❧❛ ♠ê♠❡ r❛✐s♦♥✱ ❧❛ ❝❤❛r❣❡ ❞❡ ❧✬❛r❜r❡
❡st ❧❛ ❝❤❛r❣❡ ❞❡ ❧✬❛rêt❡ ❞✉ ❝❡♥tr♦ï❞❡ ✭s✐ ❧❡ ❝❡♥tr♦ï❞❡ ❡st ✉♥❡ ❛rêt❡✮ ♦✉ ✐♥❝✐❞❡♥t❡ ❛✉
❝❡♥tr♦ï❞❡ ❞❡ ❧❛ ♣❧✉s ❣r❛♥❞❡ ❜r❛♥❝❤❡✳ 
▲❡♠♠❡ ✶✽ P♦✉r ✉♥ ❣r❛♣❤❡ G ❞❡ ❞❡❣ré ♠❛①✐♠✉♠ ∆(G)✱ ♥♦✉s ❛✈♦♥s ✿
λn−1 ≥ 2
⌈
n− 1
∆(G)
⌉(
n−
⌈
n− 1
∆(G)
⌉)
.
Pr❡✉✈❡ ✿ ▲❛ ❝❤❛r❣❡ ❞✬✉♥ ❛r❜r❡ ❡st ❧❛ ❝❤❛r❣❡ ❞❡ ❧✬❛rêt❡ ❝❡♥tr♦ï❞❡ ♦✉ ✐♥❝✐❞❡♥t❡ ❛✉
❝❡♥tr♦ï❞❡ ❞❡ ❧❛ ♣❧✉s ❣r❛♥❞❡ ❜r❛♥❝❤❡✳ ▲❛ ❝❤❛r❣❡ ❡st ❛❧♦rs ♠✐♥✐♠✉♠ ♣♦✉r ✉♥ ❛r❜r❡
❛✈❡❝ ❧❛ ♣❧✉s ❣r❛♥❞❡ ❜r❛♥❝❤❡ ♠✐♥✐♠✉♠✳ P♦✉r ✉♥ ❣r❛♣❤❡ G ❞❡ ❞❡❣ré ♠❛①✐♠✉♠ ∆(G)✱
❧❛ ♣❧✉s ❣r❛♥❞❡ ❜r❛♥❝❤❡ ❞✬✉♥ ❛r❜r❡ ❝♦✉✈r❛♥t ❡st ❞❡ t❛✐❧❧❡ ❛✉ ♠♦✐♥s ⌈ n−1∆(G)⌉✳ ❆✐♥s✐✱
λn−1 ≥ 2κ⌈ n−1∆(G)⌉(n− ⌈ n−1∆(G)⌉)✳ 
◆♦✉s ♦❜s❡r✈♦♥s q✉❡ ❧❛ ❝❤❛r❣❡ ❞✬✉♥ ❛r❜r❡ ✭❝♦✉✈r❛♥t✮ ❞é♣❡♥❞ s❡♥s✐❜❧❡♠❡♥t ❞✉
❞❡❣ré ♠❛①✐♠✉♠ ❞✉ ❣r❛♣❤❡✳ P❛r ❡①❡♠♣❧❡ ♣♦✉r ❧❡ ❣r❛♣❤❡ ❝♦♠♣❧❡t✱ ❛✈❡❝ ∆ = n − 1✱
✾✹ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
❧✬❛r❜r❡ ❞❡ ❝❤❛r❣❡ ♠✐♥✐♠✉♠ ❡st ✉♥❡ ét♦✐❧❡ ❡t ❧❛ ❝❤❛r❣❡ ✈❛✉t 2κ(n−1)✳ ❊♥ ❝♦♠♣❛r❛✐s♦♥✱
s✐ ❧✬❛r❜r❡ ❡st ✉♥ ❝❤❡♠✐♥ ✭❞❡❣ré ♠❛①✐♠✉♠ ∆ = 2✮✱ s❛ ❝❤❛r❣❡ ✈❛✉t ❛❧♦rs κ⌊n22 ⌋✳ ▲❡s
rés❡❛✉① ❛✈❡❝ ❞❡s s♦♠♠❡ts ❞❡ ❣r❛♥❞s ❞❡❣rés s❡♠❜❧❡♥t ❛tt❡✐♥❞r❡ ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥
♠✐♥✐♠❛❧❡ ♣♦✉r ❞❡ ♣❡t✐t❡s ✈❛❧❡✉rs ❞❡s ❝❛♣❛❝✐tés ✭✈♦✐r s❡❝t✐♦♥ ✸✳✹✳✸✮✳
✸✳✸✳✷ ●r❛♣❤❡ ❝♦♠♣❧❡t
◆♦✉s ❝♦♥s✐❞ér♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❡ ❣r❛♣❤❡ ❝♦♠♣❧❡tKn ❝♦♠♣♦sé ❞❡ n s♦♠♠❡ts
❡t ❞❡ n(n − 1)/2 ❛rêt❡s✳ ❈❡tt❡ t♦♣♦❧♦❣✐❡ r❡♣rés❡♥t❡ ✉♥ ❝❛s ❡①trê♠❡ ❞❡ ♥♦tr❡ ét✉❞❡
❡t ❝♦rr❡s♣♦♥❞ ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❞❡s✐❣♥ ❞❛♥s ❧❡q✉❡❧ ✐❧ s✬❛❣✐t ❞❡ ❝♦♥❝❡✈♦✐r ❧❡ ♠❡✐❧❧❡✉r
rés❡❛✉ s❛t✐s❢❛✐s❛♥t ❧❛ ❝❤❛r❣❡ ❧♦rsq✉❡ t♦✉t❡s ❧❡s ❛rêt❡s ♣♦ss✐❜❧❡s ♣❡✉✈❡♥t êtr❡ ✉t✐❧✐sé❡s✳
◆♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡s ❞❡♠❛♥❞❡s s♦♥t ❛❧❧✲t♦✲❛❧❧ ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t κ ❡t q✉❡ ❝❤❛q✉❡
❛rêt❡ ❛ ✉♥❡ ❝❛♣❛❝✐té ❝♦♥st❛♥t❡ c✳
▲❡ r♦✉t❛❣❡ ❡st ♣♦ss✐❜❧❡ ❞❛♥s Kn ❞ès q✉❡ λ ≥ 2✳ ❉❡ ♣❧✉s✱ s✐ λ ≥ 2(n− 1)✱ ❛❧♦rs ❧❡
r♦✉t❛❣❡ ❡st ♣♦ss✐❜❧❡ ❛✈❡❝ ✉♥❡ ét♦✐❧❡ ❝♦♠♣♦sé❡ ❞❡ n−1 ❛rêt❡s✳ ❈❡❧❛ ❝♦rr❡s♣♦♥❞ à ✉♥❡
❢r❛❝t✐♦♥ 2/n ❞✉ ♥♦♠❜r❡ t♦t❛❧ ❞✬❛rêt❡s ❞❡Kn✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♥♦✉s ❛✈♦♥s λm = 2
❡t λn−1 = 2(n− 1)✳ ❯♥❡ q✉❡st✐♦♥ ✐♠♣♦rt❛♥t❡ ❡st ❛❧♦rs ❞✬ét✉❞✐❡r ❧❡ ♥♦♠❜r❡ ❞✬❛rêt❡s
♣♦✉✈❛♥t êtr❡ é❝♦♥♦♠✐sé❡s ♣♦✉r ❞❡s ✈❛❧❡✉rs ❞❡ λ ❝♦♠♣r✐s❡s ❡♥tr❡ 2 ❡t 2(n− 1)✳
▲❡♠♠❡ ✶✾ ❊t❛♥t ❞♦♥♥és ✉♥ ❣r❛♣❤❡ ❝♦♠♣❧❡t ♣♦♥❞éré Kn = (V,E, c)✱ c(e) = c ♣♦✉r
t♦✉t e ∈ E✱ ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞❡♠❛♥❞❡s ❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧ ❝❤❛❝✉♥❡ ❞❡ ✈♦❧✉♠❡ κ✱
t♦✉t❡ s♦❧✉t✐♦♥ ♦♣t✐♠❛❧❡ E∗ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠ ❡st
t❡❧❧❡ q✉❡ |E∗| ≥ max
(
κn(n−1)
c , n− 1
)
✳
Pr❡✉✈❡ ✿ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸✳✶✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉❡
|E∗|c ≥ κ
∑
i,j∈V×V
d(i, j),
❛✈❡❝ d(i, j) ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ i ❡t j✳ ◆♦t♦♥s q✉❡
∑
i,j∈V×V
d(i, j) ❡st ❞♦♥♥é ♣❛r ✉♥❡
❢♦r♠✉❧❡ ❝❧♦s❡ ❝♦♠♠❡ ❞❡✉① ❢♦✐s ❧✬✐♥❞✐❝❡ ❞❡ ❲✐❡♥❡r ✭❲✐❡♥❡r ✐♥❞❡① ✮ ❬❲✐❡✹✼✱ ❲❡✐❪✳
❉❛♥s ✉♥ ❣r❛♣❤❡ ❝♦♠♣❧❡t✱ t♦✉s ❧❡s ♣❧✉s ❝♦✉rts ❝❤❡♠✐♥s ♦♥t t❛✐❧❧❡ 1✳ ❙✐ ♥♦✉s s✉♣✲
♣r✐♠♦♥s ❧✬❛rêt❡ ij✱ ❞❡✉① ❝❤❡♠✐♥s ✭❞❡ i à j ❡t ❞❡ j à i✮ s♦♥t ♠❛✐♥t❡♥❛♥t ❞❡ t❛✐❧❧❡ 2✳
◆♦✉s ❡♥ ❞é❞✉✐s♦♥s q✉❡ ♣♦✉r ✉♥ s♦✉s✲❣r❛♣❤❡ ♦♣t✐♠❛❧ ❛✈❡❝ |E∗| ❛rêt❡s✱ ❛✉ ♣❧✉s 2|E∗|
❝❤❡♠✐♥s ♦♥t t❛✐❧❧❡ 1 ❡t n(n− 1)− 2|E∗| ❝❤❡♠✐♥s ♦♥t t❛✐❧❧❡ ❛✉ ♠♦✐♥s 2✳ ❆❧♦rs
|E∗|c ≥ κ
∑
ij∈V×V
d(i, j) ≥ 2κ|E∗|+ κ(n(n− 1)− 2|E∗|).
▲❛ ❜♦r♥❡ ❞♦♥♥❡
|E∗| ≥ κn(n− 1)
c
.

❉❛♥s ❧❛ ✜❣✉r❡ ✸✳✶✵✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❛ ✈❛❧❡✉r m−|E
∗|
m ❞♦♥♥é❡ ♣❛r ❧❡ ♣r♦❣r❛♠♠❡
❧✐♥é❛✐r❡ ❡♥t✐❡r ❬●▼▼❖✶✵❜❪ ♣♦✉r ✉♥ ❣r❛♣❤❡ ❝♦♠♣❧❡t ❝♦♠♣♦sé ❞❡ 5 s♦♠♠❡ts ✭❛✈❡❝
✸✳✸✳ ❇♦r♥❡s t❤é♦r✐q✉❡s ✾✺
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Rapport capacité sur demande
❋✐❣✳ ✸✳✶✵ ✕ P♦✉r❝❡♥t❛❣❡s ❞✬❛rêt❡s é❝♦♥♦♠✐sé❡s ♣♦✉r ❧❡ ❣r❛♣❤❡ ❝♦♠♣❧❡t à 5 s♦♠✲
♠❡ts ❡♥ ❢♦♥❝t✐♦♥ ❞❡ λ✳ ❇♦r♥❡ ❞✉ ▲❡♠♠❡ ✶✾ ❡t ✈❛❧❡✉r ❞✉ ♣r♦❣r❛♠♠❡ ❧✐♥é❛✐r❡ ❡♥✲
t✐❡r ❬●▼▼❖✶✵❜❪✳
❈P▲❊❳ ✶✵✮✳ ▲❛ ✜❣✉r❡ ♠♦♥tr❡ q✉❡ ❧❛ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❞♦♥♥é❡ ❞❛♥s ❧❡ ▲❡♠♠❡ ✶✾
❡st ♣r♦❝❤❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ♦♣t✐♠❛❧❡✳ ▲❡ r❛♣♣♦rt λ ✈❛r✐❡ ❞❡ 2 à 8 ❝♦♠♠❡ st✐♣✉❧é
♣ré❝é❞❡♠♠❡♥t✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r λ = 4✱ ♥♦✉s ❛✈♦♥s 30% ❞✬❛rêt❡s é❝♦♥♦♠✐sé❡s ✭7
❛rêt❡s ❛❝t✐✈é❡s ❛✉ ❧✐❡✉ ❞❡ 10✮✳
✸✳✸✳✸ ●r✐❧❧❡
◆♦✉s ❝♦♥s✐❞ér♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✬✉♥❡ t♦♣♦❧♦❣✐❡ ❡♥ ❣r✐❧❧❡ q✉✐
r❡♣rés❡♥t❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ rés❡❛✉ str✉❝t✉ré ❝❧❛ss✐q✉❡♠❡♥t ét✉❞✐é✱ ♣❛r ❡①❡♠♣❧❡ ❞❛♥s
❧❡s rés❡❛✉① s❛♥s✲✜❧ ❬❆❲❲✵✺❪✳ ◆♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡s ❞❡♠❛♥❞❡s s♦♥t ❛❧❧✲t♦✲❛❧❧✳ ❉❛♥s
❧❛ s❡❝t✐♦♥ ✸✳✸✳✸✳✶✱ ♥♦✉s ét✉❞✐♦♥s t♦✉t ❞✬❛❜♦r❞ ❧❡s ✈❛❧❡✉rs λn−1 ❡t λm ❝♦rr❡s♣♦♥❞❛♥t
❛✉① ❞❡✉① ❝♦♥✜❣✉r❛t✐♦♥s ❧✐♠✐t❡s ✿ ❧✬❛r❜r❡ ❝♦✉✈r❛♥t ❞❡ ❝❤❛r❣❡ ♠✐♥✐♠✉♠ ✭▲❡♠♠❡ ✷✵✮ ❡t
❧❡ s♦✉s✲❣r❛♣❤❡ ✭s❛♥s ❝♦♥tr❛✐♥t❡✮ ❞❡ ❝❤❛r❣❡ ♠✐♥✐♠✉♠ ✭▲❡♠♠❡ ✷✶✮✱ r❡s♣❡❝t✐✈❡♠❡♥t✳
◆♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✸✳✸✳✷ ❛✉① ❞✐✛ér❡♥t❡s ❝♦♥✜❣✉r❛t✐♦♥s ✐♥t❡r✲
♠é❞✐❛✐r❡s✳ ◆♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥ s♦✉s✲❣r❛♣❤❡ ❞❡ ❧❛ ❣r✐❧❧❡ ❧♦rsq✉❡
❧❡ ♥♦♠❜r❡ ❞✬❛rêt❡s ❞❡ ❝❡ s♦✉s✲❣r❛♣❤❡ ❡st ✜①é ✭▲❡♠♠❡ ✷✷✮✳ ❈❡❧❛ ❞♦♥♥❡ ✉♥❡ ❜♦r♥❡
s✉♣ér✐❡✉r❡ s✉r ❧❡ r❛♣♣♦rt λ s♦✉s ❝❡tt❡ ❝♦♥tr❛✐♥t❡✳ ◆♦✉s ♣r♦✉✈♦♥s é❣❛❧❡♠❡♥t ✉♥❡
❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ♣♦✉r ❧❛ ❝❤❛r❣❡ ❞✬✉♥ s♦✉s✲❣r❛♣❤❡ ❞❡ ❧❛ ❣r✐❧❧❡ ❛✈❡❝ ❝♦♥tr❛✐♥t❡ s✉r ❧❡
♥♦♠❜r❡ ❞✬❛rêt❡s ✭▲❡♠♠❡ ✷✸✮✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✹✳✷✱ ♥♦✉s ❝♦♠♣❛r♦♥s ❝❡s ❝♦♥str✉❝✲
t✐♦♥s ❛✉① s♦❧✉t✐♦♥s ❞♦♥♥é❡s ♣❛r ❧❡ ♣r♦❣r❛♠♠❡ ❧✐♥é❛✐r❡ ❡♥t✐❡r ❡t ❧❡s ❤❡✉r✐st✐q✉❡s q✉❡
♥♦✉s ♣r♦♣♦s♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✹✳✶✳
✸✳✸✳✸✳✶ ❈♦♥✜❣✉r❛t✐♦♥s ❧✐♠✐t❡s
▲❛ ✈❛❧❡✉r ❞✉ r❛♣♣♦rt λn−1 ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ❝❤❛r❣❡ ♠✐♥✐♠✉♠ ❞✬✉♥ ❛r❜r❡ ❝♦✉✲
✈r❛♥t ❧❛ ❣r✐❧❧❡✱ ❡st ❞♦♥♥é❡ ❞❛♥s ❧❡ ▲❡♠♠❡ ✷✵✳
✾✻ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
❋✐❣✳ ✸✳✶✶ ✕ P❛rt✐t✐♦♥ ❞❡ ❧❛ ❣r✐❧❧❡ ❡♥ 4 s♦✉s✲❡♥s❡♠❜❧❡s ❝♦♥♥❡①❡s ❞❡ t❛✐❧❧❡s ♣r❡sq✉❡
✐❞❡♥t✐q✉❡s✳ ●❛✉❝❤❡ ✿ ❣r✐❧❧❡ 3× 3✳ ▼✐❧✐❡✉ ✿ ❣r✐❧❧❡ 4× 4✳ ❉r♦✐t❡ ✿ ✐♥❞✉❝t✐♦♥ ❞❡ ❧❛ ♣r❡✉✈❡
❞✉ ▲❡♠♠❡ ✷✵✳
▲❡♠♠❡ ✷✵ P♦✉r ✉♥❡ ❣r✐❧❧❡ a× a ✭a ≥ 3✮✱ ♥♦✉s ❛✈♦♥s ✿
λn−1 = 2
⌈
a2 − 1
4
⌉(
a2 −
⌈
a2 − 1
4
⌉)
≈ 3a
4
8
.
▲✬❛r❜r❡ ♣❡r♠❡tt❛♥t ❞✬♦❜t❡♥✐r ❝❡tt❡ ✈❛❧❡✉r ❡st ✉♥ ❛r❜r❡ ❛✈❡❝ ✉♥ ❝❡♥tr♦ï❞❡ ❞❡ ❞❡❣ré 4
❡t 4 ❜r❛♥❝❤❡s ❞❡ t❛✐❧❧❡s ✭♣r❡sq✉❡✮ ✐❞❡♥t✐q✉❡s✳
Pr❡✉✈❡ ✿ ❉❛♥s t♦✉t❡ ❣r✐❧❧❡ a × a✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♣❛rt✐t✐♦♥❡r ❧❡s s♦♠♠❡ts ❡♥
✉♥ s♦♠♠❡t ❝❡♥tr❛❧ C ❡t 4 s♦✉s✲❡♥s❡♠❜❧❡s ❝♦♥♥❡①❡s ❞❡ t❛✐❧❧❡s ⌈a2−14 ⌉ ❡t ⌊a
2−1
4 ⌋✳
▲❛ ♣r❡✉✈❡ s❡ ❢❛✐t ♣❛r ✐♥❞✉❝t✐♦♥✳ ▲✬❤②♣♦t❤ès❡ ❞✬✐♥❞✉❝t✐♦♥ Ha ❡st ✿ ❧❛ ♣❛rt✐t✐♦♥ P =
{P1, P2, P3, P4} ❡①✐st❡ ♣♦✉r ✉♥❡ ❣r✐❧❧❡ a×a ❡t ❧❛ ♣❛rt✐❡ i ❞❡ ❧❛ ♣❛rt✐t✐♦♥ ❡st ❛❞❥❛❝❡♥t❡
❛✉ ❝ôté i ❞❡ ❧❛ ❣r✐❧❧❡✳ ❈❡❧❛ ❡st ✈r❛✐ ♣♦✉r ✉♥❡ ❣r✐❧❧❡ 3 × 3 ❡t ✉♥❡ ❣r✐❧❧❡ 4 × 4 ✭✈♦✐r
✜❣✉r❡ ✸✳✶✶✮✳ ◆♦✉s ♣r♦✉✈♦♥s q✉❡ Ha ✐♠♣❧✐q✉❡ Ha+2 ❡♥ ❝♦♥♥❡❝t❛♥t ❧❡ ❝ôté i ❞✉ ❝❛rré
à ✉♥ s♦♠♠❡t ❞❡ ❧❛ ♣❛rt✐❡ Pi q✉✐ ❡st s✉r ❧❡ ❝ôté i✳
■❧ ❡①✐st❡ ✉♥ ❛r❜r❡ ❝♦✉✈r❛♥t ❞❡ ❝❡♥tr♦ï❞❡ C ❛✈❡❝ q✉❛tr❡ ❜r❛♥❝❤❡s ❡t ❞❡ ♣❧✉s
❣r❛♥❞❡ ❜r❛♥❝❤❡ ❞❡ t❛✐❧❧❡ ⌈a2−14 ⌉✳ ❙❛ ❝❤❛r❣❡ ❡st ❛❧♦rs 2κ
⌈
a2−1
4
⌉(
a2 −
⌈
a2−1
4
⌉)
❡t ❡st
♠❛①✐♠✉♠✱ ❝♦♠♠❡ ❞é❝r✐t ❞❛♥s ❧❡ ▲❡♠♠❡ ✶✽✳ 
◆♦✉s ♣r♦✉✈♦♥s ❞❛♥s ❧❡ ▲❡♠♠❡ ✷✶ ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ♣♦✉r λm✳
▲❡♠♠❡ ✷✶ ❉❛♥s ✉♥❡ ❣r✐❧❧❡ a× a✱ ♥♦✉s ❛✈♦♥s ✿
λm ≥
{
a3
2 s✐ ❛ ❡st ♣❛✐r,
a3−a
2 s✐ ❛ ❡st ✐♠♣❛✐r.
Pr❡✉✈❡ ✿ ◆♦✉s ❞✐✈✐s♦♥s ❧❛ ❣r✐❧❧❡ ❡♥ ❞❡✉① s♦✉s✲❡♥s❡♠❜❧❡s S ❡t S¯ ❞❡ t❛✐❧❧❡s ✭♣r❡sq✉❡✮
✐❞❡♥t✐q✉❡s✳
✕ ❙✐ a ❡st ♣❛✐r✱ ♥♦✉s ❛✈♦♥s |S| = |S¯| = a22 ✳ ◆♦✉s ❛✈♦♥s a ❛rêt❡s ❞❛♥s ❧❛ ❝♦✉♣❡✳
❆✐♥s✐✱ ♥♦✉s ♦❜t❡♥♦♥s ac ≥ 2κa22 a
2
2 q✉✐ ❞♦♥♥❡ λm ≥ a
3
2 ✳
✕ ❙✐ a ❡st ✐♠♣❛✐r✱ ♥♦✉s ❛✈♦♥s |S| = (a−1)a2 ❡t |S¯| = (a+1)a2 ✳ ◆♦✉s ❛✈♦♥s a ❛rêt❡s
❞❛♥s ❧❛ ❝♦✉♣❡✳ ❆✐♥s✐✱ ac ≥ 2κ (a−1)a2 (a+1)a2 q✉✐ ❞♦♥♥❡ λm ≥ a
3−a
2 ✳

✸✳✸✳ ❇♦r♥❡s t❤é♦r✐q✉❡s ✾✼
❋✐❣✳ ✸✳✶✷ ✕ ❈♦♥str✉❝t✐♦♥ ❞✬✉♥ s♦✉s✲❣r❛♣❤❡ ❛✈❡❝ n+p−√p ❛rêt❡s✳ ✶✮ ❞✐✈✐s❡r ❧❛ ❣r✐❧❧❡
❡♥ p ré❣✐♦♥s ❞❡ t❛✐❧❧❡s ♣r❡sq✉❡ ✐❞❡♥t✐q✉❡s ✭p = 4 ❞❛♥s ♥♦tr❡ ❡①❡♠♣❧❡✮✳ ✷✮ r❡❧✐❡r ❧❡s
ré❣✐♦♥s ❡♥ ❣r✐❧❧❡ ✭❛rêt❡s r♦✉❣❡s ❡♥ ♣♦✐♥t✐❧❧és✮✳ ✸✮ ❈♦♥♥❡❝t❡r ❧❡s s♦♠♠❡ts ❞✬✉♥❡ ré❣✐♦♥
❡♥ ❛r❜r❡ ✭❛rêt❡s ❜❧❡✉❡s ❧❛r❣❡s✮✳
✸✳✸✳✸✳✷ ❈♦♥✜❣✉r❛t✐♦♥s ✐♥t❡r♠é❞✐❛✐r❡s
◆♦✉s ❛✈♦♥s ♣r♦✉✈é ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ❧❡s ✈❛❧❡✉rs ❞❡s ❞❡✉① ❝❤❛r❣❡s ❡①✲
trê♠❡s ♣♦✉r ❧❛ ❣r✐❧❧❡✳ ▲❛ ❝❤❛r❣❡ λ ✈❛r✐❡ ❞♦♥❝ ❞❡ n
3/2
2 à
3n2
8 ✳ ◆♦✉s ét✉❞✐♦♥s ❧✬é✈♦❧✉t✐♦♥
❞❡ ❝❡tt❡ ❝❤❛r❣❡ ❡♥tr❡ ❝❡s ❞❡✉① ❝♦♥✜❣✉r❛t✐♦♥s ❧✐♠✐t❡s✳ ◆♦✉s ❞♦♥♥♦♥s ✉♥❡ ❜♦r♥❡ s✉✲
♣ér✐❡✉r❡ s✉r ❧❛ ❝❤❛r❣❡ ❞✬✉♥ s♦✉s✲❣r❛♣❤❡ s✐ ❧❡ ♥♦♠❜r❡ ❞✬❛rêt❡s ❡st ❝♦♥tr❛✐♥t ❡t ✜①é
✭▲❡♠♠❡ ✷✷✮✳ ◆♦✉s ♣r♦✉✈♦♥s ❡♥s✉✐t❡ ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ s✉r ❧❛ ❝❤❛r❣❡ ❧♦rsq✉❡ ❧❡
♥♦♠❜r❡ ❞✬❛rêt❡s ♣♦✉✈❛♥t êtr❡ ✉t✐❧✐sé❡s ❞❛♥s ❧❡ r♦✉t❛❣❡ ❡st ✜①é ✭▲❡♠♠❡ ✷✸✮✳ ▲❛ ♣r❡✉✈❡
❡st ❜❛sé❡ s✉r ❧❡s ♣❧✉s ❝♦✉rts ❝❤❡♠✐♥s ❞❡ ❧❛ ❣r✐❧❧❡✳
❉❛♥s ❧❡ ▲❡♠♠❡ ✷✷✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥❡ ❝♦♥str✉❝t✐♦♥ ❞❡ s♦✉s✲❣r❛♣❤❡ ❝♦♠♣♦sé ❞❡
n+p−2√p ❛rêt❡s ♣♦✉r p ✉♥ ❝❛rré✱ ❝✬❡st✲à✲❞✐r❡ s✐ ∃q ∈ N, p = q2✳ ▲❛ ❝❤❛r❣❡ ❞❡ ❝❡ s♦✉s✲
❣r❛♣❤❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ n2/
√
p✳ ❈❡tt❡ ❝♦♥str✉❝t✐♦♥ ❞♦♥♥❡ ✉♥ ❜♦r♥❡ s✉♣ér✐❡✉r❡ s✉r
❧❛ ❝❤❛r❣❡ ❞✬✉♥ s♦✉s✲❣r❛♣❤❡ ❞❡ ❧❛ ❣r✐❧❧❡ ❛②❛♥t ✉♥ ♥♦♠❜r❡ ❝♦♥tr❛✐♥t ❞✬❛rêt❡s✳ P♦✉r ❧❡s
❛✉tr❡s ✈❛❧❡✉rs ❞❡ p ✭−1 ≤ p ≤ n✮✱ ❝❡tt❡ ❢♦r♠✉❧❡ ❡st ♣r✐s❡ ❝♦♠♠❡ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥
❞❡ ❧❛ ❝❤❛r❣❡ ❞✉ ♠❡✐❧❧❡✉r s♦✉s✲❣r❛♣❤❡✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✹✳✷✱ ♥♦✉s ❛♥❛❧②s♦♥s ❧❛ q✉❛❧✐té
❞❡ ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣♦✉r ❞❡✉① ❡①❡♠♣❧❡s ✿ ❧❛ ❣r✐❧❧❡ 4× 4 ❡t ❧❛ ❣r✐❧❧❡ 10× 10✳
▲❡♠♠❡ ✷✷ ❙♦✐❡♥t G ✉♥❡ ❣r✐❧❧❡ ❝♦♠♣♦sé❡ ❞❡ n s♦♠♠❡ts ❡t p ✉♥ ❝❛rré ❡♥tr❡ 1 ❡t n✳
◆♦✉s ❛✈♦♥s λn+p ≤ 12 n
2√
p +
3
8
n2
p2
✳
Pr❡✉✈❡ ✿ ◆♦✉s ❝♦♥str✉✐s♦♥s ✉♥ ❣r❛♣❤❡ ❞❡ ❧❛ ❝❤❛r❣❡ ❞és✐ré❡✳ ◆♦✉s ❞✐✈✐s♦♥s ❧❛ ❣r✐❧❧❡
❡♥ p ré❣✐♦♥s ✭✜❣✉r❡ ✸✳✶✷✮✳ ▲❡s ré❣✐♦♥s s♦♥t ❝♦♥♥❡❝té❡s ❡♥ ❣r✐❧❧❡ ❝❛rré❡✳ ▲❡s s♦♠♠❡ts
❞✬✉♥❡ ré❣✐♦♥ s♦♥t ❧✐és ✈✐❛ ✉♥ ❛r❜r❡✳ ▲❡ ❣r❛♣❤❡ ❛ n+ p− 2√p ❛rêt❡s ✭n− 1− (p− 1)
❛rêt❡s à ❧✬✐♥tér✐❡✉r ❞❡s ❞✐✛ér❡♥t❡s ré❣✐♦♥s ❡t 2p−2√p ❛rêt❡s ❞❡ ❧❛ ❣r✐❧❧❡✮✳ ❘❡♠❛rq✉♦♥s
q✉❡ ❧♦rsq✉❡ p = n✱ ❧❛ ❝♦♥str✉❝t✐♦♥ ❡st s✐♠♣❧❡♠❡♥t ❧❛ ❣r✐❧❧❡ ❡♥t✐èr❡✳ ❉❡ ♣❧✉s ❧♦rsq✉❡
p = 1✱ ❧❛ ❝♦♥str✉❝t✐♦♥ ❡st ✉♥ ❛r❜r❡ ❝♦✉✈r❛♥t✳
✾✽ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
A
B
1
2
3
4
❋✐❣✳ ✸✳✶✸ ✕ Pr❡✉✈❡ ❞✉ ▲❡♠♠❡ ✷✸✳ ❯♥❡ ❣r✐❧❧❡ ❛✈❡❝ 5 ❛rêt❡s s✉♣♣r✐♠é❡s ✿ ❧❡s ❛rêt❡s
s♦♥t s✉♣♣r✐♠é❡s ❞❛♥s ✉♥❡ ❝♦❧♦♥♥❡ ✭❧✐❣♥❡✮ ♣❛rt❛♥t ❞❡ ❧❛ ♣♦s✐t✐♦♥ 1✳ ▲❛ ❧♦♥❣✉❡✉r ❞✉
♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ❡♥tr❡ A ❡t B ❛✉❣♠❡♥t❡ ❞❡ 2 ✭❝❤❡♠✐♥ ❜❧❡✉ ❧❛r❣❡✮✳
❈❤❛r❣❡ ❞❡s ❛rêt❡s ❞❡ ❧❛ ❣r✐❧❧❡ ❝❛rré✱ Lgrid✳ ▲❛ ❝❤❛r❣❡ ❞✬✉♥❡ ❣r✐❧❧❡ ❞❡ p s♦♠♠❡ts ❡st
1
2p
3/2✳ ❈❤❛q✉❡ ré❣✐♦♥ ❝♦rr❡s♣♦♥❞ à ⌈np ⌉ ♦✉ ⌊np ⌋ s♦♠♠❡ts✳ ❆✐♥s✐✱ ❡♥tr❡ ❞❡✉① s♦♠♠❡ts✱
✐❧ ② ❛ ✭❛✉ ♣❧✉s✮ ⌈np ⌉×⌈np ⌉ r♦✉t❡s ❛✉ ❧✐❡✉ ❞❡ 1✳ ◆♦✉s ♣♦✉✈♦♥s r♦✉t❡r ❛✈❡❝ ✉♥❡ ❝❛♣❝✐té
❞❡ 12
n2
p2
p3/2 ❡♥ ❝❤♦✐s✐ss❛♥t ❧❡ r♦✉t❛❣❡ ❞❡ ❧❛ ❣r✐❧❧❡ ♣♦✉r ❧❡s ≈ n2
p2
❞❡♠❛♥❞❡s✳
❈❤❛r❣❡ ❞❡s ❛rêt❡s à ❧✬✐♥tér✐❡✉r ❞❡s ré❣✐♦♥s✱ Lregion✳ ■❧ ② ❛ ❛✉ ♣❧✉s 4Lgrid ❞❡♠❛♥❞❡s
❡♥tr❛♥t❡s✴s♦rt❛♥t❡s ❞✬✉♥ s♦♠♠❡t✳ ❈❡s ❞❡♠❛♥❞❡s ❞♦✐✈❡♥t êtr❡ r♦✉té❡s ✈✐❛ ❧❛ ré❣✐♦♥✳
▲✬❛r❜r❡ ❝♦✉✈r❛♥t ❞✬✉♥❡ ré❣✐♦♥ ♣❡✉t êtr❡ ❝♦♥str✉✐t t❡❧ q✉❡ ❧❡s ✭❛✉ ♣❧✉s✮ 4 ❛rêt❡s ❞❡
❧❛ ❣r✐❧❧❡ s♦♥t ❝♦♥♥❡❝té❡s ♣❛r 4 ❜r❛♥❝❤❡s à ✉♥ s♦♠♠❡t ❞❡ ❧❛ ré❣✐♦♥ ❞❡ ❞❡❣ré 4✳ ❆✐♥s✐✱
✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ r♦✉t❡r ❝❡tt❡ ❞❡♠❛♥❞❡ ❛✈❡❝ ✉♥❡ ❝❛♣❛❝✐té ❞❡ Lgrid✳
❉❡ ♣❧✉s✱ ❧❡s ❞❡♠❛♥❞❡s ❞♦✐✈❡♥t êtr❡ r♦✉té❡s ❡♥ ❞❡✉① s♦♠♠❡ts ❞❡ ❧❛ ré❣✐♦♥✳ ❈❡❧❛
❝♦rr❡s♣♦♥❞ ❛✉ r♦✉t❛❣❡ ❛❧❧✲t♦✲❛❧❧ ❞❛♥s ✉♥ ❛r❜r❡ ❞❡ ⌈np ⌉✳ ❯♥❡ ❝❛♣❛❝✐té ❛❞❞✐t✐♦♥♥❡❧❧❡
❞❡ ≈ 38n2 ❡st ♥é❝❡ss❛✐r❡✳
❊♥ ❝♦♥❝❧✉s✐♦♥✱ ♥♦✉s ♦❜t❡♥♦♥s Lregion ≤ 12 n
2√
p +
3
8
n2
p2

◆♦✉s ♣r♦✉✈♦♥s ❞❛♥s ❧❡ ▲❡♠♠❡ ✷✸ ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ s✉r ❧❛ ❝❤❛r❣❡ ❞✬✉♥ s♦✉s✲
❣r❛♣❤❡ ❞❡ ❧❛ ❣r✐❧❧❡ ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞✬❛rêt❡s ❡st ✜①é✳
▲❡♠♠❡ ✷✸ ❙♦✐t G ✉♥❡ ❣r✐❧❧❡ a× a✳ ◆♦✉s ❛✈♦♥s
λk ≥ 1k
(
2a3(a2−1)
3 +
⌊ |E|−k
a
⌋
2a(a− 1) +4∑|E|−k−j |E|−ka k(a−1)i=1 (a− i)
)
Pr❡✉✈❡ ✿ ▲❛ s♦♠♠❡ ❞❡s t❛✐❧❧❡s ❞✬✉♥ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ❞✬✉♥❡ ❣r✐❧❧❡ ❡st ❞♦♥♥é❡ ♣❛r
❧✬✐♥❞✐❝❡ ❞❡ ❲✐❡♥❡r ✭❲✐❡♥❡r ✐♥❞❡① ✮ ❬❲✐❡✹✼✱ ❲❡✐❪ ❞✬✉♥❡ ❣r✐❧❧❡✳ ◆♦✉s ♠✉❧t✐♣❧✐♦♥s ❝❡tt❡
✈❛❧❡✉r ♣❛r ❞❡✉① ❝❛r ❞❛♥s ♥♦tr❡ ♣r♦❜❧è♠❡✱ ♥♦✉s ❛✈♦♥s ❞❡s ❞❡♠❛♥❞❡s ❛❧❧✲t♦✲❛❧❧ ✿ ♥♦✉s
❛✈♦♥s à ❧❛ ❢♦✐s ❧❡ ❝❤❡♠✐♥ ❞❡ u ✈❡rs v ❡t ❧❡ ❝❤❡♠✐♥ ❞❡ v ✈❡rs u✳ ◆♦✉s ♦❜t❡♥♦♥s 2a
3(a2−1)
3 ✳
✸✳✹✳ ❍❡✉r✐st✐q✉❡s ❡t s✐♠✉❧❛t✐♦♥s ✾✾
❆❧❣♦r✐t❤♠❡ ✹ ✿ ❍❡✉r✐st✐q✉❡ ❞❡ ❧✬❛rêt❡ ❧❛ ♠♦✐♥s ❝❤❛r❣é❡
Pré❝♦♥❞✐t✐♦♥ ✿ ✉♥ ❣r❛♣❤❡ ♣♦♥❞éré G = (V,E, c) ❞❛♥s ❧❡q✉❡❧ ❝❤❛q✉❡ ❛rêt❡ e ∈ E ❛
✉♥❡ ❝❛♣❛❝✐té ✐♥✐t✐❛❧❡ c(e) ❡t ✉♥❡ ❝❛♣❛❝✐té rés✐❞✉❡❧❧❡ re✱ ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞❡♠❛♥❞❡s
D ❞❛♥s ❧❡q✉❡❧ ❝❤❛q✉❡ ❞❡♠❛♥❞❡ ❛ ✉♥ ✈♦❧✉♠❡ ❞❡ tr❛✜❝ Dst✳
∀e ∈ E, re = c(e)
❈❛❧❝✉❧❡r ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s ❛✈❡❝ ❧✬❆❧❣♦r✐t❤♠❡ ✺
t❛♥t q✉❡ ❞❡s ❛rêt❡s ♣❡✉✈❡♥t êtr❡ s✉♣♣r✐♠é❡s ❢❛✐r❡
s✉♣♣r✐♠❡r ❧✬❛rêt❡ e′ q✉✐ ♥✬❛ ♣❛s ❞é❥à été s✉♣♣r✐♠é❡ ❛②❛♥t ❧❛ ♣❧✉s ♣❡t✐t❡ ✈❛❧❡✉r
c(e′)
r(e′) ✳
❈❛❧❝✉❧❡r ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❞❡s ❞❡♠❛♥❞❡s ❛✈❡❝ ❧✬❆❧❣♦r✐t❤♠❡ ✺
▼❡ttr❡ à ❥♦✉r ❧❡s ❝❛♣❛❝✐tés rés✐❞✉❡❧❧❡s re,∀e ∈ E
❙✬✐❧ ♥✬② ❛ ♣❛s ❞❡ r♦✉t❛❣❡ ✈❛❧✐❞❡✱ ❛❧♦rs ré✐♥sér❡r e′ ❞❛♥s G
r❡t♦✉r♥❡r ❧❡ s♦✉s✲❣r❛♣❤❡ G✳
▲♦rsq✉❡ ♥♦✉s s✉♣♣r✐♠♦♥s ✉♥❡ ❛rêt❡ ❞❡ ❧❛ ❣r✐❧❧❡✱ t♦✉s ❧❡s ♣❧✉s ❝♦✉rts ❝❤❡♠✐♥s q✉✐
✉t✐❧✐s❡♥t ❝❡tt❡ ❛rêt❡ ✈♦✐❡♥t ❧❡✉rs t❛✐❧❧❡s ❛✉❣♠❡♥t❡r ❞❡ 2 ✉♥✐tés ✭✜❣✉r❡ ✸✳✶✸✮✳ P♦✉r ✉♥❡
❛rêt❡ à ❧❛ ♣♦s✐t✐♦♥ i✱ ✐❧ ② ❛ ❛✉ ♠♦✐♥s 2i(a− i) t❡❧s ❝❤❡♠✐♥s s✉r ❧❛ ❝♦❧♦♥♥❡ ✭♦✉ ❧✐❣♥❡✮
❞❡ ❧✬❛rêt❡✳ ❈❡tt❡ ✈❛❧❡✉r ❡st ♠✐♥✐♠✉♠ ❧♦rsq✉❡ i = 1 ❡t ❧♦rsq✉❡ i = a−1✳ P♦✉r ♦❜t❡♥✐r
✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ s✉r ❧❛ ❝❤❛r❣❡✱ ♥♦✉s ❞❡✈♦♥s ❝❤♦✐s✐r ✉♥❡ séq✉❡♥❝❡ ❞❡ s✉♣♣r❡ss✐♦♥s
❞✬❛rêt❡s q✉✐ ♠✐♥✐♠✐s❡ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ s♦♠♠❡ ❞❡s ♣❧✉s ❝♦✉rts ❝❤❡♠✐♥s✳ ■❧ ❡st
♦♣t✐♠❛❧ ❞❡ s✉♣♣r✐♠❡r ❧❡s ❛rêt❡s ❞✬✉♥❡ ❝♦❧♦♥♥❡ ✭❧✐❣♥❡✮ ❛✈❡❝ ❞❡s ❛rêt❡s ♠❛♥q✉❛♥t❡s✳
▲❛ ❞❡✉①✐è♠❡ s✉♣♣r❡ss✐♦♥ ❞✬❛rêt❡s ❛✉❣♠❡♥t❡ ❧❛ t❛✐❧❧❡ ❞✬❛✉ ♠♦✐♥s 2(a − 2) ❝❤❡♠✐♥s
❡t ♣❧✉s ❣é♥ér❛❧❡♠❡♥t ❧❛ ie s✉♣♣r❡ss✐♦♥ ❛✉❣♠❡♥t❡ ❧❛ t❛✐❧❧❡ ❞❡ 2(a − i) ❝❤❡♠✐♥s✳ ❆✉
t♦t❛❧✱ ❛✉ ♠♦✐♥s a(a − 1) ❝❤❡♠✐♥s s♦♥t ❛✉❣♠❡♥tés ❧♦rsq✉✬✉♥❡ ❝♦❧♦♥♥❡ ✭❧✐❣♥❡✮ ❛ été
s✉♣♣r✐♠é❡✳
❉❛♥s ✉♥ s♦✉s✲❣r❛♣❤❡ ❝♦♠♣♦sé ❞❡ k ❛rêt❡s✱ ❛♣rès ❧❛ s✉♣♣r❡ss✐♦♥ ❞❡ |E|−k ❛rêt❡s✱⌊ |E|−k
a
⌋
t❡❧❧❡s ❝♦❧♦♥♥❡s ✭❧✐❣♥❡s✮ ♣❡✉✈❡♥t êtr❡ s✉♣♣r✐♠é❡s✳ ◆♦✉s ♦❜t❡♥♦♥s ❧❡ t❡r♠❡
2
⌊ |E|−k
a
⌋
a(a− 1)✳ ▲❡s ❛rêt❡s r❡st❛♥t❡s s♦♥t s✉♣♣r✐♠é❡s ❞❡ ❧❛ ♠ê♠❡ ❝♦❧♦♥♥❡ ✭❧✐❣♥❡✮
❞♦♥♥❛♥t ❧❡ t❡r♠❡ 2
∑|E|−k−j |E|−ka k(a−1)
i=1 (2a− 2i)✳ 
✸✳✹ ❍❡✉r✐st✐q✉❡s ❡t s✐♠✉❧❛t✐♦♥s
✸✳✹✳✶ ❍❡✉r✐st✐q✉❡s
❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳✷✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s
♠✐♥✐♠✉♠ ❡st ✉♥ ♣r♦❜❧è♠❡ très ❞✐✣❝✐❧❡ à rés♦✉❞r❡ ❡①❛❝t❡♠❡♥t ❡t ♠ê♠❡ à ❛♣♣r♦①✐♠❡r
à ✉♥ ❢❛❝t❡✉r ❝♦♥st❛♥t ♣rès✳ ■❧ ❡st ❛❧♦rs ♥é❝❡ss❛✐r❡ ❞❡ ♣r♦♣♦s❡r ❞❡s ❤❡✉r✐st✐q✉❡s ❞❛♥s
❧❡ ❜✉t ❞✬♦❜t❡♥✐r ❞❡s rés✉❧t❛ts ♣♦✉r ❞❡s t♦♣♦❧♦❣✐❡s ❞❡ rés❡❛✉① ré❡❧❧❡s✳ ◆♦✉s ♣r♦♣♦s♦♥s
❞❡✉① ❤❡✉r✐st✐q✉❡s ✿ ❍❡✉r✐st✐q✉❡ ❞❡ ❧✬❛rêt❡ ❧❛ ♠♦✐♥s ❝❤❛r❣é❡ ❡t ❍❡✉r✐st✐q✉❡
❛❧é❛t♦✐r❡✳
▲✬❆❧❣♦r✐t❤♠❡ ✹ ❞é❝r✐t ❡♥ ❞ét❛✐❧s ❧✬❍❡✉r✐st✐q✉❡ ❞❡ ❧✬❛rêt❡ ❧❛ ♠♦✐♥s
✶✵✵ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
❆❧❣♦r✐t❤♠❡ ✺ ✿ ❤❡✉r✐st✐q✉❡ r♦✉t❛❣❡ ✈❛❧✐❞❡
Pré❝♦♥❞✐t✐♦♥ ✿ ✉♥ ❣r❛♣❤❡ ♣♦♥❞éré G = (V,E, c) ❞❛♥s ❧❡q✉❡❧ ❝❤❛q✉❡ ❛rêt❡ e ∈ E ❛
✉♥❡ ❝❛♣❛❝✐té ✐♥✐t✐❛❧❡ c(e) ❡t ✉♥❡ ❝❛♣❛❝✐té rés✐❞✉❡❧❧❡ re✱ ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞❡♠❛♥❞❡s
D ❞❛♥s ❧❡q✉❡❧ ❝❤❛q✉❡ ❞❡♠❛♥❞❡ ❛ ✉♥ ✈♦❧✉♠❡ ❞❡ tr❛✜❝ Dst✳
❚r✐❡r ❧❡s ❞❡♠❛♥❞❡s ❛❧é❛t♦✐r❡♠❡♥t
t❛♥t q✉❡ Dst ❡st ✉♥❡ ❞❡♠❛♥❞❡ ❞❡ D s❛♥s r♦✉t❡ ❛ss✐❣♥é❡ ❢❛✐r❡
❈❛❧❝✉❧❡r ✉♥ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ SPst ❛✈❡❝ ❧❛ ♠étr✐q✉❡
c(e)
re
s✉r ❧❡s ❛rêt❡s
❆ss✐❣♥❡r ❧❡ r♦✉t❛❣❡ SPst à ❧❛ ❞❡♠❛♥❞❡ Ds,t
∀e ∈ SPst, re = c(e)−Dst
r❡t♦✉r♥❡r ❧❡ r♦✉t❛❣❡ ✭s✬✐❧ ❡①✐st❡✮ ❛ss✐❣♥é ❛✉① ❞❡♠❛♥❞❡s ❞❡ D✳
❝❤❛r❣é❡ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ ❛rêt❡s ♠✐♥✐♠✉♠✳ ❆ ♣❛rt✐r ❞✉ rés❡❛✉
✐♥✐t✐❛❧✱ ♥♦✉s ❝❛❧❝✉❧♦♥s ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❡♥ ✉t✐❧✐s❛♥t ❧✬❆❧❣♦r✐t❤♠❡ ✺ ❡t ❡ss❛②♦♥s ❞❡
s✉♣♣r✐♠❡r ❧❡s ❛rêt❡s ❧❡s ♠♦✐♥s ❝❤❛r❣é❡s ✭❧❡s ♠♦✐♥s ✉t✐❧✐sé❡s✮ ❞❛♥s ❝❡ r♦✉t❛❣❡✳ ◆♦✉s
♣❡♥s♦♥s q✉❡ s✉♣♣r✐♠❡r ❞❡s ❛rêt❡s q✉✐ ♥❡ s♦♥t ♣❛s ❞❛♥s ❜❡❛✉❝♦✉♣ ❞❡ ♣❧✉s ❝♦✉rts
❝❤❡♠✐♥s ✈❛ ❡♥❣❡♥❞r❡r ❧❡ r❡r♦✉t❛❣❡ ❞✬✉♥ ♣❡t✐t ♥♦♠❜r❡ ❞❡ ❞❡♠❛♥❞❡s ❞❛♥s ❧❡ rés❡❛✉✳
❈♦♥❝❡r♥❛♥t ❧❡ r♦✉t❛❣❡✱ ❧❡s ❞❡♠❛♥❞❡s s♦♥t ❝♦♥s✐❞éré❡s ✉♥❡ ♣❛r ✉♥❡ ❡t ❞❛♥s ✉♥ ♦r❞r❡
❛❧é❛t♦✐r❡✳ ◆♦✉s ❝❛❧❝✉❧♦♥s ✉♥ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ❛✈❡❝ ❧❛ ♠étr✐q✉❡ c(e)re ♣♦✉r ❧❡s ❛rêt❡s✱
❛✈❡❝ re ❧❛ ❝❛♣❛❝✐té rés✐❞✉❡❧❧❡ ❞❡ ❧✬❛rêt❡ e✳ ❊♥s✉✐t❡ ❧❛ ❝❛♣❛❝✐té rés✐❞✉❡❧❧❡ ❡st ♠✐s❡ à
❥♦✉r ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ❛rêt❡s ❡t ❧❛ ♣r♦❝❤❛✐♥❡ ❞❡♠❛♥❞❡ ❡st ❛❧♦rs ❝♦♥s✐❞éré❡✳ ◆♦t♦♥s
q✉❡ ❧❛ r❡❝❤❡r❝❤❡ ❞✬✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ♣❡✉t é❣❛❧❡♠❡♥t s❡ ❢❛✐r❡ ❛✈❡❝ ✉♥ ♣r♦❣r❛♠♠❡
❧✐♥é❛✐r❡ ❡♥t✐❡r ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r♦✉t❛❣❡ s✐ ❧❡s t♦♣♦❧♦❣✐❡s s♦♥t s✉✣s❛♠♠❡♥t
♣❡t✐t❡s✳ ❆ ❝❤❛q✉❡ ❢♦✐s q✉✬✉♥❡ ❛rêt❡ ❡st s✉♣♣r✐♠é❡ ❞✉ ❣r❛♣❤❡✱ ✉♥ r♦✉t❛❣❡ ✈❛❧✐❞❡ ❡st
❝❛❧❝✉❧é✳ ❙✐ ✉♥ t❡❧ r♦✉t❛❣❡ ♥✬❡①✐st❡ ♣❛s ♦✉ ♥✬❡st ♣❛s tr♦✉✈é ♣❛r ❧✬❛❧❣♦r✐t❤♠❡ ♦✉ s✐
❧❛ s♦❧✉t✐♦♥ ❛ ✉♥ ❝♦ût s✉♣ér✐❡✉r à ❝❡❧❧❡ tr♦✉✈é❡ à ❧✬ét❛♣❡ ♣ré❝é❞❡♥t❡✱ ❛❧♦rs ❧✬❛rêt❡
s✉♣♣r✐♠é❡ ❡st ré✐♥té❣ré❡ ❛✉ ❣r❛♣❤❡ ❡t ♥♦✉s ❡ss❛②♦♥s ❛✈❡❝ ✉♥❡ ❛✉tr❡ ❛rêt❡ q✉✐ ♥✬❛
♣❛s ❡♥❝♦r❡ été ❝♦♥s✐❞éré❡✳ ▲✬❛❧❣♦r✐t❤♠❡ t❡r♠✐♥❡ ❧♦rsq✉❡ t♦✉t❡s ❧❡s ❞❡♠❛♥❞❡s ♦♥t
été ❝♦♥s✐❞éré❡s✳
▲❛ s❡❝♦♥❞❡ ❤❡✉r✐st✐q✉❡✱ ❍❡✉r✐st✐q✉❡ ❛❧é❛t♦✐r❡✱ ❡st ❛♥❛❧♦❣✉❡ à ❧✬❍❡✉r✐st✐q✉❡
❞❡ ❧✬❛rêt❡ ❧❛ ♠♦✐♥s ❝❤❛r❣é❡✳ ▲❛ s❡✉❧❡ ❞✐✛ér❡♥❝❡ ❡st q✉❡ ❞❛♥s ❧✬❍❡✉r✐st✐q✉❡
❛❧é❛t♦✐r❡ ❧❡s ❛rêt❡s s♦♥t s✉♣♣r✐♠é❡s ✉♥✐❢♦r♠é♠❡♥t ❛✉ ❤❛s❛r❞ ✭❡t ❞♦♥❝ ♣❛s ♥é✲
❝❡ss❛✐r❡♠❡♥t ❝❡❧❧❡s ❧❡s ♠♦✐♥s ❝❤❛r❣é❡s✮✳ ▲❡ r♦✉t❛❣❡ ❡st ❝❛❧❝✉❧é ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✳
✸✳✹✳✷ ❘és✉❧t❛ts ❞❡ s✐♠✉❧❛t✐♦♥s ♣♦✉r ❧❛ ❣r✐❧❧❡
◆♦✉s ♣rés❡♥t♦♥s ❞❡s rés✉❧t❛ts ♣♦✉r ❧❛ ❣r✐❧❧❡ 4 × 4 ✭♣r♦❣r❛♠♠❡ ❧✐♥é❛✐r❡ ❡♥t✐❡r✱
❝♦♥str✉❝t✐♦♥ ❞✉ ▲❡♠♠❡ ✷✷✱ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❞✉ ▲❡♠♠❡ ✷✸ ❡t ❤❡✉r✐st✐q✉❡s✮ ❡t ♣♦✉r
❧❛ ❣r✐❧❧❡ 10× 10 ✭s❛♥s ❧❡ ♣r♦❣r❛♠♠❡ ❧✐♥é❛✐r❡ ❡♥t✐❡r✮✳
❇♦r♥❡ ❜❛sé❡ s✉r ❧❛ ❝♦✉♣❡ ♠✐♥✐♠✉♠✳ ❉❛♥s ❧❛ ✜❣✉r❡ ✸✳✶✹✱ ♥♦✉s ♣rés❡♥t♦♥s ❞❡s
rés✉❧t❛ts ♣♦✉r ❧❛ ❣r✐❧❡ 4× 4✳ ◆♦✉s ❛✈♦♥s tr❛❝é ❧❛ ❜♦r♥❡ ❞✉ ▲❡♠♠❡ ✶✾ ✭− ♠❛❣❡♥t❛✮✳
◆♦✉s ♦❜s❡r✈♦♥s q✉❡✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉① ❣r❛♣❤❡s ❝♦♠♣❧❡ts✱ ❝❡tt❡ ❜♦r♥❡ ♥✬❡st ♣❛s
❛tt❡✐♥t❡✳ ❊♥ ❡✛❡t✱ ❧❡s ❛rêt❡s ❞❡ ❧❛ ❣r✐❧❧❡ ♥❡ s♦♥t ♣❛s t♦✉t❡s éq✉✐✈❛❧❡♥t❡s ✿ ❧❡s ❛rêt❡s
✸✳✹✳ ❍❡✉r✐st✐q✉❡s ❡t s✐♠✉❧❛t✐♦♥s ✶✵✶
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Rapport capacité sur demande
❋✐❣✳ ✸✳✶✹ ✕ P♦✉r❝❡♥t❛❣❡s ❞✬❛rêt❡s é❝♦♥♦♠✐sé❡s ♣♦✉r ✉♥❡ ❣r✐❧❧❡ 4× 4 ❡♥ ❢♦♥❝t✐♦♥ ❞❡
λ✳
❞✉ ♠✐❧✐❡✉ ❞❡ ❧❛ ❣r✐❧❧❡ ♦♥t ✉♥❡ ❝❤❛r❣❡ ♣❧✉s ✐♠♣♦rt❛♥t❡ q✉❡ ❝❡❧❧❡s ❞✉ ❜♦r❞ ❛✈❡❝ ✉♥
r♦✉t❛❣❡ ♣❛r ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥✳
▲❛ ❝❤❛r❣❡ ♣❡✉t êtr❡ ❝❛❧❝✉❧é❡ à ♣❛rt✐r ❞❡ ❧❛ ❝♦✉♣❡ ♠✐♥✐♠✉♠ ❞✉ ❣r❛♣❤❡✳ ▲❛ ❝♦✉♣❡
❝♦♠♣♦sé❡ ❞❡s a ❛rêt❡s ❤♦r✐③♦♥t❛❧❡s ❞✉ ♠✐❧✐❡✉ ❞❡ ❧❛ ❣r✐❧❧❡ ❞♦♥♥❡ λm ≥ a32 ✳ ❈❡ ♣❤é✲
♥♦♠è♥❡ ❞❡ ❝♦✉♣❡ ❡①♣❧✐q✉❡ é❣❛❧❡♠❡♥t q✉❡ ❞ès ❧♦rs q✉❡ ❧❡ r♦✉t❛❣❡ ❡st ♣♦ss✐❜❧❡ ✭♣♦✉r
λ = 32✮✱ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞✬❛rêt❡s ♣❡✉✈❡♥t ❞é❥à êtr❡ é❝♦♥♦♠✐sé❡s ✭❡♥✈✐r♦♥ 8%✮ ✿
❧❡s ❛rêt❡s ❞✉ ♠✐❧✐❡✉ s♦♥t t♦t❛❧❡♠❡♥t ❝❤❛r❣é❡s ♠❛✐s ♣❛s ❝❡❧❧❡s ❞❡s ❜♦r❞s✳ ❈❡ ♠ê♠❡
♣❤é♥♦♠è♥❡ ❞❡ ❝♦✉♣❡ ❡st ♦❜s❡r✈❛❜❧❡ ♣♦✉r ❞❡s t♦♣♦❧♦❣✐❡s ré❡❧❧❡s ét✉❞✐é❡s ❞❛♥s ❧❛ s❡❝✲
t✐♦♥ ✸✳✹✳✸✳
❖r❞r❡ ❞♦♥♥é ♣❛r ❧❛ ❝♦♥str✉❝t✐♦♥✳ ❈❡tt❡ ♦r❞r❡✱ ❞♦♥♥é ❞❛♥s ❧❡ ▲❡♠♠❡ ✷✷✱ ❡st
❞é❝r✐t ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✶✹ ❡t ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✶✺✳ ◆♦✉s ✈♦②♦♥s q✉❡ ❧❡s ✈❛❧❡✉rs s♦♥t
très ♣r♦❝❤❡s ❞❡s ✈❛❧❡✉rs ♦♣t✐♠❛❧❡s ❞♦♥♥é❡s ♣❛r ❧❡ ♣r♦❣r❛♠♠❡ ❧✐♥é❛✐r❡ ❡♥t✐❡r ❡t ❧❛r✲
❣❡♠❡♥t ♠❡✐❧❧❡✉r❡s q✉❡ ❧❛ ❜♦r♥❡ ✉t✐❧✐s❛♥t ❧❛ ❝♦✉♣❡ ♠✐♥✐♠✉♠✳ P♦✉r ❧❛ ❣r✐❧❧❡ 10× 10✱
♥♦✉s ♥❡ ♣♦✉✈♦♥s ♣❛s ✉t✐❧✐s❡r ❧❡ ♣r♦❣r❛♠♠❡ ❧✐♥é❛✐r❡ ❡♥t✐❡r ♠❛✐s ♥♦✉s ♦❜s❡r✈♦♥s q✉❡
❧✬❍❡✉r✐st✐q✉❡ ❞❡ ❧✬❛rêt❡ ❧❛ ♠♦✐♥s ❝❤❛r❣é❡ s❡ ❝♦♠♣♦rt❡ très ❜✐❡♥ ❝♦♠♣❛ré❡ à
❝❡t ♦r❞r❡✳
◆♦♠❜r❡ ❞✬❛rêt❡s q✉✐ ♣❡✉✈❡♥t êtr❡ é❝♦♥♦♠✐sé❡s✳ P♦✉r ❞❡s ✈❛❧❡✉rs ❞❡ λ s✉♣é✲
r✐❡✉r❡s à 32✱ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❛rêt❡s ♣❡✉✈❡♥t êtr❡ é❝♦♥♦♠✐sé❡s ❛✉ ❞é❜✉t ✿ ♣♦✉r
✉♥❡ ❣r✐❧❧❡ 4 × 4✱ 25% ♣♦✉r λ = 48 ❡t 33% ♣♦✉r λ = 64✳ ▲✬é❝♦♥♦♠✐❡ ❞❡✈✐❡♥t ♠♦✐♥s
✐♠♣♦rt❛♥t❡ ♣♦✉r ❞❡s ✈❛❧❡✉rs ❞❡ λ ♣❧✉s ❣r❛♥❞❡s ✿ s❡✉❧❡♠❡♥t 4% ♣♦✐♥ts ❞❡ ♣♦✉r❝❡♥t❛❣❡
❞❡ ❞✐✛ér❡♥❝❡ ♣♦✉r ❞❡s ✈❛❧❡✉rs ❞❡ λ ❝♦♠♣r✐s❡s ❡♥tr❡ 64 ❡t 96✱ ❡t ❧✬❛r❜r❡ ❡st ❛tt❡✐♥t
♣♦✉r λ = 96✳ P♦✉r ❝❡tt❡ ✈❛❧❡✉r ❞❡ λ✱ a2 − 1 = 15 ❛rêt❡s s♦♥t ✉t✐❧✐sé❡s✱ ❛❧♦rs q✉❡ ❧❛
❣r✐❧❧❡ ❡♥t✐èr❡ ❛ 24 ❛rêt❡s✱ é❝♦♥♦♠✐s❛♥t 37.5% ❞✬❛rêt❡s✳
❈♦♠♣♦rt❡♠❡♥ts ❞❡s ❤❡✉r✐st✐q✉❡s✳ ◆♦✉s ♦❜s❡r✈♦♥s q✉❡ ❧✬❍❡✉r✐st✐q✉❡ ❞❡
✶✵✷ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
 0
 10
 20
 30
 40
 50
 500  1000  1500  2000  2500  3000  3500  4000  4500  5000
%
 sp
ar
ed
 in
te
rfa
ce
s
Heuristique
Aléatoire
Borne
Construction
Rapport capacité sur demande
❋✐❣✳ ✸✳✶✺ ✕ P♦✉r❝❡♥t❛❣❡s ❞✬❛rêt❡s é❝♦♥♦♠✐sé❡s ♣♦✉r ✉♥❡ ❣r✐❧❧❡ 10 × 10 ❡♥ ❢♦♥❝t✐♦♥
❞❡ λ✳
❧✬❛rêt❡ ❧❛ ♠♦✐♥s ❝❤❛r❣é❡ ✭× ✈❡rt✮ ❞♦♥♥❡ ❞❡s s♦❧✉t✐♦♥s très ♣r♦❝❤❡s ❞❡s
✈❛❧❡✉rs ♦♣t✐♠❛❧❡s ❞♦♥♥é❡s ♣❛r ❧❡ ♣r♦❣r❛♠♠❡ ❧✐♥é❛✐r❡ ❡♥t✐❡r ✭+ r♦✉❣❡✮✳ ❉❡
♣❧✉s✱ ❧✬❍❡✉r✐st✐q✉❡ ❞❡ ❧✬❛rêt❡ ❧❛ ♠♦✐♥s ❝❤❛r❣é❡ ❡st ❛✉ss✐ s✐❣♥✐✜❝❛t✐✈❡♠❡♥t
♠❡✐❧❧❡✉r❡ q✉❡ ❧✬❍❡✉r✐st✐q✉❡ ❛❧é❛t♦✐r❡ ✭✜❣✉r❡ ✸✳✶✹ ❡t ✜❣✉r❡ ✸✳✶✺✮✳ P❛r ❡①❡♠♣❧❡✱
♣♦✉r ❧❛ ❣r✐❧❧❡ 10 × 10 ❡t ♣♦✉r λ = 1000✱ ❧✬❍❡✉r✐st✐q✉❡ ❞❡ ❧✬❛rêt❡ ❧❛ ♠♦✐♥s
❝❤❛r❣é❡ é❝♦♥♦♠✐s❡ 39% ❛❧♦rs q✉❡ ❧✬❍❡✉r✐st✐q✉❡ ❛❧é❛t♦✐r❡ s❡✉❧❡♠❡♥t 28%✳
✸✳✹✳✸ ❘és✉❧t❛ts ❞❡ s✐♠✉❧❛t✐♦♥s ♣♦✉r ❞❡s t♦♣♦❧♦❣✐❡s ré❡❧❧❡s
◆♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡s ❝❛♣❛❝✐tés ❞❡ t♦✉t❡s ❧❡s ❛rêt❡s s♦♥t c ❡t q✉❡ ❧❡s ❞❡♠❛♥❞❡s
s♦♥t ❞❡ t②♣❡ ❛❧❧✲t♦✲❛❧❧ ❛✈❡❝ ✉♥ ✈♦❧✉♠❡ κ✳ ❊♥ ✉t✐❧✐s❛♥t ♥♦s ❤❡✉r✐st✐q✉❡s✱ ♥♦✉s ét✉❞✐♦♥s
❝♦♠❜✐❡♥ ❞✬❛rêt❡s ♣❡✉✈❡♥t êtr❡ é❝♦♥♦♠✐sé❡s ♣♦✉r ❞✐① rés❡❛✉① ❝❧❛ss✐q✉❡s ❡①tr❛✐ts ❞❡
❧❛ ❧✐❜r❛✐r✐❡ ❙◆❉▲✐❜✷ s❡❧♦♥ ❧❛ ✈❛❧❡✉r ❞❡ λ = cκ ✳
❉❛♥s ❧❡ t❛❜❧❡❛✉ ✸✳✶✱ ♥♦✉s ❞♦♥♥♦♥s ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❞✬❛rêt❡s é❝♦♥♦♠✐sé❡s ♣♦✉r ❞✐❢✲
❢ér❡♥t❡s ✈❛❧❡✉rs ❞❡ λ✳ ◆♦✉s r❡♠❛rq✉♦♥s q✉❡ ♣♦✉r ❝❡rt❛✐♥s ❣r❛♣❤❡s ✭t♦♣♦❧♦❣✐❡s✮✱ ❞❡s
❛rêt❡s ♣❡✉✈❡♥t êtr❡ é❝♦♥♦♠✐sé❡s ♠ê♠❡ ♣♦✉r λ = λm ✭12% ♣♦✉r ◆♦r✇❛② ❡t ◆♦❜❡❧
❊❯ ✮✳ ▲♦rsq✉❡ λ = 2λm ✭❝♦rr❡s♣♦♥❞❛♥t ♣❛r ❡①❡♠♣❧❡ à ✉♥ tr❛✜❝ ❞❡ ♥✉✐t ❞❡✉① ❢♦✐s
♠♦✐♥s ✐♠♣♦rt❛♥t✮✱ ♥♦✉s ♦❜s❡r✈♦♥s q✉✬❡♥✈✐r♦♥ ✉♥ t✐❡rs ❞❡s ❛rêt❡s ♣❡✉✈❡♥t êtr❡ é❝♦✲
♥♦♠✐sé❡s ✭❡t ♠ê♠❡ ✺✸✪ ♣♦✉r ❧❡ rés❡❛✉ P✐♦r♦✹✵ ✮✳ ❊♥ ❛✉❣♠❡♥t❛♥t ❡♥❝♦r❡ ❧❛ ✈❛❧❡✉r ❞❡
λ✱ ♥♦✉s r❡♠❛rq✉♦♥s q✉❡ ❧❡ ❣❛✐♥ ♠❛r❣✐♥❛❧ ❞❡✈✐❡♥t ❢❛✐❜❧❡✳ ▲❡s ❞❡✉① ❞❡r♥✐èr❡s ❝♦❧♦♥♥❡s
♠❡tt❡♥t ❡♥ ❡①❡r❣✉❡ λn−1 ❡t ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❞✬❛rêt❡s é❝♦♥♦♠✐sé❡s✳ P❛r ❡①❡♠♣❧❡ ♣♦✉r
❧❡ rés❡❛✉ ❆t❧❛♥t❛ ✭✜❣✉r❡ ✸✳✶✻✭❛✮✮✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❛ ✈❛❧❡✉r λn−1 = 2.66λm ❡♥ ♣r❡♥❛♥t
❧✬❛r❜r❡ r❡♣rés❡♥té ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✶✻✭❜✮✳
✷❤tt♣✿✴✴s♥❞❧✐❜✳③✐❜✳❞❡
✸✳✹✳ ❍❡✉r✐st✐q✉❡s ❡t s✐♠✉❧❛t✐♦♥s ✶✵✸
❘és❡❛✉ ●❛✐♥ ♣♦✉r λ = ❆r❜r❡
n m λm 2λm 3λm 4λm
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❚❛❜✳ ✸✳✶ ✕ P♦✉r❝❡♥t❛❣❡s ❞✬❛rêt❡s é❝♦♥♦♠✐sé❡s ♣♦✉r λ = λm✱ λ = 2λm✱ λ = 3λm ❡t
λ = 4λm✳ ❱❛❧❡✉rs
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❚❛❜✳ ✸✳✷ ✕ ❊✈❛❧✉❛t✐♦♥ ❞❡ λm ❡t λtree✳ ❈❡s ❞❡✉① ✈❛❧❡✉rs s♦♥t ❝♦♠♣❛ré❡s ❛✈❡❝ ❧❡s
❜♦r♥❡s t❤é♦r✐q✉❡s ❞❡ ❧❛ s❡❝t✐♦♥ ✸✳✸✳✶✳
✶✵✹ ❈❤❛♣✐tr❡ ✸✳ ❘♦✉t❛❣❡ ❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡
✭❛✮ ●r❛♣❤❡ r❡♣rés❡♥t❛♥t ❧❡ rés❡❛✉
❆t❧❛♥t❛✳
✭❜✮ ❆r❜r❡ ❞❡ ❝❤❛r❣❡ ♠✐♥✐♠✉♠ ♣♦✉r ❧❡ ❣r❛♣❤❡
r❡♣rés❡♥t❛♥t ❧❡ rés❡❛✉ ❆t❧❛♥t❛ ✿ λn−1 = 101✳
❋✐❣✳ ✸✳✶✻ ✕ ●r❛♣❤❡ r❡♣rés❡♥t❛♥t ❧❡ rés❡❛✉ ❆t❧❛♥t❛ ❡t ❛r❜r❡ ❞❡ ❝❤❛r❣❡ ♠✐♥✐♠✉♠
❛ss♦❝✐é✳
❉❛♥s ❧❡ t❛❜❧❡❛✉ ✸✳✷✱ ♥♦✉s r❡♣rés❡♥t♦♥s ❧❛ ✈❛❧❡✉r λm✳ ❈♦♠♠❡ ❞é❝r✐t ❞❛♥s ❧❛
s❡❝t✐♦♥ ✸✳✸✳✶✱ λm ❞é♣❡♥❞ ❢♦rt❡♠❡♥t ❞❡ ❧❛ ❝♦✉♣❡ ♠✐♥✐♠✉♠ ❞✉ ❣r❛♣❤❡✳ ◆♦✉s ❝❛❧❝✉❧♦♥s
❝❡tt❡ ❝♦✉♣❡ ♠✐♥✐♠✉♠ ❡♥ ✉t✐❧✐s❛♥t ✉♥ ♣r♦❣r❛♠♠❡ ❧✐♥é❛✐r❡✱ ♣✉✐s ♥♦✉s ❡♥ ❞é❞✉✐s♦♥s
✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ♣♦✉r λm✳ ◆♦✉s r❡♠❛rq✉♦♥s q✉❡ ❝❡tt❡ ❞❡r♥✐èr❡ ❡st très ♣r♦❝❤❡
✭♣❛r❢♦✐s ✐❞❡♥t✐q✉❡✮ ❞❡ ❧❛ ✈❛❧❡✉r ♦❜t❡♥✉❡ ♣❛r ❧❡s s✐♠✉❧❛t✐♦♥s ✭♠ê♠❡ s✐ ❝❡tt❡ ❞❡r♥✐èr❡
♥✬❡st ♣❛s t♦✉❥♦✉rs ♦♣t✐♠❛❧❡✮✳ ❉❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡✱ ♥♦✉s ♦❜t❡♥♦♥s ♣❛r s✐♠✉❧❛t✐♦♥s ❧❛
✈❛❧❡✉r λn−1✳ ◆♦✉s ♣rés❡♥t♦♥s é❣❛❧❡♠❡♥t ❧❡ ❞❡❣ré ♠❛①✐♠✉♠ ∆(G) ❞❡ ❝❤❛q✉❡ ❣r❛♣❤❡
G ❛✐♥s✐ q✉❡ ❧❛ ❜♦r♥❡ ✐♥❞✉✐t❡ ♣❛r ❝❡❧❧❡✲❝✐ s✉r λn−1✳ ◆♦✉s r❡♠❛rq✉♦♥s ❞❡s ❞✐✛ér❡♥❝❡s
r❡❧❛t✐✈❡♠❡♥t ✐♠♣♦rt❛♥t❡s ♣❛r r❛♣♣♦rt ❛✉① ✈❛❧❡✉rs ♦❜t❡♥✉❡s ♣❛r s✐♠✉❧❛t✐♦♥s✳
✸✳✹✳✸✳✶ ■♠♣❛❝t ❞❡s s♦❧✉t✐♦♥s ♣r♦♣♦sé❡s
■♠♣❛❝t s✉r ❧❛ ❧♦♥❣✉❡✉r ❞❡s r♦✉t❡s✳ ◆♦✉s r❡♠❛rq✉♦♥s q✉❡ ❧❡s r♦✉t❛❣❡s ♦❜t❡♥✉s
♦♥t ✉♥ ✐♠♣❛❝t ❧✐♠✐té s✉r ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡s r♦✉t❡s✳ P♦✉r ❩✐❜✺✹✱
❧✬❛❝❝r♦✐ss❡♠❡♥t ❡st ❞❡ ✶✶✪ ♣♦✉r ❧❡ ❝❛s ❡①trê♠❡ ♦ù ❧❡ r♦✉t❛❣❡ s❡ ❢❛✐t ❛✈❡❝ ✉♥ ❛r❜r❡
✭✸✹✪ ❞✬é❝♦♥♦♠✐❡✮✳ ❊♥ ❣é♥ér❛❧✱ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ♣♦✉r ❝❡ ❝❛s ❡①trê♠❡ ✈❛r✐❡ ❞❡ ✶✶✪ à
✺✵✪ ❛✈❡❝ ✉♥❡ ♠♦②❡♥♥❡ ❞❡ ✷✼✪✳ ❈♦♥❝❡r♥❛♥t ❧❡ rés❡❛✉ ❧❡ ♣❧✉s ✐♠♣❛❝té ●✐✉❧✸✾ ❛✈❡❝
✉♥ ❛❝❝r♦✐ss❡♠❡♥t ❞❡ ✺✵✪ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡s r♦✉t❡s✱ ❧✬é❝♦♥♦♠✐❡ ❡st ❞❡ ✺✻✪✳ ◆♦✉s
♦❜s❡r✈♦♥s q✉✬✉♥❡ é❝♦♥♦♠✐❡ ❞✬❛rêt❡s ❞❡ ✹✺✪ ❡st ❛tt❡✐♥t❡ ♣♦✉r λ = 2λm ❛✈❡❝ ✉♥❡
❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡s r♦✉t❡s ❞❡ s❡✉❧❡♠❡♥t ✶✽✪✳
■♠♣❛❝t s✉r ❧❛ t♦❧ér❛♥❝❡ ❛✉① ♣❛♥♥❡s✳ ◆♦✉s ♠❡s✉r♦♥s ❧✬✐♠♣❛❝t s✉r ❧❛ t♦❧ér❛♥❝❡
❛✉① ♣❛♥♥❡s ❡♥ ❝❛❧❝✉❧❛♥t ❧❡ ♥♦♠❜r❡ ♠♦②❡♥ ❞❡ ❝❤❡♠✐♥s ❞✐s❥♦✐♥ts ❡♥tr❡ ❞❡✉① s♦♠♠❡ts✳
❈❡ ♥♦♠❜r❡ ✈❛r✐❡ ❞❡ 1.82 à 4.90 ♣♦✉r ❧❡s rés❡❛✉① ❝♦♠♣❧❡ts✳ ❊♥ r♦✉t❛♥t ❧❡s ❞❡♠❛♥❞❡s
✈✐❛ ✉♥ ❛r❜r❡✱ ❝❡ ♥♦♠❜r❡ ❡st 1 ♣❛r ❞é✜♥✐t✐♦♥ ✭✉♥❡ s❡✉❧❡ r♦✉t❡ ❡①✐st❡ ❡♥tr❡ ♥✬✐♠♣♦rt❡
✸✳✺✳ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s ✶✵✺
q✉❡❧❧❡ ♣❛✐r❡ ❞❡ s♦♠♠❡ts✮✳ ❈❡tt❡ ✈❛❧❡✉r ❡st ♣r❡sq✉❡ ❛tt❡✐♥t❡ ❛✈❡❝ λ = 3λm✳ ◆♦✉s
♦❜s❡r✈♦♥s ❡♥✜♥ q✉❡ ❝❡tt❡ ❞✐♠✐♥✉t✐♦♥ ❡st r❛♣✐❞❡ ❝❛r ♣♦✉r ❧❡s ❞✐① rés❡❛✉①✱ ❝❡tt❡ ✈❛❧❡✉r
❡st ✐♥❢ér✐❡✉r❡ à 1.41 ♣♦✉r λ = 2λm✳
✸✳✺ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s
❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ t❤é♦r✐q✉❡✱ ♥♦✉s t❡♥t♦♥s ❛❝t✉❡❧❧❡♠❡♥t ❞❡ s❛✈♦✐r s✐ ❧❡ ♣r♦❜❧è♠❡
❞❡ ❞ét❡r♠✐♥❡r ❧❛ ✈❛❧❡✉r λn−1 ❡st ❞❛♥s ❆P❳ ♦✉ ♥♦♥ ✭❈♦♥❥❡❝t✉r❡ ✷✮✳ ◆♦✉s ét✉❞✐♦♥s
é❣❛❧❡♠❡♥t ❧❡s ✈❛❧❡✉rs ❞❡s ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s ♣♦✉r ❞✬❛✉tr❡s t♦♣♦❧♦❣✐❡s ♣❛rt✐❝✉❧✐èr❡s✳
◆♦✉s tr❛✈❛✐❧❧♦♥s é❣❛❧❡♠❡♥t s✉r ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ♣❡r♠❡tt❛♥t ❞❡
♠✐❡✉① ❡♥ ♣r❡♥❞r❡ ❝♦♠♣t❡ ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ t♦❧ér❛♥❝❡ ❛✉① ♣❛♥♥❡s ❡t ❞❡ ❧❛ ❧♦♥❣✉❡✉r
❞❡s r♦✉t❡s ❬●▼▼❖✶✵❛❪✳
❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♣r❛t✐q✉❡✱ ♥♦✉s s♦♠♠❡s ❡♥ tr❛✐♥ ❞✬❡①♣ér✐♠❡♥t❡r ♥♦s s♦❧✉t✐♦♥s
s✉r ✉♥❡ ♣❧❛t❡❢♦r♠❡ ❞✬❡①♣ér✐♠❡♥t❛t✐♦♥ ❝♦♠♣♦sé❡ ❞✬✉♥❡ ✈✐♥❣t❛✐♥❡ ❞❡ ♠❛❝❤✐♥❡s✳ ◆♦✉s
ét✉❞✐❡r♦♥s é❣❛❧❡♠❡♥t ❝❡ ♣r♦❜❧è♠❡ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❛r❝❤✐t❡❝t✉r❡ ❞❡ rés❡❛✉ ✉♥ ♣❡✉
♣❧✉s ❝♦♠♣❧❡①❡✳

❈❤❛♣✐tr❡ ✹
❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s
❧❡s rés❡❛✉① s❛♥s✲✜❧
❙♦♠♠❛✐r❡
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✹✳✹✳✷ ❊✈♦❧✉t✐♦♥ ❞❡s ♣♦✐❞s ❞❡s ❛rêt❡s s✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬ét❛♣❡s ✶✷✼
✹✳✺ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶
✹✳✶ ■♥tr♦❞✉❝t✐♦♥
❈❡ tr❛✈❛✐❧ ❛ été ré❛❧✐sé ❛✈❡❝ ❏❡❛♥✲❈❧❛✉❞❡ ❇❡r♠♦♥❞✱ ❱✐s❤❛❧ ▼✐sr❛ ❡t P❤✐❧✐♣♣❡
◆❛✐♥ ❬❇▼▼◆✶✵✱ ❇▼▼◆✵✽✱ ❇▼▼◆✵✾❪✳
✹✳✶✳✶ ▼♦t✐✈❛t✐♦♥s
▲✬♦r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s tr❛♥s♠✐ss✐♦♥s ❡st ✉♥ ♣r♦❜❧è♠❡ ❝❡♥tr❛❧ ❞❛♥s ❧❡s rés❡❛✉① ❞❡
té❧é❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❯♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ tr❛✈❛✉① ❛ été ré❛❧✐sé ♣♦✉r ❧❡s rés❡❛✉① ✜❧❛✐r❡s
❛✐♥s✐ q✉❡ ❧❡s rés❡❛✉① s❛♥s✲✜❧ ✭rés❡❛✉ r❛❞✐♦✱ rés❡❛✉ ❛❞ ❤♦❝✱ rés❡❛✉ ❞❡ ❝❛♣t❡✉rs✮✳ ❉❛♥s
❧❡s rés❡❛✉① s❛♥s✲✜❧✱ ✉♥❡ ❞❡s ❞✐✣❝✉❧tés ♠❛❥❡✉r❡s rés✐❞❡ ❞❛♥s ❧❡s ♣r♦❜❧è♠❡s ❞✬✐♥t❡r❢é✲
r❡♥❝❡✳ ❊♥ ❡✛❡t✱ ❞✉r❛♥t ✉♥❡ ét❛♣❡ ✭♦✉ t✐♠❡ s❧♦t✮✱ s❡✉❧❡s ❧❡s tr❛♥s♠✐ss✐♦♥s ♥✬✐♥t❡r❢ér❛♥t
✶✵✽ ❈❤❛♣✐tr❡ ✹✳ ❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧
♣❛s ❡♥tr❡ ❡❧❧❡s ♣❡✉✈❡♥t êtr❡ ♦r❞♦♥♥❛♥❝é❡s✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s t♦✉s
❧❡s ♠♦❞è❧❡s ❞✬✐♥t❡r❢ér❡♥❝❡ ❜✐♥❛✐r❡✳ ❈❡♣❡♥❞❛♥t ♣♦✉r ❧❡s ❝❛❧❝✉❧s✱ ♣♦✉r ❧❡s ❡①❡♠♣❧❡s ❡t
♣♦✉r ❧❡s s✐♠✉❧❛t✐♦♥s✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d✱ ❞❛♥s ❧❡q✉❡❧
❞❡✉① tr❛♥s♠✐ss✐♦♥s ✐♥t❡r❢èr❡♥t s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡s ❞❡✉① ❡st ♣❧✉s
♣❡t✐t❡ q✉❡ d✳
❈♦♠♠❡ ❧❡s ♣r♦❝❡ss✉s ❞✬❛rr✐✈é❡s ♥❡ s♦♥t ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❝♦♥♥✉s ❛ ♣r✐♦r✐ ♣❛r
❧❡s ❝♦♥❝❡♣t❡✉rs ❞✉ rés❡❛✉✱ ❧❡s ❛❧❣♦r✐t❤♠❡s ❞♦✐✈❡♥t ❞ét❡r♠✐♥❡r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❧✐❡♥s
❛❝t✐❢s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❛rr✐✈é❡s ♣❛ssé❡s ❡t ♣rés❡♥t❡s✳ ❈❡♣❡♥❞❛♥t s❡✉❧s ❞❡s ❛❧❣♦r✐t❤♠❡s
❞✐str✐❜✉és ❛✈❡❝ ✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ ❧♦❝❛❧❡ ❧✐♠✐té❡ ♣❡✉✈❡♥t êtr❡ ✉t✐❧✐sés ❡♥ ♣r❛t✐q✉❡✳ ❊♥
❡✛❡t✱ ❧❡s ❛❧❣♦r✐t❤♠❡s ❝❡♥tr❛❧✐sés s♦♥t ❜❛sés s✉r ✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ t♦t❛❧❡ ❞✉ rés❡❛✉
à ❝❤❛❝✉♥❡ ❞❡s ét❛♣❡s✱ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ très ❞✐✣❝✐❧❡ à ♦❜t❡♥✐r ❡♥ r❛✐s♦♥ ❞❡s ✐♥t❡r❢é✲
r❡♥❝❡s✳ ❊♥ ❡✛❡t✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s ❞❡ ❝♦♥trô❧❡ ❞❡ t❡❧s ❛❧❣♦r✐t❤♠❡s ❝❡♥tr❛❧✐sés
♥✬❡st ♣❛s ❝♦♥st❛♥t ❡♥ ❧❛ t❛✐❧❧❡ ❞✉ rés❡❛✉✳ ❈❡ ♣r♦❜❧è♠❡ ❡st ❡♥ ❢❛✐t ❛✉ ♠♦✐♥s ❛✉ss✐
❞✐✣❝✐❧❡ q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞✬♦r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s✳ ❉❡ ♣❧✉s✱ ❞❛♥s ❧❡ ❜✉t ❞✬êtr❡
❡✣❝❛❝❡ ❡♥ é♥❡r❣✐❡ ✭é♥❡r❣✐❡ ❧✐♠✐té❡ ❞❡s ❝❛♣t❡✉rs ♣❛r ❡①❡♠♣❧❡✮✱ ❧❡s ❞é❝✐s✐♦♥s ❞♦✐✈❡♥t
s❡ ♣r❡♥❞r❡ ❧♦❝❛❧❡♠❡♥t✱ s❛♥s é❝❤❛♥❣❡ ❞❡ ♠❡ss❛❣❡s ❛✈❡❝ ✉♥❡ st❛t✐♦♥ ❞❡ ❜❛s❡✳ ❊♥✜♥✱
❝❡s ❛❧❣♦r✐t❤♠❡s ❞♦✐✈❡♥t ♣♦✉✈♦✐r s✉♣♣♦rt❡r ❞✐✛ér❡♥ts ♠♦❞è❧❡s ❞✬✐♥t❡r❢ér❡♥❝❡ ❜✐♥❛✐r❡✳
✹✳✶✳✷ ▼♦❞é❧✐s❛t✐♦♥
✹✳✶✳✷✳✶ ▲❡ rés❡❛✉ ❡st ♠♦❞é❧✐sé ♣❛r ✉♥ ❣r❛♣❤❡
◆♦✉s r❡♣rés❡♥t♦♥s ❧❡ rés❡❛✉ ♣❛r ✉♥ ❞✐❣r❛♣❤❡ ✭❞❡s tr❛♥s♠✐ss✐♦♥s✮ ♦r✐❡♥té s②♠é✲
tr✐q✉❡ G = (V,A) ❛✈❡❝ V r❡♣rés❡♥t❛♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s ♥÷✉❞s ❞✉ rés❡❛✉ ❡t ✐❧ ② ❛ ✉♥
❛r❝ (u, v) ∈ A ✭❡t ❞♦♥❝ ✉♥ ❛r❝ (v, u) ∈ A✮ ❡♥tr❡ ❞❡✉① s♦♠♠❡ts u ∈ V ❡t v ∈ V s✐
❡t s❡✉❧❡♠❡♥t s✐ ❝❡s ❞❡✉① ❞❡r♥✐❡rs ♣❡✉✈❡♥t ❝♦♠♠✉♥✐q✉❡r✳ ❊♥ ❡✛❡t✱ ♥♦✉s s✉♣♣♦s♦♥s
q✉❡ ❧❛ r❡❧❛t✐♦♥ ❡st s②♠étr✐q✉❡ ✿ s✐ u ♣❡✉t tr❛♥s♠❡ttr❡ ✉♥ ♠❡ss❛❣❡ à v✱ ❛❧♦rs v ♣❡✉t
tr❛♥s♠❡ttr❡ ✉♥ ♠❡ss❛❣❡ à u✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s q✉❡ ❞✉r❛♥t ✉♥❡ tr❛♥s♠✐ss✐♦♥✱
❧❡s ❞❡✉① ❧✐❡♥s s②♠étr✐q✉❡s s♦♥t ✉t✐❧✐sés ✭♠❡ss❛❣❡s ❞✬❛❝q✉✐tt❡♠❡♥t ♥♦t❛♠♠❡♥t✮✳ P♦✉r
s✐♠♣❧✐✜❡r✱ ♥♦✉s s✉♣♣♦s❡r♦♥s ❞❛♥s t♦✉t❡ ❧❛ s✉✐t❡ ❞✉ ❝❤❛♣✐tr❡ q✉❡ ❧❡ ❣r❛♣❤❡ ❡st ♥♦♥
♦r✐❡♥té ✭G = (V,E)✮✳
✹✳✶✳✷✳✷ ▼♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❜✐♥❛✐r❡
▲❡s ✐♥t❡r❢ér❡♥❝❡s ♣❡✉✈❡♥t êtr❡ ♠♦❞é❧✐sé❡s ❞❡ ❞✐✛ér❡♥t❡s ♠❛♥✐èr❡s✳ ◆♦✉s ♣♦✉✈♦♥s
✉t✐❧✐s❡r ❧❡ ♠♦❞è❧❡ ❙■◆❘ ✭❙✐❣♥❛❧✲t♦✲■♥t❡r❢❡r❡♥❝❡✲◆♦✐s❡ ❘❛t✐♦✮ ❬❈❳❲✵✾❪ ♠❛✐s ❝❡❧❛
r❡♥❞ ❧❡s ❛❧❣♦r✐t❤♠❡s ❡t ❧❡✉rs ❛♥❛❧②s❡s ❞✐✣❝✐❧❡s✳ ◆♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞❡ ❝♦♥s✐❞ér❡r ✉♥
♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❜✐♥❛✐r❡ s②♠étr✐q✉❡ ❝♦♠♠❡ ❞❛♥s ❬❇❙❙✵✾✱ ●▲❙✵✼✱ ❲❛♥✵✾❪✳ ◆♦✉s
❞é✜♥✐ss♦♥s ❧❛ ③♦♥❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❞✬✉♥❡ ❛rêt❡ e ∈ E✱ ♥♦té❡ ε(e)✱ ♣❛r ❧✬❡♥s❡♠❜❧❡ ❞❡s
❛rêt❡s ✐♥t❡r❢ér❛♥t ❛✈❡❝ e✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ s✐ ❧✬❛rêt❡ e ❡t ✉♥❡ ❛rêt❡ e′ ∈ ε(e) s♦♥t
❛❝t✐✈❡s s✐♠✉❧t❛♥é♠❡♥t✱ ❛❧♦rs ✐❧ ② ❛ ✐♥t❡r❢ér❡♥❝❡ ❡t ❛✉❝✉♥ ♠❡ss❛❣❡ ♥✬❡st ❝♦rr❡❝t❡♠❡♥t
❡♥✈♦②é✳ ▲✬❛❧❣♦r✐t❤♠❡ q✉❡ ♥♦✉s ♣r♦♣♦s♦♥s ❡st ✈❛❧✐❞❡ q✉❡❧ q✉❡ s♦✐t ε(e)✱ ♠❛✐s ❞❛♥s ❧❡s
❝❛❧❝✉❧s✱ ❧❡s ❡①❡♠♣❧❡s ❡t ❧❡s s✐♠✉❧❛t✐♦♥s✱ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥ ♠♦❞é❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❜❛sé
s✉r ❧❡s ❞✐st❛♥❝❡s ✭❉é✜♥✐t✐♦♥ ✷✾✮✳
✹✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✵✾
e
d = 0
d = 1
❋✐❣✳ ✹✳✶ ✕ ❩♦♥❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❞❡ ❧✬❛rêt❡ e ∈ E ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à
❞✐st❛♥❝❡ d = 0 ❡t ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 1✳
❉é✜♥✐t✐♦♥ ✷✾ ✭♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ ❞✮ ❙♦✐t d ≥ 0✳ ❉❛♥s ❧❡ ♠♦✲
❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d✱ ❞❡✉① ❛rêt❡s ✐♥t❡r❢èr❡♥t s✐ ❡t s❡✉❧❡♠❡♥t s✐ ✉♥ s♦♠✲
♠❡t ❞❡ ❧❛ ♣r❡♠✐èr❡ ❡st à ❞✐st❛♥❝❡ ✭❞❛♥s G✮ ❛✉ ♣❧✉s d ❞✬✉♥ s♦♠♠❡t ❞❡ ❧❛ ❞❡✉①✐è♠❡
❛rêt❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❛ ③♦♥❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❞✬✉♥❡ ❛rêt❡ e = (u1, u2) ∈ E ❡st
ε(e) = {(v1, v2) ∈ E,∃i, j ∈ {1, 2}, d(ui, vj) ≤ d}✱ ❛✈❡❝ d(u, v) ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ u ❡t
v ❞❛♥s G✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬✉♥ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥ ❡♥tr❡ ❝❡s ❞❡✉① s♦♠♠❡ts
❞❛♥s G✳
▲❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ❡st ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❝♦✉r❛♠♠❡♥t
✉t✐❧✐sé ❡t ❝♦♥♥✉ ❝♦♠♠❡ ❧❡ ♣r✐♠❛r② ♥♦❞❡ ✐♥t❡r❢❡r❡♥❝❡ ♠♦❞❡❧ ♦✉ ❧❡ ♥♦❞❡ ❡①❝❧✉s✐✈❡ ✐♥✲
t❡r❢❡r❡♥❝❡ ♠♦❞❡❧✳ ❉❛♥s ❝❡ ❝❛s✱ ❞❡✉① ❛rêt❡s ✐♥t❡r❢èr❡♥t s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❡❧❧❡s s♦♥t
✐♥❝✐❞❡♥t❡s✳ ▲❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 1 ❡st ♣❧✉s ré❛❧✐st❡ ❡t ❡st ❝♦♥♥✉
♣♦✉r êtr❡ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❞✉ ✽✵✷✳✶✶✳ ❉❛♥s ❝❡ ❝❛s✱ ❞❡✉① s♦♠♠❡ts ♣❡✉✈❡♥t
é❝❤❛♥❣❡r ❞❡s ❞♦♥♥é❡s s❡✉❧❡♠❡♥t s✐ ❧❡✉rs ✈♦✐s✐♥❛❣❡s ♥❡ s♦♥t ♣❛s ❡♥ tr❛✐♥ ❞❡ ❝♦♠♠✉✲
♥✐q✉❡r✳ ▲❛ ✜❣✉r❡ ✹✳✶ r❡♣rés❡♥t❡♥t ❞❡✉① ③♦♥❡s ❞✬✐♥t❡r❢ér❡♥❝❡ ❞✬✉♥❡ ❛rêt❡ e ∈ E ♣♦✉r
d = 0 ❡t ♣♦✉r d = 1✳
✹✳✶✳✷✳✸ ❊♥s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s ❛❝t✐✈❡s
❯♥ ❡♥s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s ❛❝t✐✈❡s ❡st ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❞✬❛rêt❡s ♣♦✉✈❛♥t ❡♥✲
✈♦②❡r ❞❡s ♠❡ss❛❣❡s s✐♠✉❧t❛♥é♥❡♠❡♥t s❛♥s ❛✉❝✉♥❡ ✐♥t❡r❢ér❡♥❝❡✳ ❋♦r♠❡❧❧❡♠❡♥t ✿
❉é✜♥✐t✐♦♥ ✸✵ ❊t❛♥t ❞♦♥♥é ✉♥ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❜✐♥❛✐r❡ ❞é✜♥✐ss❛♥t ε(e) ♣♦✉r
t♦✉t e ∈ E✱ ✉♥ ❡♥s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s ❛❝t✐✈❡s E∗ ⊆ E ❡st t❡❧❧❡ q✉❡ ∀e, e′ ∈ E∗✱
❛❧♦rs e′ /∈ ε(e) ❡t e /∈ ε(e′)✳
P♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ✭d = 1 r❡s♣❡❝t✐✈❡♠❡♥t✮✱ ✉♥
❡♥s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s ❛❝t✐✈❡s ❡st ✉♥ ❝♦✉♣❧❛❣❡ ✭✉♥ ❝♦✉♣❧❛❣❡ ✐♥❞✉✐t r❡s♣❡❝t✐✈❡♠❡♥t✮
❞❡ G✳ ❉❡✉① ❡①❡♠♣❧❡s ❞✬❡♥s❡♠❜❧❡s ✈❛❧✐❞❡s ❞✬❛rêt❡s ❛❝t✐✈❡s s♦♥t r❡♣rés❡♥tés ❞❛♥s ❧❛
✜❣✉r❡ ✹✳✷ ♣♦✉r ✉♥❡ ❣r✐❧❧❡ ❞❡ 16 s♦♠♠❡ts ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡
d = 0 ✭✜❣✉r❡ ✹✳✷✭❛✮✮ ❡t ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 1 ✭✜❣✉r❡ ✹✳✷✭❜✮✮✳
✶✶✵ ❈❤❛♣✐tr❡ ✹✳ ❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧
✭❛✮ ❈♦✉♣❧❛❣❡ ❞❡ G✳ ✭❜✮ ❈♦✉♣❧❛❣❡ ✐♥❞✉✐t ❞❡ G✳
❋✐❣✳ ✹✳✷ ✕ ❉❡✉① ❡♥s❡♠❜❧❡s ✈❛❧✐❞❡s ❞✬❛rêt❡s ❛❝t✐✈❡s ✭❛rêt❡s ♣❧❡✐♥❡s ❜❧❡✉❡s✮ ♣♦✉r ✉♥❡
❣r✐❧❧❡ G ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ✭✜❣✉r❡ ✹✳✷✭❛✮✮ ❡t ♣♦✉r ❧❡
♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 1 ✭✜❣✉r❡ ✹✳✷✭❜✮✮✳
✹✳✶✳✷✳✹ P❤❛s❡ ❞❡ ❝♦♥trô❧❡ ❡t ♣❤❛s❡ ❞✬❡♥✈♦✐ ❞❡s ❞♦♥♥é❡s
◆♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡ t❡♠♣s ❡st ❞✐✈✐sé ❡♥ ét❛♣❡s ✭♦✉ t✐♠❡ s❧♦ts✮✱ t♦✉t❡s ❞❡ ♠ê♠❡
t❛✐❧❧❡✳ ▲❡s ét❛♣❡s s♦♥t r❡♣rés❡♥té❡s ♣❛r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❡♥t✐❡rs ♥❛t✉r❡❧s✳ ▲❡ rés❡❛✉ ❡st
s②♥❝❤r♦♥✐sé✳ ❈❤❛q✉❡ ét❛♣❡ t ≥ 1 ❡st ❝♦♠♣♦sé❡ ❞❡ ❞❡✉① ❞✐✛ér❡♥t❡s ♣❤❛s❡s ✿ ✉♥❡ ♣❤❛s❡
❞❡ ❝♦♥trô❧❡ ❡❧❧❡✲♠ê♠❡ ❞✐✈✐sé❡ ❡♥ ♠✐♥✐✲s❧♦ts ❝♦♥s✐st❛♥t à ❞ét❡r♠✐♥❡r ✉♥ ❡♥s❡♠❜❧❡
✈❛❧✐❞❡ ❞✬❛rêt❡s ❛❝t✐✈❡s E∗t ♣♦✉r ❧❛ ♣❤❛s❡ ❞✬❡♥✈♦✐ ❞❡s ❞♦♥♥é❡s ✭❧❛ s❡❝♦♥❞❡ ♣❤❛s❡✮✳
P♦✉r ❝❤❛q✉❡ ét❛♣❡ t ≥ 1 ❡t ♣♦✉r ❝❤❛q✉❡ ❛rêt❡ e ∈ E✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❧❛
✈❛r✐❛❜❧❡ at(e) t❡❧❧❡ q✉❡ at(e) = 1 s✐ e ❡st ❛❝t✐✈❡ ❞✉r❛♥t ❧❛ ♣❤❛s❡ ❞✬❡♥✈♦✐ ❞❡s ❞♦♥♥é❡s
❞❡ ❧✬ét❛♣❡ t✱ at(e) = 0 s✐♥♦♥✳ ❆✐♥s✐✱ ✉♥ ❡♥s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s ❛❝t✐✈❡s à ❧✬ét❛♣❡ t
✈ér✐✜❡ q✉❡ ∀e ∈ E✱ ∀e′ ∈ ε(e)✱ at(e) + at(e′) ≤ 1✳
✹✳✶✳✷✳✺ ❉②♥❛♠✐q✉❡ ❞✉ s②stè♠❡
▲❡ tr❛✜❝ ❡st s✉♣♣♦sé ❞②♥❛♠✐q✉❡ ❡t s✐♥❣❧❡✲❤♦♣✱ ❝♦♠♠❡ ❞❛♥s ❬❇❙❙✵✾❪✱ ❝✬❡st✲à✲❞✐r❡
q✉✬✉♥ ♠❡ss❛❣❡ ❡♥✈♦②é q✉✐tt❡ ❧❡ rés❡❛✉ ❥✉st❡ ❛♣rès✳ ❈❡♣❡♥❞❛♥t ♥♦✉s ♣♦✉✈♦♥s ♣r❡♥❞r❡
❡♥ ❝♦♠♣t❡ ✉♥ tr❛✜❝ ♠✉❧t✐✲❤♦♣ ❡♥ ❛♣♣♦rt❛♥t q✉❡❧q✉❡s ♠♦❞✐✜❝❛t✐♦♥s à ❧✬❛❧❣♦r✐t❤♠❡
❞✐str✐❜✉é q✉❡ ♥♦✉s ♣r♦♣♦s♦♥s✳ ◆♦✉s ❛ss♦❝✐♦♥s à ❝❤❛q✉❡ ❛rêt❡ e ∈ E✱ ✉♥❡ ✜❧❡ ❞✬❛tt❡♥t❡
❞❛♥s ❧❛q✉❡❧❧❡ s♦♥t st♦❝❦és ❧❡s ♠❡ss❛❣❡s✳ ◆♦✉s ♥♦t♦♥s qt(e) ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s
❞❛♥s ❧❛ ✜❧❡ ❞✬❛tt❡♥t❡ ❞❡ ❧✬❛rêt❡ e ∈ E ❛✉ ❞é❜✉t ❞❡ ❧✬ét❛♣❡ t ≥ 1✳ ▲❛ ❝❛♣❛❝✐té ❞✬✉♥❡
❛rêt❡ e ∈ E✱ ♥♦té❡ c(e)✱ ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s q✉❡ e ♣❡✉t ❡♥✈♦②❡r ❞✉r❛♥t ✉♥❡
ét❛♣❡ t ≥ 1 s✐ e ❡st ❛❝t✐✈❡✳ ◆♦✉s ❞é✜♥✐ss♦♥s ❧❡ ♣♦✐❞s ❞❡ e ∈ E à ❧✬ét❛♣❡ t ≥ 1 ❝♦♠♠❡
ét❛♥t ❧❛ ✈❛❧❡✉r ⌊ qt(e)c(e) ⌋✳ ■♥t✉✐t✐✈❡♠❡♥t✱ ❧❡ ♣♦✐❞s ❞❡ e r❡♣rés❡♥t❡ ❧❡ ♥♦♠❜r❡ ♠✐♥✐♠✉♠
❞✬ét❛♣❡s ♣♦✉r q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s ❞❛♥s ❧❛ ✜❧❡ ❞✬❛tt❡♥t❡ ❛ss♦❝✐é❡ à e s♦✐t
str✐❝t❡♠❡♥t ♣❧✉s ♣❡t✐t q✉❡ s❛ ❝❛♣❛❝✐té c(e)✳ ❆ ❝❤❛q✉❡ ét❛♣❡✱ ❞❡ ♥♦✉✈❡❛✉① ♠❡ss❛❣❡s
❛rr✐✈❡♥t s✉r ❧❡s ❛rêt❡s ❞❡ G s❡❧♦♥ ❞❡s ♣r♦❝❡ss✉s ❛❧é❛t♦✐r❡s✳ ❈❡s ❞❡r♥✐❡rs s♦♥t ♣r♦♣r❡s
à ❝❤❛q✉❡ ❛rêt❡ e ∈ E ❡t ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❝♦♥♥✉s ❞❡s ❝♦♥❝❡♣t❡✉rs ❞✉ rés❡❛✉✳ ❙♦✐t
At(e) ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s ❛rr✐✈és s✉r ❧✬❛rêt❡ e ∈ E à ❧✬ét❛♣❡ t ≥ 1✳ ◆♦✉s s✉♣♣♦s♦♥s
✹✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✶✶
✭❛✮ ❈♦✉♣❧❛❣❡ 1 ✭❜✮ ❈♦✉♣❧❛❣❡ 2
❋✐❣✳ ✹✳✸ ✕ ❆❧❣♦r✐t❤♠❡ ❞✬♦r❞♦♥♥❛♥❝❡♠❡♥t ♣♦✉r ✉♥ ❝②❝❧❡ ❞❡ q✉❛tr❡ s♦♠♠❡ts ❛✈❡❝ ❧❡
♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0✳
q✉❡ ❧❡s ♠❡ss❛❣❡s ❛rr✐✈és s✉r ✉♥❡ ❛rêt❡ à ❧✬ét❛♣❡ t ♣❡✉✈❡♥t êtr❡ ❡♥✈♦②és ❛✉ ♣❧✉s tôt à
❧✬ét❛♣❡ t+1✳ ◆♦✉s ♣♦✉✈♦♥s ❛❧♦rs ❞é✜♥✐r ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ s②stè♠❡ ❞❡ ✜❧❡s ❞✬❛tt❡♥t❡
❛ss♦❝✐é❡s ❛✉① ❛rêt❡s✳
❉②♥❛♠✐q✉❡ ❞✉ s②stè♠❡ ✿ ∀t ≥ 1✱ ∀e ∈ E✱ qt+1(e) = (qt(e)− at(e)c(e))+ +At(e)
❛✈❡❝ (y)+ = max(y, 0)✳
✹✳✶✳✷✳✻ ❊①❡♠♣❧❡ ❞✬❛❧❣♦r✐t❤♠❡ ❞✬♦r❞♦♥♥❛♥❝❡♠❡♥t
❈♦♥s✐❞ér♦♥s ❧❡ ❝②❝❧❡ ❞❡ q✉❛tr❡ s♦♠♠❡ts ❞❡ ❧❛ ✜❣✉r❡ ✹✳✸ ❡t ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢é✲
r❡♥❝❡ à ❞✐st❛♥❝❡ d = 0✳ ◆♦✉s ♣♦✉✈♦♥s ❛❝t✐✈❡r à ❝❤❛q✉❡ ét❛♣❡ ❧❡s ❛rêt❡s ✈❡rt✐❝❛❧❡s
✭✜❣✉r❡ ✹✳✸✭❛✮✮ ♦✉ ❧❡s ❛rêt❡s ❤♦r✐③♦♥t❛❧❡s ✭✜❣✉r❡ ✹✳✸✭❜✮✮✳ ■❧ ❡st é❣❛❧❡♠❡♥t ♣♦ss✐❜❧❡
❞✬❛❝t✐✈❡r ✉♥❡ ✉♥✐q✉❡ ❛rêt❡ ♠❛✐s ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥✐q✉❡♠❡♥t ❧❡s ❞❡✉① ❡♥s❡♠❜❧❡s
♠❛①✐♠❛✉① ♣ré❝é❞❡♥ts✳ ❯♥ ✏❜♦♥✑ ❛❧❣♦r✐t❤♠❡ ❞✬♦r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❛rêt❡s ❞♦✐t ❛ss✉✲
r❡r ❧❛ st❛❜✐❧✐té ❞✉ s②stè♠❡ ❞❡s q✉❛tr❡ ✜❧❡s ❞✬❛tt❡♥t❡ ❛ss♦❝✐é❡s ❛✉① q✉❛tr❡ ❛rêt❡s ❞✉
❣r❛♣❤❡✳ ▲❛ ❝❛♣❛❝✐té ❞❡ ❝❤❛❝✉♥❡ ❞❡s ❛rêt❡s e ∈ E ❡st c(e) = 1 ❡t ❧❡ ♥♦♠❜r❡ ♠♦②❡♥
❞✬❛rr✐✈é❡s ❞❡ ♠❡ss❛❣❡s ❡st Av = 27 ♣♦✉r ❧❡s ❞❡✉① ❛rêt❡s ✈❡rt✐❝❛❧❡s ❡t Ah =
4
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❧❡s ❞❡✉① ❛rêt❡s ❤♦r✐③♦♥t❛❧❡s✳ ◆♦✉s ♣♦✉✈♦♥s ❛❧♦rs ❝♦♥❝❡✈♦✐r ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✬♦r❞♦♥✲
♥❛♥❝❡♠❡♥t très s✐♠♣❧❡✳ ❊♥ ❡✛❡t✱ s✐ ♥♦✉s ❛❝t✐✈♦♥s ❧❡s ❛rêt❡s ✈❡rt✐❝❛❧❡s 5 ét❛♣❡s s✉r
14 ❡t ❧❡s ❛rêt❡s ❤♦r✐③♦♥t❛❧❡s 9 ét❛♣❡s s✉r 14✱ ♥♦✉s ❛ss✉r♦♥s ❧❛ st❛❜✐❧✐té ❞✉ s②stè♠❡
❞❡ ✜❧❡s ❞✬❛tt❡♥t❡ ❛ss♦❝✐é❡s ❛✉① ❛rêt❡s ❝❛r Ah <
9
14 ❡t Av <
5
14 ✳
✹✳✶✳✸ ❚r❛✈❛✉① ❡①✐st❛♥ts
P♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0✱ ✉♥ ❡♥s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s
❛❝t✐✈❡s ❡st ✉♥ ❝♦✉♣❧❛❣❡ ❞❡ G✳ ❉❡s ❛❧❣♦r✐t❤♠❡s ❝❡♥tr❛❧✐sés ♦♥t été ♣r♦♣♦sés ♣♦✉r
rés♦✉❞r❡ ❝❡ ♣r♦❜❧è♠❡ ❛✉ss✐ ❜✐❡♥ ♣♦✉r ❞❡s ❛rr✐✈é❡s st♦❝❤❛st✐q✉❡s ❬❚❛s✾✼✱ ❚❊✾✵❪ q✉❡
♣♦✉r ❞❡s ❛rr✐✈é❡s ❞ét❡r♠✐♥✐st❡s ❬❑▼P✵✽❪✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ tr♦✉✈❡r ✉♥ ❝♦✉♣❧❛❣❡ ❞❡
♣♦✐❞s ♠❛①✐♠✉♠ s❡ rés♦✉t ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ ❬▲P✽✻❪✳
P♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d ≥ 1✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ tr♦✉✈❡r ✉♥ ❡♥✲
s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s ❛❝t✐✈❡s ♠❛①✐♠✐s❛♥t ❧❛ s♦♠♠❡ ❞❡s ♣♦✐❞s ❡st ◆P✲❈♦♠♣❧❡t✳
P❛r ❡①❡♠♣❧❡✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ tr♦✉✈❡r ✉♥ ❝♦✉♣❧❛❣❡ ✐♥❞✉✐t ❞❛♥s ✉♥ ❣r❛♣❤❡ ❡st ◆P✲
❈♦♠♣❧❡t ❬❙❱✽✷✱ ❈❛♠✽✾❪ ❡t r❡st❡ ◆P✲❈♦♠♣❧❡t ♠ê♠❡ ♣♦✉r ❞❡s ❝❧❛ss❡s ❞❡ ❣r❛♣❤❡s
✶✶✷ ❈❤❛♣✐tr❡ ✹✳ ❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧
♣❛rt✐❝✉❧✐èr❡s ✭♣♦✉r ❧❡s ❣r❛♣❤❡s 3✲ré❣✉❧✐❡rs ♣❛r ❡①❡♠♣❧❡✮✳ ❈❡❧❛ ❝♦rr❡s♣♦♥❞ ❛✉ ♠♦❞è❧❡
❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 1✳ ❉❡ ♣❧✉s✱ ✐❧ ❡st ♣r♦✉✈é ❞❛♥s ❬❖❋●❩✵✽❪ q✉❡ ❧❡ ♣r♦✲
❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r ✉♥ ❝♦✉♣❧❛❣❡ ✐♥❞✉✐t ♠❛①✐♠✉♠ ❞❛♥s ✉♥ ❣r❛♣❤❡ ♥❡ ♣❡✉t ♣❛s êtr❡
❛♣♣r♦①✐♠é ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ à ✉♥ ❢❛❝t❡✉r ❝♦♥st❛♥t ♣rès ♣❧✉s ♣❡t✐t q✉❡ n
1
2
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t♦✉t❡ ❝♦♥st❛♥t❡ c > 0 ❛✈❡❝ n ❧❡ ♥♦♠❜r❡ ❞❡ s♦♠♠❡ts ❞✉ ❣r❛♣❤❡✱ à ♠♦✐♥s q✉❡ P❂◆P✳
❉❛♥s ❬●▲❙✵✼✱ ❇❩▼✵✻✱ ❊❆▼✵✼✱ ▼❙❩✵✻❪✱ ❞❡s ❛❧❣♦r✐t❤♠❡s ❞✐str✐❜✉és s♦♥t ❞é❝r✐ts
♠❛✐s ❛✈❡❝ ❞❡s ♣❤❛s❡s ❞❡ ❝♦♥trô❧❡ ❝r♦✐ss❛♥t❡s ❡♥ ❧❛ t❛✐❧❧❡ ❞✉ rés❡❛✉✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
❬●▲❙✵✼❪ ♣rés❡♥t❡ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ✈❛❧✐❞❡ q✉❡❧ q✉❡ s♦✐t ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢é✲
r❡♥❝❡ ❜✐♥❛✐r❡ ♠❛✐s ❛✈❡❝ ✉♥❡ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ❞✉ré❡ ♥♦♥ ❝♦♥st❛♥t❡✳ ❯♥ ❛❧❣♦r✐t❤♠❡
❞✐str✐❜✉é ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ❝♦♥st❛♥t ❞❡ ♠✐♥✐✲s❧♦ts ❞❡ ❝♦♥trô❧❡ ❛ été ♣r♦♣♦sé ✭❝❡ ♥♦♠❜r❡
❞é♣❡♥❞ ❞❡ ❧❛ q✉❛❧✐té ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞és✐ré❡✮ ❀ ❝❡♣❡♥❞❛♥t ✐❧ ❡st ✈❛❧✐❞❡ ✉♥✐q✉❡♠❡♥t
♣♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0✳ ❘é❝❡♠♠❡♥t ❞❛♥s ❬❘❙❙✵✾❪✱ ✉♥ ❛❧✲
❣♦r✐t❤♠❡ ❛❧é❛t♦✐r❡ ❛ été ♣r♦♣♦sé ❡t ❝♦♥❥❡❝t✉ré ❝♦♠♠❡ ét❛♥t ♦♣t✐♠❛❧ ❡♥ t❡r♠❡s ❞❡
❞é❜✐t✳
◆♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❧❛ s✉✐t❡ ❞❡✉① ❛❧❣♦r✐t❤♠❡s ❞✐str✐❜✉és ♣r♦♣♦sés ❞❛♥s ❬●▲❙✵✼❪
✭s❡❝t✐♦♥ ✹✳✶✳✸✳✶✮ ❡t ❞❛♥s ❬❇❙❙✵✾❪ ✭s❡❝t✐♦♥ ✹✳✶✳✸✳✷✮✳ ▲❡ ♥♦♠❜r❡ ❞❡ ♠✐♥✐✲s❧♦ts ❞❡ ❧❛
♣❤❛s❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❬●▲❙✵✼❪ ♥✬❡st ♣❛s ❝♦♥st❛♥t ❛❧♦rs q✉❡ ❧✬❛❧❣♦✲
r✐t❤♠❡ ❞é❝r✐t ❞❛♥s ❬❇❙❙✵✾❪ ❡st ✈❛❧✐❞❡ ✉♥✐q✉❡♠❡♥t ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à
❞✐st❛♥❝❡ d = 0✳
✹✳✶✳✸✳✶ ❆❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ❜❛sé s✉r ❧❡s ♣♦✐❞s ❞❡s ❛rêt❡s ✈♦✐s✐♥❡s
▲❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ❧✬❆❧❣♦r✐t❤♠❡ ❜❛sé s✉r ❧❡s ♣♦✐❞s ❞❡s ❛rêt❡s
✈♦✐s✐♥❡s ♣r♦♣♦sé ❞❛♥s ❬●▲❙✵✼❪ ❡st ❝♦♠♣♦sé❡ ❞❡ T ♠✐♥✐✲s❧♦ts✳ ❈❤❛q✉❡ ❛rêt❡ e ∈ E
❡st ✐♥✐t✐❛❧❡♠❡♥t ✐♥❞ét❡r♠✐♥é❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ e ♥❡ s❛✐t ♣❛s s✐ ❡❧❧❡ s❡r❛ ❛❝t✐✈❡ ♦✉
✐♥❛❝t✐✈❡ ❞✉r❛♥t ❧❛ ♣❤❛s❡ ❞✬❡♥✈♦✐✳ ❈❤❛q✉❡ ❛rêt❡ e ∈ E ❝❤♦✐s✐t ✉♥❡ ✈❛❧❡✉r ❞❡ ❜❛❝❦♦✛
t(e)✱ 1 ≤ t(e) ≤ T ✳ ▲✬❛rêt❡ e ❡♥✈♦✐❡ ✉♥ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡ ❧♦rs ❞✉ ♠✐♥✐✲s❧♦t t(e) s✐
e ❡st ❡♥❝♦r❡ ✐♥❞ét❡r♠✐♥é❡✳ P♦✉r ❝❤❛q✉❡ ♠✐♥✐✲s❧♦t t✱ 1 ≤ t ≤ T ✱ ❡t ♣♦✉r ❝❤❛q✉❡ ❛rêt❡
e ∈ E ❡♥❝♦r❡ ✐♥❞ét❡r♠✐♥é❡✱ ♥♦✉s ❛✈♦♥s q✉❡ ✿
✭❛✮ s✐ e r❡ç♦✐t ✉♥ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡✱ ❛❧♦rs e ❞❡✈✐❡♥t ✐♥❛❝t✐✈❡ ❀
✭❜✮ s✐ e ♥❡ r❡ç♦✐t ♣❛s ❞❡ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡ ❡t s✐ t < t(e)✱ ❛❧♦rs e r❡st❡ ✐♥❞ét❡r✲
♠✐♥é❡ ❀
✭❝✮ s✐ e ♥❡ r❡ç♦✐t ♣❛s ❞❡ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡ ❡t s✐ t = t(e)✱ ❛❧♦rs e ❞❡✈✐❡♥t ❛❝t✐✈❡✳
❆♣rès ❧❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛rêt❡s ❛❝t✐✈❡s ❡st ❞ét❡r♠✐♥é✳ ❈❡t
❛❧❣♦r✐t❤♠❡ très s✐♠♣❧❡ ❡st ✈❛❧✐❞❡ ♣♦✉r t♦✉t ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❜✐♥❛✐r❡ ♠❛✐s ❧❡
❝❤♦✐① ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ❜❛❝❦♦✛ t(e) ♣♦✉r ❝❤❛q✉❡ ❛rêt❡ e ∈ E✱ ❡st ❢♦♥❝t✐♦♥ ❞❡s ♣♦✐❞s ❞❡s
❛rêt❡s ❧♦❝❛❧✐sé❡s ❞❛♥s ε(e) ❡t é❣❛❧❡♠❡♥t ❢♦♥❝t✐♦♥ ❞❡s ♣♦✐❞s ❞❡s ❛rêt❡s ❧♦❝❛❧✐sé❡s ❞❛♥s
❧❛ ③♦♥❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❞❡ ❝❤❛❝✉♥❡ ❞❡s ❛rêt❡s e′ ∈ ε(e)✳ P❧✉s ♣ré❝✐sé♠❡♥t t(e) ❞é♣❡♥❞
❞✉ ♣♦✐❞s ❞❡s ❛rêt❡s ❛♣♣❛rt❡♥❛♥t à ❧✬❡♥s❡♠❜❧❡ S = {e′, e′ ∈ ε(e)}∪{e′′, e′′ ∈ ε(e′), e′ ∈
ε(e)}✳ ❆✐♥s✐ à ❝❤❛q✉❡ ét❛♣❡ t ≥ 1✱ ❝❤❛q✉❡ ❛rêt❡ e ∈ E ❞♦✐t ❝♦♥♥❛îtr❡ ❧❡s ♣♦✐❞s ❞❡s
❛rêt❡s ❧♦❝❛❧✐sé❡s ❞❛♥s s♦♥ 2d✲✈♦✐s✐♥❛❣❡ ✭❧❡s ❛rêt❡s q✉✐ s♦♥t à ❞✐st❛♥❝❡ ❛✉ ♣❧✉s 2d ❞❡
e✮ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d✳ ❊♥ ❞é✜♥✐t✐✈❡✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♠✐♥✐✲s❧♦ts
❞❡ ❧❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡ ♥✬❡st ♣❛s ❝♦♥st❛♥t✳ ❉❡ ♣❧✉s✱ ♦❜t❡♥✐r ❝❡s ✐♥❢♦r♠❛t✐♦♥s ❡st
✹✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✶✸
✉♥ ♣r♦❜❧è♠❡ ❛✉ss✐ ❞✐✣❝✐❧❡ q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞✬♦r❞♦♥♥❛♥❝❡♠❡♥t ❞✐str✐❜✉é ❞❡s ❧✐❡♥s ❡♥
r❛✐s♦♥ ❞❡s ✐♥t❡r❢ér❡♥❝❡s✳
✹✳✶✳✸✳✷ ❆❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ❜❛sé s✉r ❧❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts
▲✬❆❧❣♦r✐t❤♠❡ ❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts ♣r♦♣♦sé ❞❛♥s ❬❇❙❙✵✾❪ ❛ ✉♥ ♥♦♠❜r❡
❞❡ ♠✐♥✐✲s❧♦ts ❞❡ ❝♦♥trô❧❡ ❝♦♥st❛♥t ♠❛✐s ❡st s♣é❝✐✜q✉❡ ❛✉ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à
❞✐st❛♥❝❡ d = 0✳ ■❧ ✉t✐❧✐s❡ ❧❛ t❡❝❤♥✐q✉❡ ❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts q✉✐ ❛ été ❞é✈❡❧♦♣♣é❡
❞❛♥s ❧❛ t❤é♦r✐❡ ❞❡s ❝♦✉♣❧❛❣❡s ❬▲P✽✻❪ ♣♦✉r ♦❜t❡♥✐r ❞❡s ❛❧❣♦r✐t❤♠❡s ❝❡♥tr❛❧✐sés ♣♦❧②✲
♥♦♠✐❛✉① ❝❛❧❝✉❧❛♥t ❞❡s ❝♦✉♣❧❛❣❡s ❞❡ ♣♦✐❞s ♠❛①✐♠✉♠✳ ❘❛♣♣❡❧♦♥s q✉✬à ❝❤❛q✉❡ ét❛♣❡
t ≥ 1✱ ✉♥ ❡♥s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s ❛❝t✐✈❡s ❡st ✉♥ ❝♦✉♣❧❛❣❡ ❞❡ G✳ ▲✬✐❞é❡ ♣r✐♥❝✐♣❛❧❡ ❞❡
❧✬❆❧❣♦r✐t❤♠❡ ❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts ❡st ❞❡ ❝❛❧❝✉❧❡r✱ à ❝❤❛q✉❡ ét❛♣❡ t+1 ≥ 2✱
✉♥ ❝♦✉♣❧❛❣❡ Ct+1 ❞❡ G à ♣❛rt✐r ❞✉ ❝♦✉♣❧❛❣❡ Ct ❞❡ G ❞ét❡r♠✐♥é à ❧✬ét❛♣❡ ♣ré❝é❞❡♥t❡
t✳ ▲❡ ♣♦✐❞s ❞❡ Ct+1 ❡st ♣❧✉s ❣r❛♥❞ ♦✉ é❣❛❧ ❛✉ ♣♦✐❞s ❞❡ Ct✳ ▲❡ ♣♦✐❞s ❞✬✉♥ ❝♦✉♣❧❛❣❡
❡st ❧❛ s♦♠♠❡ ❞❡s ♣♦✐❞s ❞❡s ❛rêt❡s ❛♣♣❛rt❡♥❛♥t à ❝❡ ❝♦✉♣❧❛❣❡✳ ❉❛♥s ❬❇❙❙✵✾❪✱ ✐❧ ❡st
♣r♦✉✈é q✉❡✱ s✐ 2k + 1 ❡st ❧❛ ❧♦♥❣✉❡✉r ♠❛①✐♠✉♠ ❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts✱ ❛❧♦rs ❧❡
♥♦♠❜r❡ ❞❡ ♠✐♥✐✲s❧♦ts ❞❡ ❝♦♥trô❧❡ ❡st 4k + 2 ❡t ❧❡ ❝♦✉♣❧❛❣❡ ré❛❧✐s❡ kk+2 ❞❡ ❧❛ ré❣✐♦♥
❞❡ ❝❛♣❛❝✐té✳
▲✬❆❧❣♦r✐t❤♠❡ ❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts ét❛♥t ❞✐str✐❜✉é✱ ❛✉ ❞é❜✉t ❞❡ ❝❤❛q✉❡
ét❛♣❡ t ≥ 1✱ ❝❤❛q✉❡ s♦♠♠❡t v ∈ V ❞❡✈✐❡♥t s♦✉r❝❡ ❛✈❡❝ ✉♥❡ ♣r♦❜❛❜✐❧✐té ❝♦♥st❛♥t❡
p✳ ❯♥❡ s♦✉r❝❡ ❡st ✉♥ s♦♠♠❡t ❛✉t♦r✐sé à ❞é❜✉t❡r ✉♥ ❝❤❡♠✐♥ ❛❧t❡r♥❛♥t ❛rêt❡ ❛❝t✐✈❡
❡t ❛rêt❡ ✐♥❛❝t✐✈❡ ❞❛♥s ❧❡ ❜✉t ❞❡ tr♦✉✈❡r ✉♥ ❝♦✉♣❧❛❣❡ ❞❡ ♣♦✐❞s ♣❧✉s ❣r❛♥❞✳ ❯♥❡ ❞❡s
❧✐♠✐t❡s ❡st q✉❡ ❞❛♥s ❬❇❙❙✵✾❪✱ ✐❧ ♥✬❡st ♣❛s ❡①♣❧✐q✉é ❝♦♠♠❡♥t ❝❛❧❝✉❧❡r ❛♥❛❧②t✐q✉❡♠❡♥t
❧❛ ✈❛❧❡✉r ❞❡ p ✿ ✉♥❡ ✈❛❧❡✉r tr♦♣ ♣❡t✐t❡ ♥❡ ♣❡r♠❡t ♣❛s ❞❡ tr♦✉✈❡r r❛♣✐❞❡♠❡♥t ✉♥
♠❡✐❧❧❡✉r ❝♦✉♣❧❛❣❡ ❝❛r ♣❡✉ ❞❡ ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts s♦♥t tr♦✉✈és ❡t ✉♥❡ ✈❛❧❡✉r tr♦♣
❣r❛♥❞❡ ♣❡✉t ❣é♥ér❡r tr♦♣ ❞✬✐♥t❡r❢ér❡♥❝❡ ❡♠♣ê❝❤❛♥t ❧❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts ❞✬êtr❡
❞ét❡r♠✐♥és✳
❊♥✜♥✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ♣ré❝✐s❡r q✉❡ ❧✬❆❧❣♦r✐t❤♠❡ ❞❡s ❝❤❡♠✐♥s
❛✉❣♠❡♥t❛♥ts ❡st s♣é❝✐✜q✉❡ ❛✉ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0✱ q✉✐
♥✬❡st ♣❛s ❧❡ ♣❧✉s ré❛❧✐st❡✳ ❊♥ ❡✛❡t✱ ❧❛ t❡❝❤♥✐q✉❡ ❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts ❡st ♣r♦♣r❡
à ❧❛ ♥♦t✐♦♥ ❞❡ ❝♦✉♣❧❛❣❡ ❞❛♥s ❧❡s ❣r❛♣❤❡s✳ ❘❛♣♣❡❧♦♥s q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞ét❡r♠✐♥❡r
✉♥ ❝♦✉♣❧❛❣❡ ♠❛①✐♠✉♠ ♣❡✉t êtr❡ rés♦❧✉ ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ ❛✈❡❝ ✉♥ ❛❧❣♦r✐t❤♠❡
❝❡♥tr❛❧✐sé✱ ♠❛✐s ♣♦✉r ✉♥ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d ≥ 1✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡
❞ét❡r♠✐♥❡r ✉♥ ❡♥s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s ❛❝t✐✈❡s ❞❡ ♣♦✐❞s ♠❛①✐♠✉♠ ❡st ◆P✲❝♦♠♣❧❡t✳
✹✳✶✳✹ ❈♦♥tr✐❜✉t✐♦♥s
◆♦✉s ♣r♦♣♦s♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ❞✬♦r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s✱
❆❧❣♦r✐t❤♠❡ ▲♦❣✱ ✈❛❧✐❞❡ q✉❡❧ q✉❡ s♦✐t ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❜✐♥❛✐r❡ ❡t ❛✈❡❝ ✉♥
♥♦♠❜r❡ ❞❡ ♠✐♥✐✲s❧♦ts ❞❡ ❝♦♥trô❧❡ ✐♥❞é♣❡♥❞❛♥t ❞❡ ❧❛ t❛✐❧❧❡ ❞✉ rés❡❛✉✳ ❊♥ ❡✛❡t✱ ❝❡
♥♦♠❜r❡ ❛✉❣♠❡♥t❡ ❞❡ ♠❛♥✐èr❡ ❧♦❣❛r✐t❤♠✐q✉❡ ❛✈❡❝ ❧❡ ❞❡❣ré ♠❛①✐♠✉♠ ❞❡s ♥÷✉❞s ❞✉
rés❡❛✉ ❡t ♥❡ ❞❡♠❛♥❞❡ ♣❛s ❞❡ ❝♦♥♥❛✐ss❛♥❝❡ ❡①♣❧✐❝✐t❡ ❞❡ ❧❛ t❛✐❧❧❡ ❞❡s ✜❧❡s ❞✬❛tt❡♥t❡
❡♥tr❡ ❧❡s ♥÷✉❞s✳ ❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♣r❛t✐q✉❡✱ ❝❡❧❛ r❡♣rés❡♥t❡ ✉♥ ❜♦♥ ❝♦♠♣r♦♠✐s ❝❛r
❧❡ ❞❡❣ré ❞❡ ❝❤❛q✉❡ ♥÷✉❞ ❡st ❜♦r♥é ❡♥ r❛✐s♦♥ ❞❡ ❝❛r❛❝tér✐st✐q✉❡s ♣❤②s✐q✉❡s ❛❧♦rs q✉❡
✶✶✹ ❈❤❛♣✐tr❡ ✹✳ ❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧
❧❛ t❛✐❧❧❡ ❞✉ rés❡❛✉ ♣❡✉t êtr❡ ❛r❜✐tr❛✐r❡♠❡♥t ❣r❛♥❞❡✳
▲❡ ♥♦♠❜r❡ ❞❡ ♠✐♥✐✲s❧♦ts ❞❡ ❝♦♥trô❧❡ ❛✉❣♠❡♥t❡ ❛✈❡❝ ❧❛ t❛✐❧❧❡ ❞✉ rés❡❛✉
❞❛♥s ❬●▲❙✵✼❪ ❡t ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❡st ❝♦♥tr❛✐♥t ❞✬êtr❡ ❧❡ ♠♦❞è❧❡ à ❞✐st❛♥❝❡
d = 0 ❞❛♥s ❬❇❙❙✵✾❪✳ ❉❡ ♣❧✉s ❞❛♥s ❬❇❙❙✵✾✱ ●▲❙✵✼❪✱ ❧✬é❝❤❛♥❣❡ ❞❡s ♣♦✐❞s ❡♥tr❡ ❝❡r✲
t❛✐♥❡s ❛rêt❡s ✭♣r♦❝❤❡s✮ ❡st ♥é❝❡ss❛✐r❡✳ ▲❡ ♣r♦❜❧è♠❡ ❞✬❛❝q✉ér✐r ❝❡tt❡ ✐♥❢♦r♠❛t✐♦♥ ❡st✱
à ❝❛✉s❡ ❞❡s ✐♥t❡r❢ér❡♥❝❡s✱ ✉♥ ♣r♦❜❧è♠❡ ❞✐✣❝✐❧❡ ❡t ❞❡♠❛♥❞❡ ❧✉✐ ♠ê♠❡ ✉♥❡ ♣❤❛s❡ ❞❡
❝♦♥trô❧❡✳ ❉❛♥s ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣✱ ❞✉r❛♥t ❝❤❛q✉❡ ♠✐♥✐✲s❧♦t ❞❡ ❧❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡✱
✉♥❡ ❛rêt❡ ❡♥✈♦✐❡ ✉♥ ♠❡ss❛❣❡ ❝♦♠♣♦sé ❞✬✉♥ ✉♥✐q✉❡ ❜✐t ♦✉ ♥✬❡♥✈♦✐❡ r✐❡♥✳ ▲✬✐❞é❡ ♣r✐♥❝✐✲
♣❛❧❡ ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❡st ❞✬✉t✐❧✐s❡r ❧❡s ✐♥t❡r❢ér❡♥❝❡s ❝♦♠♠❡ s♦✉r❝❡s ❞✬✐♥❢♦r♠❛t✐♦♥✳
P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧✬✉♥✐q✉❡ ♣ré♦❝❝✉♣❛t✐♦♥ ❞✬✉♥❡ ❛rêt❡ e ∈ E ❞✉r❛♥t ❝❤❛q✉❡ ♠✐♥✐✲s❧♦t
❡st ❞❡ s❛✈♦✐r s✐ ✉♥❡ ❛rêt❡ e′ ∈ ε(e) ❛ ❡♥✈♦②é ✉♥ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡ ❞✉r❛♥t ❝❡ ♠✐♥✐✲
s❧♦t✳ ❆ ♣❛rt✐r ❞❡ ❝❡❧❛ ❡t ❞❡ s♦♥ ♣r♦♣r❡ ❜✐t✱ ✉♥❡ ❛rêt❡ ❞é❝✐❞❡ s✐ ❡❧❧❡ ❞❡✈✐❡♥t ❛❝t✐✈❡✱
✐♥❛❝t✐✈❡ ♦✉ s✐ ❡❧❧❡ r❡t❛r❞❡ s❛ ❞é❝✐s✐♦♥ à ✉♥ ❛✉tr❡ ♠✐♥✐✲s❧♦t✳ ❈♦♠♠❡ ❞❡✉① ❛rêt❡s e ∈ E
❡t e′ ∈ ε(e) ♥✬é❝❤❛♥❣❡♥t ♣❛s ❧❡✉rs ♣♦✐❞s r❡s♣❡❝t✐❢s ❞✉r❛♥t ❧❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡✱ ❧❡
♥♦♠❜r❡ ❡t ❧❛ t❛✐❧❧❡ ❞❡s ♠✐♥✐✲s❧♦ts s♦♥t ❞♦♥❝ ♠✐♥✐♠✐sés✳
❯♥❡ ❛✉tr❡ ✐❞é❡ ❝♦♥s✐st❡ à ❛ss♦❝✐❡r à ❝❤❛❝✉♥❡ ❞❡s ❛rêt❡s ✉♥ ♣♦✐❞s ✈✐rt✉❡❧ ✭✈♦✐r
s❡❝t✐♦♥ ✹✳✷✳✶✮ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ❞❡✉① ❛rêt❡s ✐♥t❡r❢ér❡♥t❡s ♦♥t ❞❡s ♣♦✐❞s ✈✐rt✉❡❧s ❞✐❢✲
❢ér❡♥ts ✭▲❡♠♠❡ ✷✹✱ s❡❝t✐♦♥ ✹✳✷✳✶✮✳ ❈❤❛q✉❡ ❛rêt❡ ❝❛❧❝✉❧❡ ❛❧♦rs ✉♥ ✈❡❝t❡✉r ❜✐♥❛✐r❡ ❞❡
❝♦♥trô❧❡ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ♣♦✐❞s ✈✐rt✉❡❧ ❀ ❧❡s ❜✐ts 1 ✐♥❞✐q✉❡♥t ❧❡s ♠✐♥✐✲s❧♦ts ❞❛♥s ❧❡s✲
q✉❡❧s ❧✬❛rêt❡ ❡♥✈❡rr❛ ✉♥ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡✱ s✐ ❡❧❧❡ ♥✬❡st ♣❛s ❞é❥à ❛❝t✐✈❡ ♦✉ ✐♥❛❝t✐✈❡✳
◆♦✉s ❛♥❛❧②s♦♥s ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✸✳ ◆♦✉s ♣r♦✉✈♦♥s q✉❡ ❧✬❡♥✲
s❡♠❜❧❡ ❞✬❛rêt❡s ❛❝t✐✈❡s ❡st t♦✉❥♦✉rs ♠❛①✐♠❛❧ ✭❚❤é♦rè♠❡ ✷✶✱ s❡❝t✐♦♥ ✹✳✸✳✶✮ ❡t ♥♦✉s
❞✐s❝✉t♦♥s ❧❡s ✈❛❧❡✉rs ❞❡s ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s ✭s❡❝t✐♦♥ ✹✳✸✳✸ ❡t s❡❝t✐♦♥ ✹✳✸✳✹✮✳ ◆♦✉s
ét✉❞✐♦♥s ❡♥s✉✐t❡ ❧❡s ❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s ❛ss✉r❛♥t ❧❛ st❛❜✐❧✐té ❞✉ s②stè♠❡ ❞❡ ✜❧❡s
❞✬❛tt❡♥t❡ ❛ss♦❝✐é❡s ❛✉① ❛rêt❡s ❞✉ ❣r❛♣❤❡ ✭s❡❝t✐♦♥ ✹✳✸✳✺✮✳
❊♥✜♥✱ ♥♦✉s ❞é❝r✐✈♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✹ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ✈✐❛
❞❡s s✐♠✉❧❛t✐♦♥s ♣♦✉r ❞✐✛ér❡♥ts ❣r❛♣❤❡s ✿ ❝❤❡♠✐♥s✱ ❣r✐❧❧❡s ❡t ❣r❛♣❤❡s ❛❧é❛t♦✐r❡s✳
◆♦✉s ❝♦♠♣❛r♦♥s é❣❛❧❡♠❡♥t ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❛✈❡❝ ❧✬❆❧❣♦r✐t❤♠❡ ❞❡s ❝❤❡♠✐♥s
❛✉❣♠❡♥t❛♥ts ❡♥ ✉t✐❧✐s❛♥t ❧❡s ♣❛r❛♠ètr❡s ❞❡ s✐♠✉❧❛t✐♦♥ ❞é❝r✐ts ❞❛♥s ❬❇❙❙✵✾❪✳
✹✳✷ ❆❧❣♦r✐t❤♠❡ ▲♦❣
❙♦✐t ✉♥❡ ét❛♣❡ t ≥ 1✳ ◆♦✉s ♥♦t♦♥s Gt = (V,Et) ❧❡ ❣r❛♣❤❡ ✐♥❞✉✐t ♣❛r ❧❡s ❛rêt❡s
❞❡ ♣♦✐❞s str✐❝t❡♠❡♥t ♣♦s✐t✐❢s✳ Pré❝✐sé♠❡♥t ✿ Et = {e ∈ E, ⌊ qt(e)c(e) ⌋ ≥ 1}✳ ▲✬❡♥✲
s❡♠❜❧❡ ❞✬❛rêt❡s ❛❝t✐✈❡s E∗t ❞ét❡r♠✐♥é ♣❛r ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❡st ❝♦♠♣♦sé ✉♥✐q✉❡♠❡♥t
❞✬❛rêt❡s ❞❡ Et✳ ❉❛♥s ❧❛ s✉✐t❡✱ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❜✐♥❛✐r❡ ❡st q✉❡❧❝♦♥q✉❡ s❛✉❢
♠❡♥t✐♦♥ ❝♦♥tr❛✐r❡ ❡t ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❡st ❞é❝r✐t ♣♦✉r ✉♥❡ ét❛♣❡ t ≥ 1 q✉❡❧❝♦♥q✉❡✳
❆✈❛♥t ❞❡ ❞é❝r✐r❡ ❢♦r♠❡❧❧❡♠❡♥t ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✷✳✷✱ ♥♦✉s ❞é✲
❝r✐✈♦♥s s❡s ✐♥❣ré❞✐❡♥ts ♣r✐♥❝✐♣❛✉① ✿ ❧❛ ♥♦t✐♦♥ ❞❡ ♣♦✐❞s ✈✐rt✉❡❧ ❡t ❞❡ ✈❡❝t❡✉r ❞❡ ❝♦♥trô❧❡
❞✬✉♥❡ ❛rêt❡ ✭s❡❝t✐♦♥ ✹✳✷✳✶✮✳
✹✳✷✳ ❆❧❣♦r✐t❤♠❡ ▲♦❣ ✶✶✺
✹✳✷✳✶ P♦✐❞s ✈✐rt✉❡❧s ❡t ✈❡❝t❡✉r ❞❡ ❝♦♥trô❧❡
▲✬✐❞é❡ ❝♦♥s✐st❡ à ❞✐✈✐s❡r ❧❡s ♣♦✐❞s ❞❡s ❛rêt❡s ❞❡ Et ❡♥ ✉♥ ♣❡t✐t ♥♦♠❜r❡ K
❞✬✐♥t❡r✈❛❧❧❡s ✭❝❧❛ss❡s✮ ❞✐s❥♦✐♥ts I0, . . . , IK−1 ❛✈❡❝ ❧❛ ❝♦♥tr❛✐♥t❡ q✉❡ ❧❛ ♣❧✉s ❣r❛♥❞❡
❝❧❛ss❡ IK−1 ❝♦♥t✐❡♥t t♦✉t❡s ❧❡s ✈❛❧❡✉rs ♣❧✉s ❣r❛♥❞❡s ♦✉ é❣❛❧❡s à ✉♥❡ ✈❛❧❡✉r L ✿
IK−1 = [L,∞[✳ ❈♦♠♠❡ K ❡st ♣❡t✐t✱ ❞❡s ❛rêt❡s ❞✬✉♥❡ ♠ê♠❡ ③♦♥❡ ❞✬✐♥t❡r❢ér❡♥❝❡
♣❡✉✈❡♥t ❛♣♣❛rt❡♥✐r ❛✉ ♠ê♠❡ ✐♥t❡r✈❛❧❧❡✳ P♦✉r ❧❡s ❞✐✛ér❡♥❝✐❡r✱ ♥♦✉s ❛ttr✐❜✉♦♥s ✉♥❡
❝♦✉❧❡✉r ✭✉♥ ❡♥t✐❡r✮ γ(e) à ❝❤❛q✉❡ ❛rêt❡ e ∈ E t❡❧❧❡ q✉❡ ❞❡✉① ❛rêt❡s q✉✐ ✐♥t❡r❢èr❡♥t
♦♥t ❞❡s ❝♦✉❧❡✉rs ❞✐✛ér❡♥t❡s✳ ❙♦✐t C ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ ❝♦✉❧❡✉rs✳ P❛r ❡①❡♠♣❧❡ s✐ G
❡st ✉♥ ❝❤❡♠✐♥ ❞✬❛✉ ♠♦✐♥s d+2 ❛rêt❡s ❡t s✐ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡
à ❞✐st❛♥❝❡ d✱ ♥♦✉s ♣♦✉✈♦♥s ✉t✐❧✐s❡r s❡✉❧❡♠❡♥t d+ 2 ❝♦✉❧❡✉rs ❡♥ ❞♦♥♥❛♥t ❧❡s ✈❛❧❡✉rs
1, 2, . . . , d+2, 1, 2, . . . , d+2, . . . ❛✉① ❛rêt❡s✳ ❉❛♥s ✉♥ s♦✉❝✐ ❞✬éq✉✐té✱ ♥♦✉s ♣❡r♠✉t♦♥s
❧❡s ❝♦✉❧❡✉rs à ❝❤❛q✉❡ ét❛♣❡✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ❛ttr✐❜✉♦♥s à ❝❤❛q✉❡ ❛rêt❡ e ∈ E ❡t à
❝❤❛q✉❡ ét❛♣❡ t ≥ 1✱ ❧❛ ✈❛❧❡✉r γt(e) = (γ(e) + t− 2)modC + 1✳
Pr♦♣r✐été ✻ ∀e ∈ E✱ ∀e′ ∈ ε(e)✱ ∀t ≥ 1✱ ♥♦✉s ❛✈♦♥s γt(e) 6= γt(e′)✳
P❛r ❡①❡♠♣❧❡ ❛✈❡❝ C = 3 ❝♦✉❧❡✉rs✱ ✉♥❡ ❛rêt❡ e ∈ E ❞❡ ❝♦✉❧❡✉r γ(e) = 1 ❛✉r❛ ✉♥❡
✈❛❧❡✉r γt(e) = 1 à ❧✬ét❛♣❡ 1✱ ✉♥❡ ✈❛❧❡✉r γt(e) = 2 à ❧✬ét❛♣❡ 2✱ ✉♥❡ ✈❛❧❡✉r γt(e) = 3 à
❧✬ét❛♣❡ 3✱ ✉♥❡ ✈❛❧❡✉r γt(e) = 1 à ❧✬ét❛♣❡ 4✱ ✉♥❡ ✈❛❧❡✉r γt(e) = 2 à ❧✬ét❛♣❡ 5 ❡t ❛✐♥s✐
❞❡ s✉✐t❡✳
◆♦✉s ♣♦✉✈♦♥s ❞é✜♥✐r ❧❡ ♣♦✐❞s ✈✐rt✉❡❧ q′t(e) ♣♦✉r t♦✉t❡ ❛rêt❡ e ∈ E ❝♦♠♠❡ s✉✐t✳
❉é✜♥✐t✐♦♥ ✸✶ ✭♣♦✐❞s ✈✐rt✉❡❧✮ ❙♦✐t ❧❛ ❢♦♥❝t✐♦♥ f : [1,∞[→ {0, . . . ,K−1} ❞é✜♥✐❡
♣❛r f(x) = i s✐ x ∈ Ii ♣♦✉r i = 0, 1, . . . ,K − 1✳
P♦✉r t♦✉t e ∈ Et✱ ❧❡ ♣♦✐❞s ✈✐rt✉❡❧ ❞❡ e ❡st ✿
q′t(e) = Cf
(
⌊qt(e)
c(e)
⌋
)
+ γt(e) ✭✹✳✶✮
P♦✉r t♦✉t e ∈ E \ Et ✭qt(e) < c(e)✮✱ ❧❡ ♣♦✐❞s ✈✐rt✉❡❧ ❞❡ e ❡st q′t(e) = 0✳
Pr♦♣r✐été ✼ ∀t ≥ 1,∀e ∈ E✱ ♥♦✉s ❛✈♦♥s 0 ≤ q′t(e) ≤ CK✳
▲❡s ❝❤♦✐① ❞❡s ❝♦♥st❛♥t❡s C✱ K ❡t L s♦♥t ❞✐s❝✉tés ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✸✳✸ ❡t ❞❛♥s
❧❛ s❡❝t✐♦♥ ✹✳✸✳✹✳ ◆♦✉s s✉♣♣♦s♦♥s ❞❛♥s ❧❛ s✉✐t❡ q✉❡ ❝❡s ✈❛❧❡✉rs s♦♥t ❞♦♥♥é❡s ❡t q✉❡
C ❡st s✉✣s❛♠♠❡♥t ❣r❛♥❞ ♣♦✉r ❣❛r❛♥t✐r ❧❡s ♣r♦♣r✐étés ❞é❝r✐t❡s ♣ré❝é❞❡♠♠❡♥t✳
▲✬✐♥tr♦❞✉❝t✐♦♥ ❞❡s ♣♦✐❞s ✈✐rt✉❡❧s ❡st tr✐♣❧❡♠❡♥t ♠♦t✐✈é❡✳ Pr❡♠✐èr❡♠❡♥t✱ ❡t s✉r✲
t♦✉t✱ ❧❡s ♣♦✐❞s ✈✐rt✉❡❧s ✈ér✐✜❡♥t ❧❛ ♣r♦♣r✐été q✉❡ ❞❡✉① ❧✐❡♥s q✉✐ ✐♥t❡r❢èr❡♥t ♦♥t
❞❡s ♣♦✐❞s ✈✐rt✉❡❧s ❞✐✛ér❡♥ts ✭▲❡♠♠❡ ✷✹✮✳ ❈❡tt❡ ♣r♦♣r✐été ❡st ❧✬✐♥❣ré❞✐❡♥t ♠❛❥❡✉r
❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣✳ ❊♥ ❡✛❡t✱ ✐❧ ❡st ❝❡rt❛✐♥ q✉✬à ❝❤❛q✉❡ ét❛♣❡✱ ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❞é✲
t❡r♠✐♥❡ ✉♥ ❡♥s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s ❛❝t✐✈❡s ♠❛①✐♠❛❧ ✭❚❤é♦rè♠❡ ✷✶✱ s❡❝t✐♦♥ ✹✳✸✮✳
❉❡✉①✐è♠❡♠❡♥t✱ ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥ ❞é❝r✐t❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✶✳✷ ✭❝✬❡st✲à✲❞✐r❡ ❧❡ ❢❛✐t
q✉❡ qt(e) ❡st ❞✐✈✐sé ♣❛r c(e)✮ ❛ss✉r❡ q✉✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ♥❡ ❢❛✈♦r✐s❡ ♣❛s ❧❡s ❧✐❡♥s ❞❡
❣r❛♥❞❡s ❝❛♣❛❝✐tés✳ ❊♥✜♥✱ ❆❧❣♦r✐t❤♠❡ ▲♦❣ ✉t✐❧✐s❡ ❧✬♦r❞r❡ ✐♥❞✉✐t ♣❛r ❧❡s ♣♦✐❞s ✈✐r✲
t✉❡❧s ♣♦✉r ❞ét❡r♠✐♥❡r ❧❡s ❛rêt❡s ❛❝t✐✈❡s ❀ ✉♥❡ ❛rêt❡ ❛✈❡❝ ✉♥ ❣r❛♥❞ ♣♦✐❞s ✈✐rt✉❡❧ ❡t ❡♥
♣❛rt✐❝✉❧✐❡r ❛✈❡❝ ✉♥❡ ✜❧❡ ❞✬❛tt❡♥t❡ ❝❤❛r❣é❡ ❛✉r❛ ♣❧✉s ❞❡ ❝❤❛♥❝❡s ❞✬êtr❡ ❝❤♦✐s✐❡✳
✶✶✻ ❈❤❛♣✐tr❡ ✹✳ ❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧
▲❡♠♠❡ ✷✹ ❙♦✐❡♥t e, e′ ∈ Et t❡❧❧❡s q✉❡ e′ ∈ ε(e) ✭❡t e ∈ ε(e′)✮✳ ❆❧♦rs✱ q′t(e) 6= q′t(e′)✳
Pr❡✉✈❡ ✿ ❙✐ ⌊ qt(e)c(e) ⌋ ❡t ⌊ qt(e
′)
c(e′) ⌋ ❛♣♣❛rt✐❡♥♥❡♥t à ❞❡✉① ✐♥t❡r✈❛❧❧❡s ❞✐✛ér❡♥ts✱ ❝✬❡st✲à✲
❞✐r❡ s✐ f(⌊ qt(e)c(e) ⌋) 6= f(⌊ qt(e
′)
c(e′) ⌋)✱ ❛❧♦rs |C(f(⌊ qt(e)c(e) ⌋)− f(⌊ qt(e
′)
c(e′) ⌋))| ≥ C ❡t ❝♦♠♠❡ 1 ≤
γt(e), γt(e
′) ≤ C✱ ♥♦✉s ❛✈♦♥s ❛❧♦rs q′t(e) 6= q′t(e′)✳ ❙✐♥♦♥✱ s✐ f(⌊ qt(e)c(e) ⌋) = f(⌊ qt(e
′)
c(e′) ⌋)✱
❛❧♦rs ♣❛r ❧❛ Pr♦♣r✐été ✻✱ ♥♦✉s ❛✈♦♥s γt(e) 6= γt(e′) ❡t ❞♦♥❝ q′t(e) 6= q′t(e′)✳ 
◆♦✉s ❛ss♦❝✐♦♥s à ❝❤❛q✉❡ ❛rêt❡ e ∈ E ✉♥ ✈❡❝t❡✉r ❞❡ ❝♦♥trô❧❡ vt,e ❝♦♠♠❡ s✉✐t✳
❉é✜♥✐t✐♦♥ ✸✷ ✭✈❡❝t❡✉r ❞❡ ❝♦♥trô❧❡✮ ▲❡ ✈❡❝t❡✉r ❞❡ ❝♦♥trô❧❡ vt,e ❞✬✉♥❡ ❛rêt❡ e ∈
E ❡st vt,e = (vt,e(1), . . . , vt,e(T )) ❛✈❡❝ vt,e(i)✱ 1 ≤ i ≤ T ✱ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ie ❜✐t ❞❡
q′t(e)✳ ▲❛ t❛✐❧❧❡ ❞✉ ✈❡❝t❡✉r ❡st T = ⌈log2(CK) + 1⌉✳
▲❡ t❛❜❧❡❛✉ ✹✳✶ r❡♣rés❡♥t❡ t♦✉s ❧❡s ♣♦✐❞s ✈✐rt✉❡❧s q′t(e) ♣♦ss✐❜❧❡s✱ ❛✐♥s✐ q✉❡ ❧❡s ✈❡❝✲
t❡✉rs ❞❡ ❝♦♥trô❧❡ vt,e ❝♦rr❡s♣♦♥❞❛♥t✱ ♣♦✉r ❝❤❛q✉❡ ♣❛✐r❡ ♣♦ss✐❜❧❡ (⌊ qt(e)c(e) ⌋, γt(e)) ❞✬✉♥❡
❛rêt❡ e ∈ E ❛✈❡❝ ❧❡s ♣❛r❛♠ètr❡s C = 3✱ K = 5 ❡t L = 5✳ ◆♦✉s ❛✉r✐♦♥s ♣✉ ❝❤♦✐s✐r
L = 101 ❛✉ ❧✐❡✉ ❞❡ L = 5 ❡t ♣r❡♥❞r❡ ❝♦♠♠❡ ✐♥t❡r✈❛❧❧❡s I0 = [1, 10]✱ I1 =]10, 30]✱
I2 =]30, 60]✱ I3 =]60, 100] ❡t I4 =]100,∞[ ♦✉ t♦✉t ❛✉tr❡ ❞✐✈✐s✐♦♥ ❞❡s ♣♦✐❞s r❡s♣❡❝t❛♥t
❧❡s ❝♦♥tr❛✐♥t❡s ❞é❝r✐t❡s ♣ré❝é❞❡♠♠❡♥t✳ ▲❛ ✈❛❧❡✉r C = 3 ❝♦rr❡s♣♦♥❞ ♣❛r ❡①❡♠♣❧❡ ❛✉
♥♦♠❜r❡ ♠✐♥✐♠✉♠ ❞❡ ❝♦✉❧❡✉rs ♣♦✉r ✉♥ ❝②❝❧❡ ❝♦♠♣♦sé ❞✬✉♥ ♥♦♠❜r❡ ✐♠♣❛✐r ❞❡ s♦♠✲
♠❡ts ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0✳ ▲❛ ✜❣✉r❡ ✹✳✹ ❡st ✉♥ ❝②❝❧❡ ❝♦♠✲
♣♦sé ❞❡ 10 ❛rêt❡s✳ ❙♦✐❡♥t ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ❡t ❧❡s ♣❛r❛♠ètr❡s
C = 3✱ K = 5 ❡t L = 5✳ ▲❡s ✈❛❧❡✉rs ⌊ qt(e)c(e) ⌋✱ γt(e) ❡t q′t(e) s♦♥t r❡♣rés❡♥té❡s ❞❛♥s
❧❛ ✜❣✉r❡ ✹✳✹✭❛✮✱ ❞❛♥s ❧❛ ✜❣✉r❡ ✹✳✹✭❜✮ ❡t ❞❛♥s ❧❛ ✜❣✉r❡ ✹✳✹✭❝✮✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡s
q✉❛tr❡ ❜✐ts ❞❡s ✈❡❝t❡✉rs ❞❡ ❝♦♥trô❧❡ s❡ tr♦✉✈❡♥t ❞❛♥s ❧❡s ✜❣✉r❡s ✹✳✹✭❞✮✱ ✹✳✹✭❡✮✱ ✹✳✹✭❢✮
❡t ✹✳✹✭❣✮✳
✹✳✷✳✷ ❆❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é
❊t❛♥t ❞♦♥♥és ✉♥ rés❡❛✉ r❡♣rés❡♥té ♣❛r ❧❡ ❣r❛♣❤❡ G = (V,E)✱ ✉♥ ♠♦❞è❧❡ ❞✬✐♥t❡r✲
❢ér❡♥❝❡ ❜✐♥❛✐r❡ ❞é✜♥✐ss❛♥t ε(e) ♣♦✉r t♦✉t e ∈ E✱ ❧❡s ❝♦♥st❛♥t❡s K✱ L ❡t C r❡s♣❡❝t❛♥t
❧❡s ❝♦♥tr❛✐♥t❡s ♣ré❝é❞❡♠♠❡♥t ❞é❝r✐t❡s✱ ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❞ét❡r♠✐♥❡ ✉♥ ❡♥s❡♠❜❧❡
❞✬❛rêt❡s ❛❝t✐✈❡s ♠❛①✐♠❛❧ à ❝❤❛q✉❡ ét❛♣❡ t ≥ 1✳ ◆♦✉s ❞é❝r✐✈♦♥s ❧❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡
❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❞✬✉♥❡ ét❛♣❡ t ≥ 1✳ ❆✈❛♥t ❧❡ ❞é❜✉t ❞❡ ❝❡tt❡ ♣❤❛s❡✱ ❝❤❛q✉❡ ❛rêt❡
e ∈ E ❡st ✐♥❞ét❡r♠✐♥é❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ♥♦✉s ♥❡ s❛✈♦♥s ♣❛s s✐ e s❡r❛ ❛❝t✐✈❡ ♦✉ ✐♥✲
❛❝t✐✈❡ ❞✉r❛♥t ❧❛ ♣❤❛s❡ ❞✬❡♥✈♦✐✳ ▲❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡ ❡st ❞✐✈✐sé❡ ❡♥ α s♦✉s✲♣❤❛s❡s
❝♦♠♣♦sé❡s ❝❤❛❝✉♥❡ ❞❡ ♠✐♥✐✲s❧♦ts ❞❡ ❝♦♥trô❧❡✳ ❆♣rès ❝❤❛q✉❡ ♠✐♥✐✲s❧♦t✱ ✉♥❡ ❛rêt❡ e
♣❡✉t êtr❡ ❛❝t✐✈❡✱ ✐♥❛❝t✐✈❡ ♦✉ ❡♥❝♦r❡ ✐♥❞ét❡r♠✐♥é❡✳ ◆♦✉s ❡①♣❧✐q✉♦♥s t♦✉t ❞✬❛❜♦r❞ ❧❛
s♦✉s✲♣❤❛s❡ 1 ✭s❡❝t✐♦♥ ✹✳✷✳✷✳✶✮ ❛✈❛♥t ❞❡ ♠♦t✐✈❡r ❡t ❞❡ ❞é❝r✐r❡ ❧❡s s♦✉s✲♣❤❛s❡s 2, . . . , α
✭s❡❝t✐♦♥ ✹✳✷✳✷✳✷✮✳ ◆♦✉s ✈❡rr♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✸✳✶ ❝♦♠♠❡♥t ❞ét❡r♠✐♥❡r ❧❛ ✈❛❧❡✉r
❞❡ α✳
✹✳✷✳✷✳✶ ❙♦✉s✲♣❤❛s❡ ✶ ❞❡ ❧❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡
▲❛ s♦✉s✲♣❤❛s❡ 1 ❡st ❝♦♠♣♦sé❡ ❞❡ T = ⌈log2(CK) + 1⌉ ♠✐♥✐✲s❧♦ts✳ ❆✈❛♥t ❧❡ ♠✐♥✐✲
s❧♦t 1✱ ❝❤❛q✉❡ ❛rêt❡ ❡st ✐♥❞ét❡r♠✐♥é❡✳ P❡♥❞❛♥t ✉♥ ♠✐♥✐✲s❧♦t i✱ 1 ≤ i ≤ T ✱ e ∈ E ❡♥✈♦✐❡
✹✳✷✳ ❆❧❣♦r✐t❤♠❡ ▲♦❣ ✶✶✼
❚❛❜✳ ✹✳✶ ✕ ✭q′t(e), vt,e✮ ♣♦✉r ❝❤❛q✉❡ ♣❛✐r❡ ♣♦ss✐❜❧❡ (⌊ qt(e)c(e) ⌋, γt(e)) ♣♦✉r ❧✬❆❧❣♦r✐t❤♠❡
▲♦❣ ❛✈❡❝ ❧❡s ♣❛r❛♠ètr❡s C = 3✱ K = 5 ❡t L = 5✳
❱❡❝t❡✉r ❞❡ ❝♦♥trô❧❡ ✿ v = vt,e
⌊ qt(e)c(e) ⌋ f(⌊ qt(e)c(e) ⌋) γt(e) q′t(e) v(1) v(2) v(3) v(4)
✵ ♥♦♥ ❞é✜♥✐ ∈ {1, 2, 3} ✵ ✵ ✵ ✵ ✵
✶ ✵ ✶ ✶ ✵ ✵ ✵ ✶
✶ ✵ ✷ ✷ ✵ ✵ ✶ ✵
✶ ✵ ✸ ✸ ✵ ✵ ✶ ✶
✷ ✶ ✶ ✹ ✵ ✶ ✵ ✵
✷ ✶ ✷ ✺ ✵ ✶ ✵ ✶
✷ ✶ ✸ ✻ ✵ ✶ ✶ ✵
✸ ✷ ✶ ✼ ✵ ✶ ✶ ✶
✸ ✷ ✷ ✽ ✶ ✵ ✵ ✵
✸ ✷ ✸ ✾ ✶ ✵ ✵ ✶
✹ ✸ ✶ ✶✵ ✶ ✵ ✶ ✵
✹ ✸ ✷ ✶✶ ✶ ✵ ✶ ✶
✹ ✸ ✸ ✶✷ ✶ ✶ ✵ ✵
≥ 5 ✹ ✶ ✶✸ ✶ ✶ ✵ ✶
≥ 5 ✹ ✷ ✶✹ ✶ ✶ ✶ ✵
≥ 5 ✹ ✸ ✶✺ ✶ ✶ ✶ ✶
✉♥ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ e ❡st ❡♥❝♦r❡ ✐♥❞ét❡r♠✐♥é❡ ❡t vt,e(i) = 1✳
❙✐ e ❡st ❡♥❝♦r❡ ✐♥❞ét❡r♠✐♥é❡ ❛✉ ❞é❜✉t ❞✉ ♠✐♥✐✲s❧♦t i✱ 1 ≤ i ≤ T ✱ tr♦✐s ❞✐✛ér❡♥ts ❝❛s
s♦♥t ♣♦ss✐❜❧❡s ✭✈♦✐r ❧✐❣♥❡s ✹ à ✶✹ ❞❡ ❧✬❆❧❣♦r✐t❤♠❡ ✻✮ ✿
✭❛✮ s✐ e ❡♥✈♦✐❡ ✉♥ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡ ❡t ♥✬❡♥ r❡ç♦✐t ♣❛s ✉♥ ❞✬✉♥❡ ❛rêt❡ ❞❡ ε(e)✱
❛❧♦rs e ❞❡✈✐❡♥t ❛❝t✐✈❡ ❀
✭❜✮ s✐ e r❡ç♦✐t ✉♥ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡ ✭✈❡♥❛♥t ❞✬✉♥❡ ❛rêt❡ ❞❡ ε(e)✮ ❡t ♥✬❡♥ ❡♥✈♦✐❡
♣❛s ✉♥✱ ❛❧♦rs e ❞❡✈✐❡♥t ✐♥❛❝t✐✈❡ ❀
✭❝✮ s✐♥♦♥ e r❡st❡ ✐♥❞ét❡r♠✐♥é❡✳
❆ ❧❛ ✜♥ ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ 1✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥ ❡♥s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s ❛❝t✐✈❡s
✭✉♥ ❝♦✉♣❧❛❣❡ ❞❡ G ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ♣❛r ❡①❡♠♣❧❡✮✳
❉❡ ♣❧✉s✱ à ❧❛ ✜♥ ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ 1✱ ✉♥❡ ❛rêt❡ e ∈ Et ❡st s♦✐t ❛❝t✐✈❡ s♦✐t ✐♥❛❝t✐✈❡
✭▲❡♠♠❡ ✷✺✮✳
▲❡♠♠❡ ✷✺ ❆ ❧❛ ✜♥ ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ ✶ ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣✱ ✐❧ ♥✬② ❛ ♣❛s ❞✬❛rêt❡s
✐♥❞ét❡r♠✐♥é❡s ❛♣♣❛rt❡♥❛♥t à Et✳
Pr❡✉✈❡ ✿ ▲❡ ▲❡♠♠❡ ✷✹ ❣❛r❛♥t✐t q✉❡ q′t(e) 6= q′t(e′) ♣♦✉r t♦✉t e, e′ ∈ Et t❡❧❧❡ q✉❡
e′ ∈ ε(e)✳ ❙✉♣♣♦s♦♥s q✉❡ e ❡st ✐♥❞ét❡r♠✐♥é❡ à ❧❛ ✜♥ ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ 1 ❞✬❆❧❣♦r✐t❤♠❡
▲♦❣✳ ❉✉r❛♥t ❧❡ ❞❡r♥✐❡r ♠✐♥✐✲s❧♦t ♦ù e ❛ ❡♥✈♦②é ✉♥ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡✱ ❡❧❧❡ ❡st r❡sté❡
✶✶✽ ❈❤❛♣✐tr❡ ✹✳ ❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧
2 3 9 9 9 9 8 3 2 uu
✭❛✮ ⌊ qt(e)
c(e)
⌋
2 3 1 2 3 2 1 3 1u u
✭❜✮ γt(e)
5 9 13 14 15 14 13 9 4u u
✭❝✮ q′t(e)
0 1 1 1 1 1 1 1 0u u
✭❞✮ ♠✐♥✐✲s❧♦t 1 ❡t vt,e(1)
1 0 1 1 1 1 1 0 1u u
✭❡✮ ♠✐♥✐✲s❧♦t 2 ❡t vt,e(2)
0 0 0 1 1 1 0 0 0u u
✭❢✮ ♠✐♥✐✲s❧♦t 3 ❡t vt,e(3)
1 1 1 0 1 0 1 1 0u u
✭❣✮ ♠✐♥✐✲s❧♦t 4 ❡t vt,e(4)
❋✐❣✳ ✹✳✹ ✕ ❙♦✉s✲♣❤❛s❡ 1 ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ♣♦✉r ✉♥ ❝②❝❧❡ ❞❡ 9 ❛rêt❡s ❛✈❡❝ ❧❡ ♠♦❞è❧❡
❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ❡t ❧❡s ♣❛r❛♠ètr❡s C = 3✱ K = 5 ❡t L = 5✳
✐♥❞ét❡r♠✐♥é❡ s✐ ✉♥❡ ❛✉tr❡ ❛rêt❡ e′ ∈ ε(e) ❛ ❡♥✈♦②é ✉♥ ♠❡ss❛❣❡ ❞✉r❛♥t ❝❡ ♠✐♥✐✲s❧♦t✳
▼❛✐s ❝♦♠♠❡ q′t(e) 6= q′t(e′)✱ ✐❧ ❡①✐st❡ ✉♥ ♠✐♥✐✲s❧♦t ❛♥tér✐❡✉r ♦ù ❧✬❛rêt❡ ❞❡ ♣❧✉s ❣r❛♥❞
♣♦✐❞s ❛ ❡♥✈♦②é ✉♥ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡ ❡t ❧✬❛✉tr❡ ♥♦♥ ❀ ♠❛✐s ❧✬❛rêt❡ ❞❡ ♣❧✉s ♣❡t✐t
♣♦✐❞s ✈✐rt✉❡❧ s❡r❛✐t ❞❡✈❡♥✉❡ ✐♥❛❝t✐✈❡ à ❝❡ ♠✐♥✐✲s❧♦t✱ ✉♥❡ ❝♦♥tr❛❞✐❝t✐♦♥✳ 
❉é✜♥✐t✐♦♥ ✸✸ ✭❛rêt❡ ♠❛①✐♠✉♠ ❧♦❝❛❧✮ ❯♥❡ ❛rêt❡ e ∈ Et ❡st ✉♥❡ ❛rêt❡ ♠❛①✐♠✉♠
❧♦❝❛❧ à ❧✬ét❛♣❡ t ≥ 1✱ s✐ ∀e′ ∈ ε(e)✱ ❛❧♦rs q′t(e′) < q′t(e)✳
◆♦✉s ❞é❞✉✐s♦♥s ❞✉ ▲❡♠♠❡ ✷✺ q✉❡ ✿
❈♦r♦❧❧❛✐r❡ ✾ ❯♥❡ ❛rêt❡ ♠❛①✐♠✉♠ ❧♦❝❛❧ ❡st ❛❝t✐✈❡ à ❧❛ ✜♥ ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ ✶
❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣✳
▲❡s ❛rêt❡s ❛②❛♥t ✉♥ ❣r♦s ♣♦✐❞s ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❧♦❝❛❧ ❛♣♣❛rt✐❡♥♥❡♥t à ❧✬❡♥s❡♠❜❧❡
❞❡s ❛rêt❡s ❛❝t✐✈❡s✳ ❆✐♥s✐✱ ❧❡s ✜❧❡s ❞✬❛tt❡♥t❡ ❛ss♦❝✐é❡s à ❝❡s ❛rêt❡s ✈♦♥t ❞✐♠✐♥✉❡r✳ ❊♥
r❡✈❛♥❝❤❡ ❛♣rès ❧❛ s♦✉s✲♣❤❛s❡ 1✱ ✐❧ ❡st ♣♦ss✐❜❧❡ q✉❡ ❝❡t ❡♥s❡♠❜❧❡ ❞✬❛rêt❡s ❛❝t✐✈❡s ♥❡
s♦✐t ♣❛s ♠❛①✐♠❛❧ ✭❝✬❡st✲à✲❞✐r❡ q✉❡ ❞❡s ❛rêt❡s ♣❡✉✈❡♥t êtr❡ ❛❥♦✉té❡s s❛♥s ❡♥ ❡♥❧❡✈❡r
❞✬❛✉tr❡s✮✳ ▲❛ ✜❣✉r❡ ✹✳✹ ❞é❝r✐t ❧❛ s♦✉s✲♣❤❛s❡ 1 ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ♣♦✉r ✉♥ ❝②❝❧❡ ❝♦♠✲
♣♦sé ❞❡ 10 ❛rêt❡s ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ❡t ❧❡s ♣❛r❛♠ètr❡s
C = 3✱ K = 5 ❡t L = 5✳ ▲♦rs ❞✉ ♠✐♥✐✲s❧♦t 1✱ t♦✉t❡s ❧❡s ❛rêt❡s ❡♥✈♦✐❡♥t ✉♥ ♠❡ss❛❣❡
✹✳✷✳ ❆❧❣♦r✐t❤♠❡ ▲♦❣ ✶✶✾
❆❧❣♦r✐t❤♠❡ ✻ ✿ ❆❧❣♦r✐t❤♠❡ ▲♦❣ ♣♦✉r ✉♥❡ ❛rêt❡ e ∈ E
Pré❝♦♥❞✐t✐♦♥ ✿ qt(e)✱ γt(e)✳
P♦st❝♦♥❞✐t✐♦♥ ✿ r❡t♦✉r♥❡ ❛❝t✐✈❡ ♦✉ ✐♥❛❝t✐✈❡
✶✿ e ❝❛❧❝✉❧❡ q′t(e) ❡t vt,e
✷✿ s(e) = 0
✸✿ ♣♦✉r j = 1, . . . , α ❢❛✐r❡
✹✿ ♣♦✉r i = 1, . . . , T ❢❛✐r❡
✺✿ s✐ s(e) = 0 ❡t vt,e(i) = 1 ❛❧♦rs
✻✿ e ❡♥✈♦✐❡ ✉♥ ♠❡ss❛❣❡ ✭❛✉① ❛rêt❡s ❞❡ ε(e))
✼✿ s✐ e ♥❡ r❡ç♦✐t ♣❛s ❞❡ ♠❡ss❛❣❡ ❛❧♦rs
✽✿ s(e) = 1
✾✿ s✐ s = 0✱ vt,e(i) = 0 ❡t e r❡ç♦✐t ✉♥ ♠❡ss❛❣❡ ❛❧♦rs
✶✵✿ s(e) = −1
✶✶✿ s✐ s(e) = 1 ❛❧♦rs
✶✷✿ e ❡♥✈♦✐❡ ✉♥ ♠❡ss❛❣❡ ✭❛✉① ❛rêt❡s ❞❡ ε(e))
✶✸✿ s✐ s(e) = −1 ❡t e ♥❡ r❡ç♦✐t ♣❛s ❞❡ ♠❡ss❛❣❡ ❛❧♦rs
✶✹✿ s(e) = 0
✶✺✿ s✐ s(e) = 1 ❛❧♦rs
✶✻✿ r❡t♦✉r♥❡r ❛❝t✐✈❡
✶✼✿ s✐♥♦♥
✶✽✿ r❡t♦✉r♥❡r ✐♥❛❝t✐✈❡
❞❡ ❝♦♥trô❧❡ s❛✉❢ ❧❡s ❞❡✉① ❛rêt❡s ✐♥❝✐❞❡♥t❡s ❛✉ s♦♠♠❡t u ✭✜❣✉r❡ ✹✳✹✭❞✮✮✳ ❆✐♥s✐✱ t♦✉t❡s
❧❡s ❛rêt❡s r❡st❡♥t ✐♥❞ét❡r♠✐♥é❡s s❛✉❢ ❧❡s ❞❡✉① ❛rêt❡s ✐♥❝✐❞❡♥t❡s à u q✉✐ ❞❡✈✐❡♥♥❡♥t
✐♥❛❝t✐✈❡s✳ ▲♦rs ❞✉ ♠✐♥✐✲s❧♦t 2✱ ❞❡✉① ❛rêt❡s ❞❡✈✐❡♥♥❡♥t ✐♥❛❝t✐✈❡s ❡t s✐① r❡st❡♥t ✐♥❞ét❡r✲
♠✐♥é❡s ✭✜❣✉r❡ ✹✳✹✭❡✮✮✳ ❆♣rès ❧❡ ♠✐♥✐✲s❧♦t 3✱ ❧❡s ❛rêt❡s s♦♥t t♦✉t❡s ✐♥❛❝t✐✈❡s s❛✉t tr♦✐s
q✉✐ s♦♥t ✐♥❞ét❡r♠✐♥é❡s ✭✜❣✉r❡ ✹✳✹✭❢✮✮✳ ▲♦rs ❞✉ ♠✐♥✐✲s❧♦t 4✱ ❧✬❛rêt❡ ❝❡♥tr❛❧❡ ❡♥✈♦✐❡ ✉♥
♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡ s❛♥s ❡♥ r❡❝❡✈♦✐r ✉♥ ✿ ❝❡tt❡ ❞❡r♥✐èr❡ ❞❡✈✐❡♥t ❛❝t✐✈❡ ❡t ❧❡s ❞❡✉①
❛✉tr❡s ❞❡✈✐❡♥♥❡♥t ✐♥❛❝t✐✈❡s ✭✜❣✉r❡ ✹✳✹✭❣✮✮✳ P♦✉r ✉♥ t❡❧ ❣r❛♣❤❡ G✱ ❝❡❧❛ r❡♣rés❡♥t❡ ❧❡
♣✐r❡ ❞❡s ❝❛s ❡♥ t❡r♠❡s ❞❡ ❝❛r❞✐♥❛❧✐té ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛rêt❡s ❛❝t✐✈❡s ❢♦r♠❛♥t ✉♥
❝♦✉♣❧❛❣❡ ❞❡ G✳ ❊♥ ❡✛❡t✱ ❛♣rès ❧❛ s♦✉s✲♣❤❛s❡ 1✱ s❡✉❧❡ ❧✬❛rêt❡ ❝❡♥tr❛❧❡ ❡st ❛❝t✐✈❡✳ ❯♥❡
♣♦ss✐❜✐❧✐té ❡st ❞✬❛❥♦✉t❡r ❞❡s ♠✐♥✐✲s❧♦ts ♣♦✉r ♦❜t❡♥✐r ♣❧✉s ❞✬❛rêt❡s ❛❝t✐✈❡s ❡♥ ✉t✐❧✐s❛♥t
✉♥ ♣r♦❝❡ss✉s ❛❧é❛t♦✐r❡✳ ❯♥❡ ❛✉tr❡ s♦❧✉t✐♦♥ ❝♦♥s✐st❡ à ré♣ét❡r α − 1 ❢♦✐s ❝❡tt❡ s♦✉s✲
♣❤❛s❡ ❥✉sq✉✬à ♦❜t❡♥✐r ✉♥ ❡♥s❡♠❜❧❡ ♠❛①✐♠❛❧✳ ◆♦✉s ❞é❝r✐✈♦♥s ❝❡tt❡ ❞❡r♥✐èr❡ s♦❧✉t✐♦♥
❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✷✳✷✳✷ ❡t ❞ét❡r♠✐♥♦♥s ❧❛ ✈❛❧❡✉r ❞❡ α ♣♦✉r ❣❛r❛♥t✐r ❧❛ ♠❛①✐♠❛❧✐té
✭❚❤é♦rè♠❡ ✷✶✱ s❡❝t✐♦♥ ✹✳✸✳✶✮✳
✹✳✷✳✷✳✷ ❆✉tr❡s s♦✉s✲♣❤❛s❡s ❞❡ ❧❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡
❈♦♠♠❡ ❞é❝r✐t ♣ré❝é❞❡♠♠❡♥t✱ ✐❧ ❡st ♣♦ss✐❜❧❡ q✉❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛rêt❡s ❛❝t✐✈❡s ♥❡
s♦✐t ♣❛s ♠❛①✐♠❛❧ ❛♣rès ❧❛ s♦✉s✲♣❤❛s❡ 1 ✭❡♥ ❝♦♥s✐❞ér❛♥t Gt✮✳ P♦✉r ♣❛❧❧✐❡r ❝❡ ♣r♦❜❧è♠❡✱
♥♦✉s ré♣ét♦♥s α−1 ❢♦✐s ❧❛ s♦✉s✲♣❤❛s❡ 1 ❛✈❡❝ s❡✉❧❡♠❡♥t ❧❡s ❛rêt❡s ✐♥❛❝t✐✈❡s q✉✐ ♥✬♦♥t
♣❛s ❞✬❛rêt❡s ❛❝t✐✈❡s ❞❛♥s ❧❡✉rs ③♦♥❡s ❞✬✐♥t❡r❢ér❡♥❝❡ r❡s♣❡❝t✐✈❡s✳ ❘❛♣♣❡❧♦♥s q✉✬❛♣rès
❧❛ s♦✉s✲♣❤❛s❡ 1✱ ❝❤❛q✉❡ ❛rêt❡ e ∈ Et ❡st s♦✐t ❛❝t✐✈❡ s♦✐t ✐♥❛❝t✐✈❡ ✭▲❡♠♠❡ ✷✺✮✳ ◆♦✉s
✶✷✵ ❈❤❛♣✐tr❡ ✹✳ ❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧
❛❥♦✉t♦♥s ❛❧♦rs ✉♥ ♠✐♥✐✲s❧♦t ❞❡ ré✐♥✐t✐❛❧✐s❛t✐♦♥ ❛♣rès ❝❤❛q✉❡ s♦✉s✲♣❤❛s❡ j✱ 1 ≤ j ≤ α−
1✱ ❞❛♥s ❧❡q✉❡❧ ❝❤❛q✉❡ ❛rêt❡ ❛❝t✐✈❡ ❡♥✈♦✐❡ ✉♥ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡ ❡t ❧❡s ❛rêt❡s ✐♥❛❝t✐✈❡s
r❡❞❡✈✐❡♥♥❡♥t ✐♥❞ét❡r♠✐♥é❡s s✐ ❡❧❧❡s ♥❡ r❡ç♦✐✈❡♥t ♣❛s ❞❡ ♠❡ss❛❣❡ ✭❧✐❣♥❡s ✶✺ à ✷✵ ❞❡
❧✬❆❧❣♦r✐t❤♠❡ ✻✮✳ ▲❛ ♣r♦❝❤❛✐♥❡ s♦✉s✲♣❤❛s❡ ❝♦♥❝❡r♥❡r❛ ❞♦♥❝ ✉♥✐q✉❡♠❡♥t ❝❡s ❛rêt❡s
✐♥❞ét❡r♠✐♥é❡s✳ ▲❡ ❚❤é♦rè♠❡ ✷✶ ❞❡ ❧❛ s❡❝t✐♦♥ ✹✳✸✳✶ ♠♦♥tr❡ q✉❡ s✐ ♥♦✉s ❝❤♦✐s✐ss♦♥s
α = T ✱ ❛❧♦rs à ❧❛ ✜♥ ❞❡ ❧❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡ ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣✱ ❧✬❡♥s❡♠❜❧❡ ❞✬❛rêt❡s
❛❝t✐✈❡s ❡st ♠❛①✐♠❛❧ ❡♥ ❝♦♥s✐❞ér❛♥t Gt✳
▲✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❡st ❛❧♦rs ❞é✜♥✐ ♣❛r ❧❡s α s♦✉s✲♣❤❛s❡s ❞é❝r✐t❡s ♣ré❝é❞❡♠♠❡♥t✳
▲✬❆❧❣♦r✐t❤♠❡ ✻ ❞é❝r✐t ❢♦r♠❡❧❧❡♠❡♥t ❧✬❛❧❣♦r✐t❤♠❡ ✉t✐❧✐sé ♣❛r ❝❤❛❝✉♥❡ ❞❡s ❛rêt❡s ✿
s(e) = 1 s✐ e ❡st ❛❝t✐✈❡✱ s(e) = 0 s✐ e ❡st ✐♥❞ét❡r♠✐♥é❡ ❡t s(e) = −1 s✐ e ❡st ✐♥❛❝t✐✈❡✳
◆♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❧❛ s✉✐t❡ ❞❡✉① ❛♣♣❧✐❝❛t✐♦♥s ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ✿ ♣♦✉r ✉♥❡
❣r✐❧❧❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ✭s❡❝t✐♦♥ ✹✳✷✳✷✳✸✮ ❡t ♣♦✉r ✉♥
❣r❛♣❤❡ ❛❧é❛t♦✐r❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 1 ✭s❡❝t✐♦♥ ✹✳✷✳✷✳✹✮✳
◆♦✉s ❞é❝r✐✈♦♥s ❧❡ ♠♦❞è❧❡ ❛❧é❛t♦✐r❡ q✉❡ ♥♦✉s ✉t✐❧✐s♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✹✳✷✳✸✳
✹✳✷✳✷✳✸ ●r✐❧❧❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ ❞❂✵
❙♦✐t G = (V,E) ✉♥❡ ❣r✐❧❧❡ ❝♦♠♣♦sé❡ ❞❡ |V | = 16 s♦♠♠❡ts ❡t ❞❡ |E| = 24 ❛rêt❡s
✭✜❣✉r❡ ✹✳✺✮✳ ▲❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ❛ss✉r❡ q✉✬✉♥ ❡♥s❡♠❜❧❡ ✈❛❧✐❞❡
❞✬❛rêt❡s ❛❝t✐✈❡s ❡st ✉♥ ❝♦✉♣❧❛❣❡ ❞❡ G✳ ❉❛♥s ♥♦tr❡ ❡①❡♠♣❧❡✱ ❧❡ ♣❧✉s ♣❡t✐t C r❡s♣❡❝t❛♥t
❧❡s ❝♦♥tr❛✐♥t❡s ❞é❝r✐t❡s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✷✳✶ ❡st C = 4 ✭✈♦✐r ❧❛ ✜❣✉r❡ ✹✳✺✭❜✮ ♣♦✉r ✉♥
❡①❡♠♣❧❡ ❞❡ ❝♦❧♦r❛t✐♦♥ ♦♣t✐♠❛❧❡✮✳ ◆♦✉s ❝❤♦✐s✐ss♦♥s K = 15 ❡t L = 140✳ ❙♦✐t ❧✬ét❛♣❡
t ≥ 1✳ ▲❡s ✈❛❧❡✉rs ⌊ qt(e)c(e) ⌋✱ γt(e) ❡t q′t(e) s♦♥t r❡♣rés❡♥té❡s ❞❛♥s ❧❛ ✜❣✉r❡ ✹✳✺✭❛✮✱
❞❛♥s ❧❛ ✜❣✉r❡ ✹✳✺✭❜✮ ❡t ❞❛♥s ❧❛ ✜❣✉r❡ ✹✳✺✭❝✮ ♣♦✉r ❝❤❛q✉❡ ❛rêt❡ e ∈ E✱ r❡s♣❡❝t✐✲
✈❡♠❡♥t✳ P❛r ❡①❡♠♣❧❡ ♣♦✉r ❧✬❛rêt❡ e ❞❡ ♣♦✐❞s qt(e) = 94 ❡t ❞❡ ❝♦✉❧❡✉r γt(e) = 1✱
♥♦✉s ❛✈♦♥s q′t(e) = 37 ❡♥ ✉t✐❧✐s❛♥t ❧✬éq✉❛t✐♦♥ ✹✳✶ ❞❡ ❧❛ ❉é✜♥✐t✐♦♥ ✸✶✳ ▲❡ ✈❡❝t❡✉r
❞❡ ❝♦♥trô❧❡ ❡st ❛❧♦rs vt,e(e) = (1, 0, 0, 1, 0, 1)✳ ❉é❝r✐✈♦♥s ♠❛✐♥t❡♥❛♥t ❧❛ s♦✉s✲♣❤❛s❡ 1
❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❝♦♠♣♦sé❡ ❞❡ T = ⌈log2(CK) + 1⌉ = 6 ♠✐♥✐✲s❧♦ts✳ ❆✈❛♥t ❧❡ ♠✐♥✐✲
s❧♦t 1✱ ❝❤❛q✉❡ ❛rêt❡ ❡st ✐♥❞ét❡r♠✐♥é❡✳ ▲❛ ✜❣✉r❡ ✹✳✺✭❞✮ r❡♣rés❡♥t❡ ❧✬ét❛t ❞❡s ❛rêt❡s
❛♣rès ❧❡ ♠✐♥✐✲s❧♦t 1✳ P❛r ❡①❡♠♣❧❡ ❧✬❛rêt❡ ❛②❛♥t q′t(e) = 53 ❞❡✈✐❡♥t ❛❝t✐✈❡✳ ❉❡ ♣❧✉s✱ ✐❧
② ❛ tr♦✐s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❞✬❛rêt❡s ✐♥❞ét❡r♠✐♥é❡s ❝♦♠♣♦sé❡s ❞❡ 5✱ 3 ❡t 2 ❛rêt❡s✱
r❡s♣❡❝t✐✈❡♠❡♥t✳ ❆♣rès ❧❡ ♠✐♥✐✲s❧♦t 2✱ ✐❧ ② ❛ tr♦✐s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❞✬❛rêt❡s ✐♥✲
❞ét❡r♠✐♥é❡s ❝♦♠♣♦sé❡s ❞❡ 2✱ 3 ❡t 2 ❛rêt❡s✱ r❡s♣❡❝t✐✈❡♠❡♥t ✭✜❣✉r❡ ✹✳✺✭❡✮✮✳ ❆♣rès ❧❡
♠✐♥✐✲s❧♦t 3✱ ✉♥❡ ❞❡✉①✐è♠❡ ❛rêt❡ ❞❡✈✐❡♥t ❛❝t✐✈❡ ❡t ✐❧ ② ❛ tr♦✐s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s
❞✬❛rêt❡s ✐♥❞ét❡r♠✐♥é❡s ❝♦♠♣♦sé❡s ❞❡ 2✱ 1 ❡t 2 ❛rêt❡s✱ r❡s♣❡❝t✐✈❡♠❡♥t ✭✜❣✉r❡ ✹✳✺✭❢✮✮✳
❆♣rès ❧❡ ♠✐♥✐✲s❧♦t 4✱ ✐❧ ② ❛ ❞❡✉① ❛rêt❡s ❛❝t✐✈❡s s✉♣♣❧é♠❡♥t❛✐r❡s ❡t ♣❧✉s q✉✬✉♥❡ ❝♦♠✲
♣♦s❛♥t❡ ❝♦♥♥❡①❡ ❝♦♠♣♦sé❡ ❞❡ 2 ❛rêt❡s✳ ❆♣rès ❧❡ ♠✐♥✐✲s❧♦t 5✱ ✉♥❡ ❛rêt❡ ❞❡✈✐❡♥t ❛❝t✐✈❡
❡t ✐❧ ♥✬② ❛ ♣❧✉s ❞✬❛rêt❡s ✐♥❞ét❡r♠✐♥é❡s ✭✜❣✉r❡ ✹✳✺✭❣✮✮✳ ❆✐♥s✐ ❛♣rès T = 6 ♠✐♥✐✲s❧♦ts
✭❝✬❡st✲à✲❞✐r❡ ❛♣rès ❧❛ s♦✉s✲♣❤❛s❡ 1 ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣✮✱ ✉♥ ❡♥s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s
❛❝t✐✈❡s ❡st ❞ét❡r♠✐♥é✳ ❊♥ r❡✈❛♥❝❤❡✱ ✐❧ ❡st ❢❛❝✐❧❡ ❞❡ ✈ér✐✜❡r q✉❡ ❝❡ ❝♦✉♣❧❛❣❡ ♥✬❡st
♣❛s ♠❛①✐♠❛❧✳ ❆✉ ❞é❜✉t ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ 2✱ ❧❡s ❛rêt❡s ✐♥❛❝t✐✈❡s s❛♥s ❛rêt❡s ❛❝t✐✈❡s
❞❛♥s ❧❡✉rs ③♦♥❡s ❞✬✐♥t❡r❢ér❡♥❝❡ r❡❞❡✈✐❡♥♥❡♥t ✐♥❞ét❡r♠✐♥é❡s ✭❝❡❧❛ ❡st ♣♦ss✐❜❧❡ ❛✈❡❝
✉♥ ♠✐♥✐✲s❧♦t✮✳ ❆♣rès ❧❛ s♦✉s✲♣❤❛s❡ 2✱ ✉♥ ❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ ❡st ❞ét❡r♠✐♥é✳ ▲❡ ❚❤é♦✲
rè♠❡ ✷✶ ❞❡ ❧❛ s❡❝t✐♦♥ ✹✳✸✳✶ ❣❛r❛♥t✐t q✉❡ α = T s♦✉s✲♣❤❛s❡s s♦♥t s✉✣s❛♥t❡s ♣♦✉r
✹✳✷✳ ❆❧❣♦r✐t❤♠❡ ▲♦❣ ✶✷✶
94 45 37
2578
128 28 21
114 21 26
13922
13127135
184
12
18101
49
27
6
106
✭❛✮ ⌊ qt(e)
c(e)
⌋
1 2 1
1
1
12
2
2
1
1
1
3
4
3 3 3 3
4
333
4 4
✭❜✮ γt(e)
37 18 13
9
42
29
51 11 11
48 12 12
5511
531053
59
6
541
19
12
3
✭❝✮ q′t(e)
1 0 0
0
0
10
0
1
1
0
1
0
0
0 0 1 1
0
001
1 0
✭❞✮ ♠✐♥✐✲s❧♦t 1 ❡t
vt,e(1)
0 1 0
0
0
10
0
0
1
1
0
1
0
0 0 1 1
0
001
1 0
✭❡✮ ♠✐♥✐✲s❧♦t 2 ❡t vt,e(2)
0 0 1
0
1
01
0
1
0
1
1
0
1
0 1 0 1
1
110
0 1
✭❢✮ ♠✐♥✐✲s❧♦t 3 ❡t vt,e(3)
1 0 1
1
0
10
1
0
1
1
0
0
1
1 0 1 0
1
000
0 1
✭❣✮ ♠✐♥✐✲s❧♦t 4 ❡t vt,e(4)
0 1 0
0
0
01
1
1
0
0
0
1
0
1 1 1 1
0
111
0 0
✭❤✮ ♠✐♥✐✲s❧♦t 5 ❡t
vt,e(5)
1 0 1
1
1
10
0
0
1
1
1
1
0
1 1 1 1
0
111
0 0
✭✐✮ ♠✐♥✐✲s❧♦t 6 ❡t vt,e(6) ✭❥✮ ❆♣rès ❧❛ s♦✉s✲♣❤❛s❡
1
✭❦✮ ❆✈❛♥t ❧❛ s♦✉s✲♣❤❛s❡
2
✭❧✮ ❆♣rès ❧❛ s♦✉s✲♣❤❛s❡
2
❋✐❣✳ ✹✳✺ ✕ ❆❧❣♦r✐t❤♠❡ ▲♦❣ ♣♦✉r ✉♥❡ ❣r✐❧❧❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡
d = 0 ❡t ❧❡s ♣❛r❛♠ètr❡s C = 4✱ K = 15 ❡t L = 140✳
♦❜t❡♥✐r ❝❡tt❡ ♣r♦♣r✐été ❞❡ ♠❛①✐♠❛❧✐té✳
✹✳✷✳✷✳✹ ●r❛♣❤❡ ❛❧é❛t♦✐r❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ ❞❂✶
❈♦♥s✐❞ér♦♥s ❧❡ ❣r❛♣❤❡ G = (V,E) ❝♦♠♣♦sé ❞❡ |V | = 33 s♦♠♠❡ts ❡t ❞❡ |E| = 56
❛rêt❡s ✭✜❣✉r❡ ✹✳✻✮✳ G ❛ été ❣é♥éré s❡❧♦♥ ❧❡ ♣r♦❝❡ss✉s ❞é❝r✐t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✹✳✷✳✸✳
▲❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 1 ❛ss✉r❡ q✉✬✉♥ ❡♥s❡♠❜❧❡ ✈❛❧✐❞❡ ❞✬❛rêt❡s
❛❝t✐✈❡s ❢♦r♠❡ ✉♥ ❝♦✉♣❧❛❣❡ ✐♥❞✉✐t ❞❡ G✳ ▲❛ ✜❣✉r❡ ✹✳✻ ♠♦♥tr❡ ❧❡s q✉❛tr❡ ♣r❡♠✐❡rs
♠✐♥✐✲s❧♦ts ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ 1 ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣✳ ◆♦✉s ♦❜t❡♥♦♥s ❛♣rès ❧❡ ♠✐♥✐✲s❧♦t 4
✉♥ ❝♦✉♣❧❛❣❡ ✐♥❞✉✐t ♠❛①✐♠❛❧ ❡t ❞♦♥❝ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛rêt❡s ❛❝t✐✈❡s✳
✶✷✷ ❈❤❛♣✐tr❡ ✹✳ ❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧
1
1
0
1
1
1
1
1
1
1
1
1
0 1
0
1
111
1
1
1
1
0
1
0
0
1
1 1
1
1
0
1
1
00
1
1
11
1
1
0
1
1
1
1
1
1
1 1
0
0
0
1
✭❛✮ ♠✐♥✐✲s❧♦t 1 ❡t vt,e(1)
0
1
1
1
1
0
0
0
1
1
1
1
1 1
0
0
110
0
0
0
1
0
0
0
0
0
1 0
1
0
0
1
0
01
0
0
11
1
0
0
0
0
1
1
0
1
1 1
1
0
0
1
✭❜✮ ♠✐♥✐✲s❧♦t 2 ❡t vt,e(2)
0
0
0
1
0
0
1
0
1
0
0
0
0 1
1
0
000
0
0
0
1
0
0
0
1
1
0 0
1
0
0
0
0
00
1
1
00
0
0
0
1
1
1
1
1
0
0 0
0
0
0
1
✭❝✮ ♠✐♥✐✲s❧♦t 3 ❡t vt,e(3)
1
0
0
1
0
0
1
0
0
0
0
1
0 1
0
1
001
0
0
0
1
0
0
0
1
0
0 0
0
1
1
0
0
01
0
1
00
0
1
0
1
0
0
0
0
0
0 0
0
0
0
1
✭❞✮ ♠✐♥✐✲s❧♦t 4 ❡t vt,e(4)
❋✐❣✳ ✹✳✻ ✕ ▼✐♥✐✲s❧♦ts 1✱ 2✱ 3 ❡t 4 ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ 1 ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ♣♦✉r ✉♥
❣r❛♣❤❡ ❛❧é❛t♦✐r❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 1✳
✹✳✸ ❆♥❛❧②s❡
❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ✜①♦♥s t♦✉t ❞✬❛❜♦r❞ ❧❛ ✈❛❧❡✉r α ♣♦✉r ❛ss✉r❡r q✉✬à ❝❤❛q✉❡
ét❛♣❡ t ≥ 1✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛rêt❡s ❛❝t✐✈❡s ❡st ♠❛①✐♠❛❧ ✭s❡❝t✐♦♥ ✹✳✸✳✶✮✳ ◆♦✉s ❡♥
❞é❞✉✐s♦♥s✱ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✸✳✷✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♠✐♥✐✲s❧♦ts ❞❡ ❝♦♥trô❧❡ ❞✬❆❧❣♦r✐t❤♠❡
▲♦❣✳ ❊♥✜♥✱ ♥♦✉s ❞é❝r✐✈♦♥s ❝♦♠♠❡♥t ❞ét❡r♠✐♥❡r ❧❡s ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s C✱ K ❡t L
✭s❡❝t✐♦♥ ✹✳✸✳✸ ❡t s❡❝t✐♦♥ ✹✳✸✳✹✮✳
✹✳✸✳✶ ▼❛①✐♠❛❧✐té ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛rêt❡s ❛❝t✐✈❡s
P♦✉r t♦✉t❡ ét❛♣❡ t ≥ 1✱ ♥♦✉s ♣r♦✉✈♦♥s ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✷✶ q✉✬❛♣rès ❧❛ ♣❤❛s❡
❞❡ ❝♦♥trô❧❡ ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛rêt❡s ❛❝t✐✈❡s ❡st t♦✉❥♦✉rs ♠❛①✐♠❛❧
✭❡♥ ❝♦♥s✐❞ér❛♥t Gt✮ s✐ ♥♦✉s ❝❤♦✐s✐ss♦♥s α = T = ⌈log2(CK) + 1⌉✳
❚❤é♦rè♠❡ ✷✶ ❙✐ ♥♦✉s ❝❤♦✐s✐ss♦♥s α = T = ⌈log2(CK) + 1⌉ ❞❛♥s ❧✬❆❧❣♦r✐t❤♠❡
▲♦❣✱ ❛❧♦rs ∀e ∈ Et✱ ✐❧ ❡①✐st❡ ✭❛✉ ♠♦✐♥s✮ ✉♥❡ ❛rêt❡ e′ ∈ ε(e) ∪ {e} t❡❧❧❡ q✉❡ e′ ❡st
❛❝t✐✈❡ ❛♣rès ❧❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡ ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣✳
Pr❡✉✈❡ ✿ ❙♦✐t T = ⌈log2(CK) + 1⌉✳ ❙♦✐t e1 ✉♥❡ ❛rêt❡ q✉❡❧❝♦♥q✉❡ ❞❡ Et✳ ❙♦✐t e1 ❡st
❛❝t✐✈❡ à ❧❛ ✜♥ ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ 1 ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❡t ❧❡ t❤é♦rè♠❡ ❡st ♣r♦✉✈é✳ ❙✐♥♦♥
e1 ❡st ✐♥❛❝t✐✈❡ à ❝❛✉s❡ ❞✬✉♥❡ ❛rêt❡ e2 ∈ ε(e1) ✭❛✈❡❝ q′t(e2) > q′t(e1)✮ q✉✐ ❛ ❡♥✈♦②é ✉♥
♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡ à ✉♥ ❝❡rt❛✐♥ ♠✐♥✐✲s❧♦t t1✳ ❙♦✐t e2 ❡st ❛❝t✐✈❡ ❡t ❧❡ t❤é♦rè♠❡ ❡st
♣r♦✉✈é✱ s♦✐t e2 ❡st ✐♥❛❝t✐✈❡ à ❝❛✉s❡ ❞✬✉♥❡ ❛rêt❡ e3 ∈ ε(e2) q✉✐ ❛ ❡♥✈♦②é ✉♥ ♠❡ss❛❣❡
✹✳✸✳ ❆♥❛❧②s❡ ✶✷✸
❞❡ ❝♦♥trô❧❡ à ✉♥ ❝❡rt❛✐♥ ♠✐♥✐✲s❧♦t t2 > t1 ❡t ❛✐♥s✐ ❞❡ s✉✐t❡✳ ❙♦✐t k ❧❡ ♣❧✉s ❣r❛♥❞ ✐♥❞✐❝❡
❞✬✉♥❡ séq✉❡♥❝❡ ❞✬❛rêt❡s ✐♥❛❝t✐✈❡s e1, e2, . . . , ek t❡❧❧❡ q✉❡ ❧✬❛rêt❡ ei ✭1 ≤ i ≤ k✮ ❡st
✐♥❛❝t✐✈❡ à ❝❛✉s❡ ❞❡ ei+1 ∈ ε(ei) q✉✐ ❛ ❡♥✈♦②é ✉♥ ♠❡ss❛❣❡ ❞❡ ❝♦♥trô❧❡ ❛✉ ♠✐♥✐✲s❧♦t
ti ❡t ❧✬❛rêt❡ ek+1 ❡st ❛❝t✐✈❡✳ ❈♦♠♠❡ T ≥ tk > . . . > ti > ti−1 > . . . > t1 ≥ 1✱ ♥♦✉s
❛✈♦♥s k ≤ T ✳
◆♦✉s ♣r♦✉✈♦♥s ♠❛✐♥t❡♥❛♥t ♣❛r ✐♥❞✉❝t✐♦♥ q✉❡✱ à ❧❛ ✜♥ ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ j
❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣✱ ❧❛ ♣❧✉s ❧♦♥❣✉❡ séq✉❡♥❝❡ ❞✬❛rêt❡s e1, e2, . . . , ekj t❡❧❧❡ q✉❡ ei
✭1 ≤ i ≤ kj✮ ❡st ❞❡✈❡♥✉❡ ✐♥❛❝t✐✈❡ à ❝❛✉s❡ ❞❡ ei+1 ∈ ε(ei) ❡t ❧✬❛rêt❡ ekj+1 ❡st
❛❝t✐✈❡✱ ✈ér✐✜❡ kj ≤ T − j + 1✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉✱ ❝❡❧❛ ❡st ✈r❛✐ ♣♦✉r j = 1✳
❙✉♣♣♦s♦♥s ♠❛✐♥t❡♥❛♥t q✉❡ ❝❡❧❛ ❡st ✈r❛✐ ❥✉sq✉✬à j−1✳ ❘❡♠❛rq✉♦♥s q✉❡ ekj+1 ♥✬ét❛✐t
♣❛s ❛❝t✐✈❡ à ❧❛ ✜♥ ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ j−1✱ s✐♥♦♥ ekj ❛✉r❛✐t été ❞é✜♥✐t✐✈❡♠❡♥t ✐♥❛❝t✐✈❡
à ❧❛ ✜♥ ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ j−1 ❡t ♥✬❛✉r❛✐t ♣❛s ♣❛rt✐❝✐♣é à ❧❛ s♦✉s✲♣❤❛s❡ j ✳ ❈♦♠♠❡ ❧❡s
❛rêt❡s e1, e2, . . . , ekj s♦♥t ❛✉ss✐ ✐♥❛❝t✐✈❡s à ❧❛ ✜♥ ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ j − 1✱ ♥♦✉s ❛✈♦♥s
✉♥❡ séq✉❡♥❝❡ ❞✬❛rêt❡s ✐♥❛❝t✐✈❡s ❞❡ t❛✐❧❧❡ kj + 1 ❡t ♣❛r ❤②♣♦t❤ès❡ ❧❛ t❛✐❧❧❡ ❞❡ ❝❡tt❡
séq✉❡♥❝❡ ✈ér✐✜❡ kj + 1 ≤ T − (j − 1) + 1 ❡t ❞♦♥❝ kj ≤ T − j + 1✳ ❆✐♥s✐✱ ♣♦✉r ✉♥
❝❡rt❛✐♥ j0 ≤ T ✱ kj0 ≤ 1 ✐♠♣❧✐q✉❛♥t q✉✬à ❧❛ ✜♥ ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ j0 t♦✉t❡ ❛rêt❡ e ❡st
s♦✐t ❛❝t✐✈❡✱ s♦✐t ✐♥❛❝t✐✈❡ à ❝❛✉s❡ ❞✬✉♥❡ ❛rêt❡ ❛❝t✐✈❡ e′ ∈ ε(e) ∪ {e}✳ 
✹✳✸✳✷ ◆♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s ❞❡ ❝♦♥trô❧❡
◆♦✉s ❞♦♥♥♦♥s ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✷✷ ❧❡ ♥♦♠❜r❡ ❞❡ ♠✐♥✐✲s❧♦ts ❞❡ ❧❛ ♣❤❛s❡ ❞❡
❝♦♥trô❧❡ ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s K ❡t C✳
❚❤é♦rè♠❡ ✷✷ ▲❡ ♥♦♠❜r❡ ❞❡ ♠✐♥✐✲s❧♦ts ❞❡ ❧❛ ♣❤❛s❡ ❞❡ ❝♦♥trô❧❡ ❞✬❆❧❣♦r✐t❤♠❡
▲♦❣ ❡st Tlog = ⌈log2(CK) + 1⌉2 + ⌈log2(CK) + 1⌉ − 1✳
Pr❡✉✈❡ ✿ ▲❛ s♦✉s✲♣❤❛s❡ 1 ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❡st ❝♦♠♣♦sé❡ ❞❡ T = ⌈log2(CK) + 1⌉
♠✐♥✐✲s❧♦ts✳ ▲❡ ❚❤é♦rè♠❡ ✷✶ ❣❛r❛♥t✐t q✉✬❛✈❡❝ α = T s♦✉s✲♣❤❛s❡s✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛rêt❡s
❛❝t✐✈❡s ❡st ♠❛①✐♠❛❧✳ ❉❡ ♣❧✉s✱ à ❧❛ ✜♥ ❞❡ ❧❛ s♦✉s✲♣❤❛s❡ i✱ 1 ≤ i ≤ T − 1✱ ✉♥ ♠✐♥✐✲s❧♦t
❞❡ ré✐♥✐t✐❛❧✐s❛t✐♦♥ ❡st ♥é❝❡ss❛✐r❡✳ ❊♥ ❡✛❡t✱ ❝❤❛q✉❡ ❛rêt❡ ❛❝t✐✈❡ ❡♥✈♦✐❡ ✉♥ ♠❡ss❛❣❡
❞❡ ❝♦♥trô❧❡ ❡t ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞✬❛rêt❡s ✐♥❛❝t✐✈❡s r❡❞❡✈✐❡♥♥❡♥t ✐♥❞ét❡r♠✐♥é❡s s✐
❡❧❧❡s ♥✬♦♥t ♣❛s r❡ç✉ ❞❡ ♠❡ss❛❣❡✳ T −1 ♠✐♥✐✲s❧♦ts s✉♣♣❧é♠❡♥t❛✐r❡s s♦♥t ❛❥♦✉tés✳ ❉♦♥❝
Tlog = T
2 + T − 1✳ 
✹✳✸✳✸ ❈❛❧❝✉❧ ❞✉ ♥♦♠❜r❡ ❈ ❞❡ ❝♦✉❧❡✉rs
❉❛♥s ❧❡ ❜✉t ❞✬❛✈♦✐r ✉♥ ♥♦♠❜r❡ ♣❡t✐t ❞❡ ♠✐♥✐✲s❧♦ts Tlog✱ ♥♦✉s ❞❡✈♦♥s ❝❤♦✐s✐r ✉♥❡
♣❡t✐t❡ ✈❛❧❡✉r ♣♦✉r ❧❛ ❝♦♥st❛♥t❡ C t♦✉t ❡♥ ❛ss✉r❛♥t q✉❡ ∀e ∈ E✱ ∀e′ ∈ ε(e)✱ ❛❧♦rs
γ(e) 6= γ(e′) ❡t 1 ≤ γ(e), γ(e′) ≤ C✳ ❘❛♣♣❡❧♦♥s q✉❡ s✐ γ(e) 6= γ(e′)✱ ❛❧♦rs ∀t ≥ 1✱
♥♦✉s ❛✈♦♥s γt(e) 6= γt(e′)✳
❊t❛♥t ❞♦♥♥é ✉♥ ❣r❛♣❤❡ G = (V,E)✱ ❧❡ ♣r♦❜❧è♠❡ ❝♦♥s✐st❡ à ❛ss♦❝✐❡r ✉♥ ❡♥t✐❡r
✭✉♥❡ ❝♦✉❧❡✉r✮ γ(e) à ❝❤❛❝✉♥❡ ❞❡s ❛rêt❡s e ∈ E t❡❧s q✉❡ ❧❡s ❞❡✉① ❡♥t✐❡rs ❛ss♦❝✐és à
❞❡✉① ❛rêt❡s e, e′ ∈ E ❛✈❡❝ e ∈ ε(e′) s♦✐❡♥t ❞✐✛ér❡♥ts✱ ♠✐♥✐♠✐s❛♥t ❧❡ ♥♦♠❜r❡ t♦t❛❧
❞✬❡♥t✐❡rs ✭❝♦✉❧❡✉rs✮ ✉t✐❧✐sés✳ ❉❛♥s ♥♦tr❡ ♣r♦❜❧è♠❡ ❧✬❡♥t✐❡r ✭❧❛ ❝♦✉❧❡✉r✮ ❛ss♦❝✐é à ❧✬❛rêt❡
e ❝♦rr❡s♣♦♥❞ à γ(e) ❡t ❧❡ ♥♦♠❜r❡ t♦t❛❧ ♠✐♥♠✉♠ ❞❡ ❝♦✉❧❡✉rs ❝♦rr❡s♣♦♥❞ ❛✉ ♣❧✉s ♣❡t✐t
✶✷✹ ❈❤❛♣✐tr❡ ✹✳ ❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧
C r❡s♣❡❝t❛♥t ❧❡s ❝♦♥tr❛✐♥t❡s ♣ré❝é❞❡♥t❡s✳ ■❧ ❡①✐st❡ ✉♥ ❛❧❣♦r✐t❤♠❡ ❣❧♦✉t♦♥ ♣♦✉r ♦❜t❡♥✐r
2∆(G)d+1 ❞✐✛ér❡♥ts ❡♥t✐❡rs ✭❝♦✉❧❡✉rs✮ ❡♥ t❡♠♣s ❧✐♥é❛✐r❡ ❬❉✐❡✾✼❪ ❛✈❡❝ ∆(G) ❧❡ ❞❡❣ré
♠❛①✐♠✉♠ ❞❛♥s G ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d✳
❉❛♥s ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✉ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0✱ ❧❡ ♣r♦❜❧è♠❡
❞❡ ♠✐♥✐♠✐s❡r C r❡✈✐❡♥t à ❝❛❧❝✉❧❡r ❧✬✐♥❞✐❝❡ ❝❤r♦♠❛t✐q✉❡ ❞✉ ❣r❛♣❤❡ ✭❊❞❣❡ ❈❤r♦♠❛✲
t✐❝ ◆✉♠❜❡r✮✱ ♥♦té χ′(G)✱ ❞❡ G ✭✈♦✐r ❬❋❲✼✼❪✮✳ ▲❡ ❚❤é♦rè♠❡ ✷✸ ♣r♦✉✈❡ ✉♥❡ ❜♦r♥❡
♠❡✐❧❧❡✉r❡ ♣♦✉r ❝❡ ♥♦♠❜r❡ ♠✐♥✐♠✉♠ ❞❡ ❝♦✉❧❡✉rs✳ ❯♥❡ ♣r❡✉✈❡ ❞❡ ❝❡ t❤é♦rè♠❡ ♣❡✉t
êtr❡ tr♦✉✈é❡ ❞❛♥s ❬❋❲✼✼❪ ❡t ✉♥❡ ♣r❡✉✈❡ ❝♦♥str✉❝t✐✈❡ ❞❛♥s ❬▼●✾✷❪✳ ❊♥✜♥✱ ✐❧ ❡①✐st❡
✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦♠✐❛❧ ❣❛r❛♥t✐ss❛♥t ✉♥❡ (+1)✲❛♣♣r♦①✐♠❛t✐♦♥ ♣♦✉r ❝❡ ♣r♦❜❧è♠❡
♣❛rt✐❝✉❧✐❡r✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❝❡t ❛❧❣♦r✐t❤♠❡ ❝❛❧❝✉❧❡ ✉♥❡ ❝♦❧♦r❛t✐♦♥ ❞❡s ❛rêt❡s ❛✈❡❝
❛✉ ♣❧✉s ∆(G)+1 ❝♦✉❧❡✉rs ❡t✱ ❞❛♥s ❧❡ ♣✐r❡ ❞❡s ❝❛s✱ ❧❛ s♦❧✉t✐♦♥ ♦♣t✐♠❛❧❡ ❡st ❝♦♠♣♦sé❡
❞❡ ∆(G) ❝♦✉❧❡✉rs✳
❚❤é♦rè♠❡ ✷✸ ✭❱✐③✐♥❣✱ ❬❋❲✼✼✱ ▼●✾✷❪✮ ❊t❛♥t ❞♦♥♥é ✉♥ ❣r❛♣❤❡ G = (V,E)✱
∆(G) ≤ χ′(G) ≤ ∆(G) + 1 ❛✈❡❝ ∆(G) ❧❡ ❞❡❣ré ♠❛①✐♠✉♠ ❞❛♥s G✳
❉❡ ♣❧✉s✱ s✐ G ❡st ❜✐♣❛rt✐✱ ❛❧♦rs χ′(G) = ∆(G)✱ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r s✐ G ❡st ✉♥❡
❣r✐❧❧❡✱ ♥♦✉s ❛✈♦♥s χ′(G) = 4✳
✹✳✸✳✹ ❈❤♦✐① ❞❡s ❝♦♥st❛♥t❡s ❑ ❡t ▲
❙✐ ❧❡ ♥♦♠❜r❡ Tlog ❞❡ ♠✐♥✐✲s❧♦ts ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦✉❧❡✉rs C s♦♥t ❝♦♥st❛♥ts ❡t
✜①és✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❝❛❧❝✉❧❡r ❧❛ ✈❛❧❡✉r ♠❛①✐♠✉♠ ❞❡ K r❡s♣❡❝t❛♥t ❝❡tt❡ ❝♦♥tr❛✐♥t❡✳
P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❝❤♦✐s✐ss♦♥s ❧❛ ♣❧✉s ❣r❛♥❞❡ ✈❛❧❡✉r K t❡❧❧❡ q✉❡ ⌈log2(CK) +
1⌉2 + ⌈log2(CK) + 1⌉ − 1 ≤ Tlog✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❝❤♦✐s✐ss♦♥s L s✉✣s❛♠♠❡♥t ❣r❛♥❞✳
❘❛♣♣❡❧♦♥s q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♠✐♥✐✲s❧♦ts Tlog ❡st ❝♦♥st❛♥t ❡♥ L✳
✹✳✸✳✺ ❙t❛❜✐❧✐té
◆♦✉s ❛♥❛❧②s♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❛ st❛❜✐❧✐té ❞✉ s②stè♠❡ ❞❡ ✜❧❡s ❞✬❛tt❡♥t❡ ❛✈❡❝
❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣✳ ❈♦♠♠❡ ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❞ét❡r♠✐♥❡ à ❝❤❛q✉❡ ét❛♣❡ ✉♥ ❡♥s❡♠❜❧❡
❞✬❛rêt❡s ❛❝t✐✈❡s ♠❛①✐♠❛❧✱ ✐❧ ❡st ❛❧♦rs ❛ss✉ré ❞✬♦❜t❡♥✐r ✉♥❡ ❢r❛❝t✐♦♥ ❞❡ ❧❛ ré❣✐♦♥ ❞❡
❝❛♣❛❝✐té ♣♦✉r t♦✉t ❣r❛♣❤❡ r❡♣rés❡♥t❛♥t ❧❡ rés❡❛✉ s❛♥s✲✜❧ ❬❈❑▲❙✵✽❪✳ ❈❡♣❡♥❞❛♥t✱ ❧❛
ré❣✐♦♥ ❞❡ ❝❛♣❛❝✐té ♣♦✉r ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❡st ♣❧✉s ❣r❛♥❞❡ q✉❡ ❝❡tt❡ ❜♦r♥❡✳
❘❛♣♣❡❧♦♥s q✉❡ At(e) ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s ❛rr✐✈❛♥t s✉r ❧✬❛rêt❡ e à ❧✬ét❛♣❡
t✳ ❘❛♣♣❡❧♦♥s é❣❛❧❡♠❡♥t q✉❡ qt(e) ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s ❞❛♥s ❧❛ ✜❧❡ ❞✬❛tt❡♥t❡
❛ss♦❝✐é❡ à ❧✬❛rêt❡ e ❛✉ ❞é❜✉t ❞❡ ❧✬ét❛♣❡ t✳
◆♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡s ❛rr✐✈é❡s s✉r ❧✬❛rêt❡ e ∈ E ❞✉r❛♥t ❧❡s ét❛♣❡s sC+1, sC+
2, . . . , (s + 1)C ✭s = 0, 1, . . .✮ s♦♥t ♣r✐s❡s ❡♥ ❝♦♠♣t❡ à ❧❛ ✜♥ ❞❡ ❧✬ét❛♣❡ (s + 1)C✳
❙♦✐t Bs(e) :=
∑(s+1)C
t=sC+1At(e) ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ ♠❡ss❛❣❡s ❛rr✐✈és s✉r ❧✬❛rêt❡ e ∈ E
❞✉r❛♥t ❧❡s ét❛♣❡s sC + 1, sC + 2, . . . , (s+ 1)C✳ ◆♦✉s ❛✈♦♥s ✿
q(s+1)C(e) = qsC+1(e)− xsC+1(e) +Bs(e), e ∈ E,
❛✈❡❝ xsC(e) ∈ [c(e), qsC+1(e)] ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s tr❛♥s♠✐s ✈✐❛ ❧✬❛rêt❡ e ♣❡♥❞❛♥t
❧❡s ét❛♣❡s sC + 1, sC + 2, . . . , (s + 1)C✳ ◆♦✉s ❛✈♦♥s xsC(e) ≥ c(e) ❝❛r ❆❧❣♦r✐t❤♠❡
✹✳✸✳ ❆♥❛❧②s❡ ✶✷✺
▲♦❣ ❛❝t✐✈❡ ✉♥❡ ❛rêt❡ e s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s ❞❛♥s ❧❛ ✜❧❡ ❞✬❛tt❡♥t❡
❛ss♦❝✐é❡ ❡st ❛✉ ♠♦✐♥s é❣❛❧ à s❛ ❝❛♣❛❝✐té c(e) ✭✈♦✐r ❧❛ s❡❝t✐♦♥ ✹✳✷✳✶✮✳
❍②♣♦t❤ès❡ ✶ P♦✉r t♦✉t❡ ❛rêt❡ e ∈ E✱ {Bs(e), s ≥ 0} ❡st ✉♥❡ séq✉❡♥❝❡ ✐♥❞é♣❡♥✲
❞❛♥t❡ ❡t ✐❞❡♥t✐q✉❡♠❡♥t ❞✐str✐❜✉é❡ ❞❡ ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s✳ ❉❡ ♣❧✉s {Bs(e), s ≥ 0}✱
e ∈ E✱ s♦♥t ❞❡s séq✉❡♥❝❡s ♠✉t✉❡❧❧❡♠❡♥t ✐♥❞é♣❡♥❞❛♥t❡s✳
▲✬❍②♣♦t❤ès❡ ✶ ❡t ❧❛ ❞é✜♥✐t✐♦♥ ❞❡s ♣♦✐❞s ✈✐rt✉❡❧s ❞❡ ❧❛ s❡❝t✐♦♥ ✹✳✷✳✶ ✐♠♣❧✐q✉❡♥t
q✉❡ X := {((qsC(e), γsC(e)), e ∈ E), s ≥ 0} ❡st ✉♥ ♣r♦❝❡ss✉s ❞❡ ▼❛r❦♦✈ ❞✬❡s♣❛❝❡
❞✬ét❛ts N |E| × {1, . . . , C}✱ ❛✈❡❝ C ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦✉❧❡✉rs r❡s♣❡❝t❛♥t ❧❡s ❝♦♥tr❛✐♥t❡s
❧✐é❡s ❛✉① ✐♥t❡r❢ér❡♥❝❡s✳ ◆♦✉s s✉♣♣♦s♦♥s q✉❡ ❝❡tt❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❡st ✐rré❞✉❝t✐❜❧❡✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ P (At(e) = k) > 0 ♣♦✉r t♦✉t k✱ ♥♦✉s ♦❜t❡♥♦♥s ❧✬✐rré❞✉❝t✐❜✐❧✐té✳ ▲❛
st❛❜✐❧✐té ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❡st ❞é✜♥✐❡ ♣❛r ❧❛ st❛❜✐❧✐té ❞❡ ❧❛ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ X✳
❙♦✐t {Ij}j ❧✬❡♥s❡♠❜❧❡ ❞❡ t♦✉s ❧❡s ♦r❞♦♥♥❛♥❝❡♠❡♥ts ✈❛❧✐❞❡s✳ ❯♥ ♦r❞♦♥♥❛♥❝❡♠❡♥t
Ij = (Ij(e), e ∈ E) ❡st ✉♥ ✈❡❝t❡✉r ❜✐♥❛✐r❡ ❛✈❡❝ Ij(e) = 1 s✐ e ❡st ❛❝t✐✈❡ ❡t Ij(e) = 0
s✐♥♦♥✳ ❯♥ ♦r❞♦♥♥❛♥❝❡♠❡♥t ❡st ✈❛❧✐❞❡ s✬✐❧ ♥❡ ♣r♦❞✉✐t ♣❛s ❞✬✐♥t❡r❢ér❡♥❝❡ ❡♥tr❡ ❧❡s
❞✐✛ér❡♥t❡s ❛rêt❡s ❛❝t✐✈❡s✳
◆♦✉s ❞é✜♥✐ss♦♥s ❧❛ ré❣✐♦♥ ❞❡ ❝❛♣❛❝✐té ✭❝❛♣❛❝✐t② r❡❣✐♦♥✮ C ❬❚❊✾✵❪ ✭❛✈❡❝ λj > 0
♣♦✉r t♦✉t j✮ ✿
C =

v =

∑
j
λjIj

M ❛✈❡❝ ∑
j
λj < 1


❛✈❡❝ M = ❞✐❛❣(c(e), e ∈ E)✳
❙♦✐t c = (c(e), e ∈ E) ❧❡ ✈❡❝t❡✉r ❞❡ ❝❛♣❛❝✐tés ❞❡s ❛rêt❡s✳ ❙♦✐t H(e) ❧❡ ♥♦♠❜r❡
♠❛①✐♠✉♠ ❞✬❛rêt❡s q✉✐ ♣❡✉✈❡♥t êtr❡ ❛❝t✐✈❡s s✐ ❧✬❛rêt❡ e ♥✬❡st ♣❛s ❛❝t✐✈❡ ❡t s♦✐t H =
max(1,maxe∈E H(e))✳ ❙♦✐t b = (E[Bs(e)], e ∈ E)✳
◆♦✉s ♣♦✉✈♦♥s ❛❧♦rs ❞♦♥♥❡r ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ❞❡ st❛❜✐❧✐té ✿
❚❤é♦rè♠❡ ✷✹ ❙♦✉s ❧✬❤②♣♦t❤ès❡ ✶ ❡t s✐ E[Bs(e)Bs(e′)] ❡st ❜♦r♥é❡ ♣♦✉r t♦✉t❡ ♣❛✐r❡
e, e′ ∈ E ❛❧♦rs ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ st❛❜✐❧✐s❡ ❧❡ ✈❡❝t❡✉r b s✐ (CH/(C+H−1))(b+ε c) ∈
C ♣♦✉r ✉♥ ❝❡rt❛✐♥ ε > 0✳
Pr❡✉✈❡ ✿ ◆♦tr❡ ♣r❡✉✈❡ ❡st ✉♥❡ ❛❞❛♣t❛t✐♦♥ ❞❡ ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ❞❡ ❬❇❱✵✾❪
✭r❡♠♣❧❛❝❡r ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧✬❡♥s❡♠❜❧❡ L′(s) ❞❛♥s ❬❇❱✵✾❪ ♣❛r L′(s) = {e ∈ E :
qsC+1(e) ≥ LCc(e)}✮ ❝❛r ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ s❡ ❝♦♠♣♦rt❡ ❝♦♠♠❡ ✉♥ ♦r❞♦♥♥❛♥❝❡♠❡♥t
❤②❜r✐❞❡ ❧♦rsq✉❡ L′(s) = E ♣♦✉r t♦✉t s ≥ 0✳ 
❊♥ ❣✉✐s❡ ❞✬❡①❡♠♣❧❡✱ ❝♦♥s✐❞ér♦♥s ✉♥ ❝❤❡♠✐♥ G = (V,E) ♣♦✉r ✉♥ ♠♦❞è❧❡ ❞✬✐♥t❡r❢é✲
r❡♥❝❡ à ❞✐st❛♥❝❡ d✳ ❉❛♥s ❝❡ ❝❛s✱ H = 2(d+1) ❝❛r ✉♥❡ ❛rêt❡ ❡st ❡♥ ❝♦♥✢✐t ❛✈❡❝ ❛✉ ♣❧✉s
2(d+ 1) ❛✉tr❡s ❛rêt❡s ❡t C = d+ 2 ❝❛r d+ 2 ❝♦✉❧❡✉rs s♦♥t ♥é❝❡ss❛✐r❡s ❡t s✉✣s❛♥t❡s
♣♦✉r ❛ss✐❣♥❡r ❞❡s ❝♦✉❧❡✉rs ✈❛❧✐❞❡s ❛✉① ❛rêt❡s ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡
d✳ ❙✉♣♣♦s♦♥s q✉❡ ♣♦✉r ❝❤❛q✉❡ ❛rêt❡ e ∈ E✱ {At(e), t ≥ 0} ❡st ✉♥❡ séq✉❡♥❝❡ ✐✳✐✳❞
❛✈❡❝ A(e) = E[At(e)] ❡t q✉❡ E[At(e)At(e′)] ❡st ❜♦r♥é❡ ∀e, e′ ∈ E✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
E[Bs(e)] = 2A(e)✳ ▲❡ ❚❤é♦rè♠❡ ✷✹ ❞✐t q✉❡ s✐ ❧❡ ✈❡❝t❡✉r a = (A(e), e ∈ E) ❡st t❡❧
q✉✬✐❧ ❡①✐st❡ ε > 0 ❛✈❡❝ (2(d+2)/3)((d+2)a+ ε c) ∈ C ❛❧♦rs a st❛❜✐❧✐s❡ ❧✬❆❧❣♦r✐t❤♠❡
▲♦❣✳
✶✷✻ ❈❤❛♣✐tr❡ ✹✳ ❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧
❈♦♥❥❡❝t✉r❡ ✸ ❆❧❣♦r✐t❤♠❡ ▲♦❣ ❡st st❛❜❧❡ s✐ ∀e ∈ E✱∑
e′∈ε(e)∪{e}
A(e′) < min
e′∈ε(e)∪{e}
c(e′) ✭✹✳✷✮
❈❡tt❡ ❝♦♥❥❡❝t✉r❡ ♣♦s❡ ❧❛ q✉❡st✐♦♥ ❞❡ ❞ét❡r♠✐♥❡r q✉❡❧❧❡ ❡st ❧❛ ré❣✐♦♥ ❞❡ ❝❛♣❛❝✐té
❧❛ ♣❧✉s ❣r❛♥❞❡ ♣❛r♠✐ ❝❡❧❧❡s ❞é✜♥✐❡s ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✷✹ ❡t ♣❛r ❧❡s ❝♦♥❞✐t✐♦♥s ✭✹✳✷✮✳
◆♦✉s ❞♦♥♥♦♥s ✉♥❡ ré♣♦♥s❡ ♣❛rt✐❡❧❧❡ ♣♦✉r ❧✬❡①❡♠♣❧❡ ❞é❝r✐t ♣ré❝é❞❡♠♠❡♥t ❧♦rsq✉❡
c(e) = 1 ♣♦✉r t♦✉t e ∈ E✳
❙✉♣♣♦s♦♥s q✉❡ (2(d+2)/3)((d+2)a+ ε) ∈ C ♣♦✉r ε > 0 ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ♣♦✉r
❧✬❡①❡♠♣❧❡ ♣ré❝é❞❡♥t✱ ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ st❛❜✐❧✐s❡ ❧❡ ✈❡❝t❡✉r a = (a(1), . . . , a(|E|))
❛✈❡❝ a(e) := A(e)✳
❉❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ré❣✐♦♥ C✱ ♥♦✉s s❛✈♦♥s q✉✬✐❧ ❡①✐st❡ ❞❡s ❝♦♥st❛♥t❡s λi > 0
❛✈❡❝
∑
i λi < 1 t❡❧❧❡s q✉❡
(2(d+ 2)/3) ((d+ 2)a(e) + ε) =
∑
i
λiIi(e), e = 1, . . . , |E|. ✭✹✳✸✮
❉❡ ✭✹✳✸✮ ❡t ❝♦♠♠❡ ε > 0✱ ♥♦✉s ❞é❞✉✐s♦♥s q✉❡
a(e) <
3
2(d+ 2)2
∑
i
λiIi(e), e = 1, . . . , |E|. ✭✹✳✹✮
◆♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡ ✈❡❝t❡✉r a rés✐❞❡ str✐❝t❡♠❡♥t ❞❛♥s ❧❛ ré❣✐♦♥ ❞é✜♥✐❡ ♣❛r ❧❡s
❝♦♥❞✐t✐♦♥s ❞❡ ✭✹✳✷✮✳ ❈❡❧❛ r❡✈✐❡♥t à ♠♦♥tr❡r q✉❡ D(e) < 1 ♣♦✉r e = 1, . . . , |E| ❛✈❡❝
D(e) := a(e− 1 + d) + · · ·+ a(e− 1) + a(e)
+a(e+ 1) + · · ·+ a(e+ 1 + d)
❛✈❡❝ a(e) = 0 s✐ e 6∈ {1, . . . , |E|} ♣❛r ❝♦♥✈❡♥t✐♦♥✳ ❉❡ ✭✹✳✹✮ ♥♦✉s tr♦✉✈♦♥s
D(e) <
3
2(d+ 2)2
∑
i
λi(Ii(e− 1 + d) + · · ·
+Ii(e− 1) + Ii(e) + Ii(e+ 1) + · · ·+ Ii(e+ 1 + d))
♣♦✉r e = 1, . . . , |E|✳ P❛r ❞é✜♥✐t✐♦♥ ❞✉ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d✱ ♥♦✉s
♦❜s❡r✈♦♥s q✉❡
Ii(e− 1 + d) + · · ·+ Ii(e− 1) + Ii(e)
+Ii(e+ 1) + · · ·+ Ii(e+ 1 + d) ≤ 2
♣♦✉r e = 1, . . . , |E| ❝❛r ❛✉ ♣❧✉s 2 ❛rêt❡s ♣❡✉✈❡♥t êtr❡ s✐♠✉❧t❛♥é♠❡♥❡♥t ❛❝t✐✈❡s ♣❛r♠✐
❧❡s 2(d+1)+1 ❛rêt❡s ❝♦♥sé❝✉t✐✈❡s✳ ❆❧♦rs✱D(e) < 3/(d+2)2 ≤ 3/4 ♣♦✉r e = 1, . . . , |E|
❡t ∀d ≥ 0✳ ❈❡❧❛ ♠♦♥tr❡ q✉❡ ❧❛ ré❣✐♦♥ ❞❡ st❛❜✐❧✐té ❞♦♥♥é❡ ❞❛♥s ✭✹✳✷✮ ❡st ♣❧✉s ❣r❛♥❞❡
q✉❡ ❝❡❧❧❡ ❞♦♥♥é❡ ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✷✹✳
◆♦✉s ❝♦♥❝❧✉♦♥s ❝❡tt❡ s❡❝t✐♦♥ ❡♥ ♦❜s❡r✈❛♥t q✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s
A(e) < c(e)/C, e ∈ E. ✭✹✳✺✮
❛ss✉r❡♥t ❧❛ st❛❜✐❧✐té ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ♣♦✉r K = 1✳ ❊♥ ❡✛❡t ❞❛♥s ❝❡ ❝❛s✱ ❧❡s ♣♦✐❞s
✈✐rt✉❡❧s ♥❡ ❞é♣❡♥❞❡♥t ♣❛s ❞❡s ✈❛❧❡✉rs ❞❡s ♣♦✐❞s✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ q✉✬❆❧❣♦r✐t❤♠❡
▲♦❣ ❞❡✈✐❡♥t ✉♥ ❛❧❣♦r✐t❤♠❡ ❞ét❡r♠✐♥✐st❡ q✉✐ ❣❛r❛♥t✐t q✉❡ ❝❤❛q✉❡ ❛rêt❡ e tr❛♥s♠❡t ❛✉
♠♦✐♥s c(e) ♠❡ss❛❣❡s t♦✉t❡s ❧❡s C ét❛♣❡s ❝♦♥sé❝✉t✐✈❡s✳
✹✳✹✳ ❙✐♠✉❧❛t✐♦♥s ✶✷✼
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❋✐❣✳ ✹✳✼ ✕ ❘❛♣♣♦rt ❡♥tr❡ ❧❡ ❝♦✉♣❧❛❣❡ ♠❛①✐♠✉♠ ❡t ❧❡ ❝♦✉♣❧❛❣❡ ❝❛❧❝✉❧é ♣❛r
❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ♣♦✉r ✉♥ ❝❤❡♠✐♥ ❞❡ 50 ❛rêt❡s ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐s✲
t❛♥❝❡ d = 0 ❡t ❧❡s ♣❛r❛♠ètr❡s C = 2✱ K = 50 ❡t L = 50✳
✹✳✹ ❙✐♠✉❧❛t✐♦♥s
◆♦✉s ét✉❞✐♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ✈✐❛ s✐♠✉✲
❧❛t✐♦♥s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❝❛❧❝✉❧♦♥s ❧❛ s♦♠♠❡ ❞❡s ♣♦✐❞s ❞❡s ❛rêt❡s ❛❝t✐✈❡s à ✉♥❡
ét❛♣❡ ❞♦♥♥é❡ ✭s❡❝t✐♦♥ ✹✳✹✳✶✮ ❡t ♥♦✉s ét✉❞✐♦♥s ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♣♦✐❞s ❞❡ ❧✬❛rêt❡ ❧❛ ♣❧✉s
❝❤❛r❣é❡ ❞✉ ❣r❛♣❤❡ ♣♦✉r ❞❡s ♠✐❧❧✐❡rs ❞✬ét❛♣❡s ✭s❡❝t✐♦♥ ✹✳✹✳✷✮✳ P❛r ❡①❡♠♣❧❡ ♥♦✉s ❝♦♠✲
♣❛r♦♥s ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✹✳✷✳✷ ❧❡ ♣♦✐❞s ❞❡ ❧✬❛rêt❡ ❧❛ ♣❧✉s ❝❤❛r❣é❡ ♣♦✉r ❧✬❆❧❣♦r✐t❤♠❡
▲♦❣ ❡t ❧✬❆❧❣♦r✐t❤♠❡ ❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts✱ ♣r♦♣♦sé ❞❛♥s ❬❇❙❙✵✾❪✳
✹✳✹✳✶ P♦✐❞s ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛rêt❡s ❛❝t✐✈❡s s✉r ✉♥❡ ét❛♣❡
◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0✱ ✉♥ ❝❤❡♠✐♥ G =
(V,E) ❝♦♠♣♦sé ❞❡ |E| = 50 ❛rêt❡s✱ K = 50✱ L = 50 ❡t C = 2✳ ◆♦✉s ❛ttr✐❜✉♦♥s ✉♥
♣♦✐❞s à ❝❤❛q✉❡ ❛rêt❡ e ∈ E ❝♦♠♠❡ s✉✐t ✿ P (qt(e) = i) = 1/51✱ 0 ≤ i ≤ 50✳ ◆♦✉s
❝❛❧❝✉❧♦♥s ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❡ ♣♦✐❞s ❞✉ ❝♦✉♣❧❛❣❡ ♠❛①✐♠✉♠ ❡t ❧❡ ♣♦✐❞s ❞✉ ❝♦✉♣❧❛❣❡
❝❛❧❝✉❧é ♣❛r ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ♣♦✉r ✉♥❡ ét❛♣❡ ❞♦♥♥é❡✳ ▲❛ ✜❣✉r❡ ✹✳✼ ❞é❝r✐t ❝❡ r❛♣♣♦rt
♣♦✉r 1000 t✐r❛❣❡s ❞❡s ♣♦✐❞s✳ ◆♦✉s ♦❜s❡r✈♦♥s q✉✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❝❛❧❝✉❧❡ ✉♥ ❝♦✉♣❧❛❣❡
❞❡ ♣♦✐❞s ❛✉ ♠♦✐♥s 4/5 ❞✉ ♣♦✐❞s ❞✉ ❝♦✉♣❧❛❣❡ ♦♣t✐♠❛❧✳
✹✳✹✳✷ ❊✈♦❧✉t✐♦♥ ❞❡s ♣♦✐❞s ❞❡s ❛rêt❡s s✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬ét❛♣❡s
◆♦✉s ét✉❞✐♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ♣♦✐❞s ❞❡s ❛rêt❡s ♣♦✉r ✉♥ ❝❡rt❛✐♥
♥♦♠❜r❡ ❞✬ét❛♣❡s ❛✈❡❝ ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣✳ ▲❡s s✐♠✉❧❛t✐♦♥s ♦♥t été ré❛❧✐sé❡s ♣♦✉r ❞❡s
❝❤❡♠✐♥s ✭s❡❝t✐♦♥ ✹✳✹✳✷✳✶✮✱ ❞❡s ❣r✐❧❧❡s ✭s❡❝t✐♦♥ ✹✳✹✳✷✳✷✮ ❡t ❞❡s ❣r❛♣❤❡s ❛❧é❛t♦✐r❡s ✭s❡❝✲
t✐♦♥ ✹✳✹✳✷✳✸✮✳ P♦✉r ❝❤❛❝✉♥❡ ❞❡s t♦♣♦❧♦❣✐❡s✱ ♥♦✉s ❡①♣❧✐q✉♦♥s ❧❡s ♣❛r❛♠ètr❡s ❝❤♦✐s✐s ❡t
❞é❝r✐✈♦♥s ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♣♦✐❞s ♠❛①✐♠✉♠ ♣❛r♠✐ t♦✉t❡s ❧❡s ❛rêt❡s s✉r ♣❧✉s✐❡✉rs ♠✐❧✲
❧✐❡rs ❞✬ét❛♣❡s✳ ❉❡ ♣❧✉s✱ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✹✳✷✳✷✱ ♥♦✉s ❝♦♠♣❛r♦♥s ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ à
✶✷✽ ❈❤❛♣✐tr❡ ✹✳ ❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧
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✭❛✮ (n1, n2) = (16, 1)
0 10000 20000 30000 40000 50000 60000 70000 80000 90000 100000
0
20
40
60
80
100
120
140
160
étapes
180
✭❜✮ (n1, n2) = (12, 4)
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✭❝✮ (n1, n2) = (8, 8)
❋✐❣✳ ✹✳✽ ✕ ❊✈♦❧✉t✐♦♥ ❞❡ ❧✬❛rêt❡ ❧❛ ♣❧✉s ❝❤❛r❣é❡ ❛✈❡❝ ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ♣♦✉r ✉♥
❝❤❡♠✐♥ ❝♦♠♣♦sé❡ ❞❡ 100 ❛rêt❡s ✿ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ❡t ❧❡s
♣❛r❛♠ètr❡s C = 4✱ K = 1000 ❡t L = 1000✳
❧✬❆❧❣♦r✐t❤♠❡ ❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts ♣♦✉r ✉♥❡ ❣r✐❧❧❡ ✭♣♦✐❞s ♠❛①✐♠✉♠ ❡t ♣♦✐❞s
♠♦②❡♥✮✱ ❡♥ ❝❤♦✐s✐ss❛♥t ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❬❇❙❙✵✾❪✳
✹✳✹✳✷✳✶ ❈❤❡♠✐♥s
❈♦♠♠❡ ❞é❝r✐t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✸✳✸✱ ♥♦✉s ♣♦✉✈♦♥s ❛ss♦❝✐❡r ❧❛ séq✉❡♥❝❡ ❞✬❡♥t✐❡rs
✭❝♦✉❧❡✉rs✮ 1, 2, 1, 2, . . . ❛✉① ❛rêt❡s ❞✉ ❝❤❡♠✐♥ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡
à ❞✐st❛♥❝❡ d = 0✳ ❊♥ ❝♦♥séq✉❡♥❝❡ C = 2✳
◆♦✉s ❛♥❛❧②s♦♥s ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ♣♦✉r ✉♥ ❝❤❡♠✐♥ G = (V,E)
❝♦♠♣♦sé ❞❡ |E| = 100 ❛rêt❡s ♣♦✉r 100000 ét❛♣❡s✳ ◆♦✉s ❝❤♦✐s✐ss♦♥s K = 1000 ❡t
L = 1000✳ ❉❡ ♣❧✉s✱ ♣♦✉r ❝❤❛q✉❡ ❛rêt❡ e ∈ E✱ ❧❛ ❝❛♣❛❝✐té ❡st c(e) = 18 ❡t ❧❡s
♣r♦❝❡ss✉s ❞✬❛rr✐✈é❡s ❞❡s ♠❡ss❛❣❡s s♦♥t ❞é✜♥✐s ❝♦♠♠❡ s✉✐t ✿ n1 ♠❡ss❛❣❡s ❛rr✐✈❡♥t ❡♥
♠♦②❡♥♥❡ s✉r e à ❝❤❛q✉❡ ét❛♣❡ t ≥ 1 ♣♦✉r ❝❤❛q✉❡ e ∈ E ❛✈❡❝ ❝♦✉❧❡✉r 1 ✭γ(e) = 1✮
❡t n2 ♠❡ss❛❣❡s ❛rr✐✈❡♥t ❡♥ ♠♦②❡♥♥❡ ♣♦✉r ❧❡s ❛✉tr❡s ✭❝❤❛q✉❡ ❛rêt❡ e ∈ E t❡❧❧❡ q✉❡
γ(e) = 2✮✳ ▲❛ ✜❣✉r❡ ✹✳✽✭❛✮✱ ❧❛ ✜❣✉r❡ ✹✳✽✭❜✮ ❡t ❧❛ ✜❣✉r❡ ✹✳✽✭❝✮ r❡♣rés❡♥t❡♥t ❧✬❛rêt❡ ❞❡
♣❧✉s ❣r❛♥❞ ♣♦✐❞s à ❝❤❛❝✉♥❡ ❞❡s ét❛♣❡s ♣♦✉r (n1, n2) = (16, 1)✱ (n1, n2) = (12, 4) ❡t
(n1, n2) = (8, 8)✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ◆♦✉s ♦❜s❡r✈♦♥s q✉❡ ❧❡ ♣♦✐❞s ♠❛①✐♠✉♠ ❡st t♦✉❥♦✉rs
♣❧✉s ♣❡t✐t q✉❡ 400✱ 180 ❡t 140✱ r❡s♣❡❝t✐✈❡♠❡♥t✳
◆♦✉s é✈❛❧✉♦♥s ❡♥s✉✐t❡ ❧✬✐♠♣❛❝t ❞❡ ❧❛ ✈❛❧❡✉r ❞✉ ♣❛r❛♠ètr❡ K s✉r ❧❡ ♣♦✐❞s ❞❡
❧✬❛rêt❡ ❧❛ ♣❧✉s ❝❤❛r❣é❡ ❡t s✉r ❧❡ ♣♦✐❞s ♠♦②❡♥✳ ▲❡ ❣r❛♣❤❡ ❝♦♥s✐❞éré ❡st ✉♥ ❝❤❡♠✐♥
❞❡ 100 ❛rêt❡s ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0✳ P♦✉r ❝❤❛q✉❡ ❛rêt❡
e ∈ E✱ c(e) = 1 ❡t ✉♥❡ ♠♦②❡♥♥❡ ❞❡ 0.75 ✭0.2✱ r❡s♣❡❝t✐✈❡♠❡♥t✮ ♠❡ss❛❣❡s ❛rr✐✈❡ à
❧✬ét❛♣❡ t ≥ 1 s✐ γ(e) = 1 ✭s✐ γ(e) = 2✱ r❡s♣❡❝t✐✈❡♠❡♥t✮✳ ▲❛ ✜❣✉r❡ ✹✳✾ r❡♣rés❡♥t❡
❧❡ ♣♦✐❞s ♠❛①✐♠✉♠ ❡t ❧❡ ♣♦✐❞s ♠♦②❡♥ ❛♣rès 50000 ét❛♣❡s ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs
❞❡ K ✿ K = 1, 2, 4, 8, 16, 32, 64, 128✳ ◆♦✉s ❝❤♦✐s✐ss♦♥s L = K✳ ▲❛ ✜❣✉r❡ ✐❧❧✉str❡ ❧❡
❝♦♠♣r♦♠✐s à ré❛❧✐s❡r ❡♥tr❡ ❧❛ ♣❡r❢♦r♠❛♥❝❡ ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ♠✐♥✐✲s❧♦ts ❞❡ ❝♦♥trô❧❡
Tlog✳ ❯♥❡ ❣r❛♥❞❡ ✈❛❧❡✉r ❞❡ K ❞♦♥♥❡ ❞❡s ✜❧❡s ❞✬❛tt❡♥t❡ ♣❡✉ ❝❤❛r❣é❡s ♠❛✐s ❧❡s ❣❛✐♥s
❧❡s ♣❧✉s ✐♠♣♦rt❛♥ts s♦♥t ré❛❧✐sés ♣♦✉r ❞❡s ♣❡t✐t❡s ✈❛❧❡✉rs ❞❡ K ✭✈♦✐r ✜❣✉r❡ ✹✳✾✮✳
✹✳✹✳ ❙✐♠✉❧❛t✐♦♥s ✶✷✾
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❋✐❣✳ ✹✳✾ ✕ ❙♦✐t ✉♥ ❝❤❡♠✐♥ ❞❡ 100 ❛rêt❡s ❛♣rès ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡
d = 0 ❡t C = 2✳ ◆♦✉s ❛✈♦♥s c(e) = 1 ♣♦✉r t♦✉t e ∈ E✱ 0.75 ❛rr✐✈é❡s ❡♥ ♠♦②❡♥♥❡
♣♦✉r ❧❡s ❛rêt❡s ❞❡ ❝♦✉❧❡✉r 1 ❡t 0.2 ❛rr✐✈é❡s ❡♥ ♠♦②❡♥♥❡ ♣♦✉r ❧❡s ❛rêt❡s ❞❡ ❝♦✉❧❡✉r
2✳ ▲❛ ✜❣✉r❡ r❡♣rés❡♥t❡ ❧❡ ♣♦✐❞s ♠❛①✐♠✉♠ ♣❛r♠✐ ❧❡s ❛rêt❡s ❛♣rès 50000 ét❛♣❡s ❡♥
❢♦♥❝t✐♦♥ ❞❡ K ✿ K = 1, 2, 4, 8, 16, 32, 64, 128 ❛✈❡❝ L = K✳
✹✳✹✳✷✳✷ ●r✐❧❧❡s
◆♦✉s ❝♦♠♣❛r♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ à ❧✬❆❧❣♦r✐t❤♠❡ ❞❡s
❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts✱ ❝❤♦✐s✐ss❛♥t ❧❡s ♠ê♠❡s ♣❛r❛♠ètr❡s q✉❡ ❞❛♥s ❬❇❙❙✵✾❪✳ P❧✉s
♣ré❝✐sé♠❡♥t✱ ❧❡s s✐♠✉❧❛t✐♦♥s ♦♥t été ré❛❧✐sé❡s ♣♦✉r ✉♥❡ ❣r✐❧❧❡ G = (V,E) ❝♦♠♣♦sé❡
❞❡ |V | = 121 s♦♠♠❡ts ❡t ❞❡ |E| = 220 ❛rêt❡s✳ P♦✉r ❝❤❛q✉❡ ❛rêt❡ e ∈ E✱ ❧❛ ❝❛♣❛❝✐té
❡st c(e) = 1✳ ❉❡ ♣❧✉s✱ ❧❡s ✈❛❧❡✉rs ♠❡♥t✐♦♥♥é❡s ❞❛♥s ❧❛ ✜❣✉r❡ ✹✳✶✵✭❛✮ r❡♣rés❡♥t❡♥t ❧❡s
❛rr✐✈é❡s ♠♦②❡♥♥❡s s✉r ❝❤❛❝✉♥❡ ❞❡s ❛rêt❡s ❞✐✈✐sé❡s ♣❛r ✉♥ ♣❛r❛♠ètr❡ λ ≤ 1✳ ❈♦♠♠❡
❞é❝r✐t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✶✳✸✱ ❧✬❆❧❣♦r✐t❤♠❡ ❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts ♥é❝❡ss✐t❡ ❧❡
❝❤♦✐① ❞❡ ❞❡✉① ♣r✐♥❝✐♣❛✉① ♣❛r❛♠ètr❡s ✿ k ❡t p✳ ▲❡ ♣❛r❛♠ètr❡ k ❡st ❧✐é à ❧❛ t❛✐❧❧❡ ❞❡s
❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts ❡t p r❡♣rés❡♥t❡ ❧❛ ♣r♦❜❛❜✐❧✐té q✉✬✉♥ ♥÷✉❞ ❞✉ rés❡❛✉ s♦✐t ❝❤♦✐s✐
♣♦✉r ❞é❜✉t❡r ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥ ❝❤❡♠✐♥ ❛✉❣♠❡♥t❛♥t✳ ❉❛♥s ❬❇❙❙✵✾❪✱ ❧❡s s✐♠✉❧❛✲
t✐♦♥s ♦♥t été ré❛❧✐sé❡s ♣♦✉r {k = 2, p = 0.2}✱ {k = 3, p = 0.2} ❡t {k = 3, p = 0.1}✳
❘❛♣♣❡❧♦♥s q✉❡ ❧✬❆❧❣♦r✐t❤♠❡ ❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts ❡st ✈❛❧✐❞❡ s❡✉❧❡♠❡♥t ♣♦✉r
❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ❡t ❞♦♥❝ ♥♦✉s ✉t✐❧✐s♦♥s ❝❡ ♠♦❞è❧❡ ♣♦✉r
♥♦s ❝♦♠♣❛r❛✐s♦♥s✳ ❉é❝r✐✈♦♥s ♠❛✐♥t❡♥❛♥t ❧❡s ♣❛r❛♠ètr❡s ❝❤♦✐s✐s ♣♦✉r ❧✬❆❧❣♦r✐t❤♠❡
▲♦❣✳ ❉❡ ❧❛ s❡❝t✐♦♥ ✹✳✸✳✸✱ ♥♦✉s s❛✈♦♥s q✉❡ ❧❛ ✈❛❧❡✉r ♠✐♥✐♠✉♠ ❞❡ C r❡s♣❡❝t❛♥t ❧❡s
❝♦♥tr❛✐♥t❡s ❞é❝r✐t❡s ♣ré❝é❞❡♠♠❡♥t ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✷ ❡st χ′(G) = 4✳ ❱♦✐r ❧❛ ✜✲
❣✉r❡ ✹✳✺✭❜✮ ♣♦✉r ✉♥ ❡①❡♠♣❧❡ ❞✬❛ss✐❣♥❛t✐♦♥s ✈❛❧✐❞❡s ❞❡ γ(e)✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❝❤♦✐s✐s✲
s♦♥s K = 1000 = L+ 1✳ ◆♦✉s ❝♦♠♣❛r♦♥s ❞❛♥s ❧❛ ✜❣✉r❡ ✹✳✶✵ ❧❛ ✈❛❧❡✉r ❞❡ ❧✬❛rêt❡ ❧❛
♣❧✉s ❝❤❛r❣é❡ ❡t ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡s ❛rêt❡s ♣♦✉r ❝❤❛q✉❡ ét❛♣❡ t ≤ 50000 ❛✈❡❝
❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❡t ❧✬❆❧❣♦r✐t❤♠❡ ❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts ❡t ♣♦✉r ❧❡s ♣❛r❛✲
♠ètr❡s {k = 2, p = 0.2} ❞é❝r✐t ❞❛♥s ❬❇❙❙✵✾❪✳ ▲❡s rés✉❧t❛ts ❞❡ s✐♠✉❧❛t✐♦♥s ♣♦✉r ❧❡s
❞❡✉① ❛✉tr❡s ❥❡✉① ❞❡ ♣❛r❛♠ètr❡s s♦♥t ❛♥❛❧♦❣✉❡s✳ ▲❛ ✜❣✉r❡ ✹✳✶✵✭❜✮✱ ❧❛ ✜❣✉r❡ ✹✳✶✵✭❝✮
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❋✐❣✳ ✹✳✶✵ ✕ ❙♦✐t ❧❛ ❣r✐❧❧❡ ❝♦♠♣♦sé❡ ❞❡ 121 s♦♠♠❡ts ❡t ❞❡ 200 ❛rêt❡s ❛✈❡❝ ❧❡ ♠♦❞è❧❡
❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ❡t C = 4✳ ▲❛ ✜❣✉r❡ r❡♣rés❡♥t❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬❛rêt❡
❧❛ ♣❧✉s ❝❤❛r❣é❡ ❡t ❞❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡s ♣♦✐❞s ❛✈❡❝ ❧✬❆❧❣♦r✐t❤♠❡ ❞❡s ❝❤❡♠✐♥s
❛✉❣♠❡♥t❛♥ts ✭k = 2 ❡t p = 0.2✮ ❡t ❛✈❡❝ ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣✳
λ = 0.90, 0.95, 0.97✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❛ ❝♦✉r❜❡ r♦✉❣❡ ♣❧❡✐♥❡ r❡♣rés❡♥t❡ ❧✬❆❧❣♦r✐t❤♠❡
❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts ❡t ❧❛ ❝♦✉r❜❡ ❜❧❡✉❡ ❡♥ ♣♦✐♥t✐❧❧és r❡♣rés❡♥t❡ ❧✬❆❧❣♦r✐t❤♠❡
▲♦❣✳ ❘❛♣♣❡❧♦♥s q✉❡ ❧✬❆❧❣♦r✐t❤♠❡ ❞❡s ❝❤❡♠✐♥s ❛✉❣♠❡♥t❛♥ts ❡st ♣r♦♣r❡ ❛✉ ♠♦❞è❧❡
❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ❛❧♦rs q✉❡ ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ s❡♠❜❧❡ st❛❜✐❧✐s❡r ❧❡ s②s✲
tè♠❡ ♣♦✉r ❞✬❛✉tr❡s ✈❛❧❡✉rs ❞❡ d✳
❊♥ ❡✛❡t✱ ❧❛ ✜❣✉r❡ ✹✳✶✶ ♠♦♥tr❡ ✉♥❡ s✐♠✉❧❛t✐♦♥ ♣♦✉r ❧❛ ♠ê♠❡ ❣r✐❧❧❡ ❛✈❡❝ ❧❡ ♠♦❞è❧❡
❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 1 ❛✈❡❝ ❧❡s ♣❛r❛♠ètr❡sK = L = 1000 ❡t ❞❡s ❝❛♣❛❝✐tés ❡t
❞❡s ♣r♦❝❡ss✉s ❞✬❛rr✐✈é❡s r❡s♣❡❝t❛♥t ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❧❛ ❈♦♥❥❡❝t✉r❡ ✸✳ ◆♦✉s ♦❜s❡r✈♦♥s
q✉❡ ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ s❡♠❜❧❡ st❛❜✐❧✐s❡r ❧❡ s②stè♠❡✳
✹✳✹✳✷✳✸ ●r❛♣❤❡s ❛❧é❛t♦✐r❡s
◆♦✉s é✈❛❧✉♦♥s ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ♣♦✉r ✉♥
rés❡❛✉ ❛❧é❛t♦✐r❡✳ ❉é❝r✐✈♦♥s t♦✉t ❞✬❛❜♦r❞ ❧❛ ♠❛♥✐èr❡ ❞♦♥t ♥♦✉s ❛✈♦♥s ❝♦♥str✉✐t ♥♦s
❣r❛♣❤❡s ❛❧é❛t♦✐r❡s ❛✈❛♥t ❞✬❛♥❛❧②s❡r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ✜❧❡ ❞✬❛tt❡♥t❡ ❧❛ ♣❧✉s ❝❤❛r❣é❡✳
✹✳✺✳ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s ✶✸✶
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❋✐❣✳ ✹✳✶✶ ✕ ❊✈♦❧✉t✐♦♥ ❞❡ ❧✬❛rêt❡ ❧❛ ♣❧✉s ❝❤❛r❣é❡ ❡t ❞❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡s ♣♦✐❞s
♣♦✉r ✉♥❡ ❣r✐❧❧❡ ❝♦♠♣♦sé❡ ❞❡ 121 s♦♠♠❡ts ❡t ❞❡ 200 ❛rêt❡s ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢é✲
r❡♥❝❡ à ❞✐st❛♥❝❡ d = 1 ❛✈❡❝ ❧❡s ♣❛r❛♠ètr❡s K = L = 1000 ❡t ❞❡s ❝❛♣❛❝✐tés ❡t ❞❡s
♣r♦❝❡ss✉s ❞✬❛rr✐✈é❡s r❡s♣❡❝t❛♥t ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❧❛ ❈♦♥❥❡❝t✉r❡ ✸✳
❊t❛♥t ❞♦♥♥é❡ ✉♥❡ ❣r✐❧❧❡ G′ = (V,E′)✱ ♥♦✉s s✉♣♣r✐♠♦♥s ✉♥❡ ❛rêt❡ e ∈ E′ ❛✈❡❝ ✉♥❡
❝❡rt❛✐♥❡ ♣r♦❜❛❜✐❧✐té ❝♦♥st❛♥t❡ q1✱ ❛✈❛♥t ❞✬❛❥♦✉t❡r ❞✬❛✉tr❡s ❛rêt❡s ❛✈❡❝ ✉♥❡ ❝❡rt❛✐♥❡
♣r♦❜❛❜✐❧✐té ❝♦♥st❛♥t❡ q2 ❡♥tr❡ ❞❡✉① s♦♠♠❡ts à ✉♥❡ ❝❡rt❛✐♥❡ ❞✐st❛♥❝❡ ❡✉❝❧✐❞✐❡♥♥❡✳
◆♦✉s ♦❜t❡♥♦♥s ✉♥ ❣r❛♣❤❡ G = (V,E)✳ ▲❛ ✜❣✉r❡ ✹✳✻ ♠♦♥tr❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ ❣r❛♣❤❡
❛❧é❛t♦✐r❡ ❛✈❡❝ |V | = 33 s♦♠♠❡ts ❡t |E| = 56 ❛rêt❡s✳
❉❛♥s ♥♦s s✐♠✉❧❛t✐♦♥s✱ ♥♦✉s ✈ér✐✜♦♥s ❡♠♣✐r✐q✉❡♠❡♥t ❧❡ ❝r✐tèr❡ ❞❡ st❛❜✐❧✐té ❞é❝r✐t
♣❛r ❧✬éq✉❛t✐♦♥ ✹✳✷ ❞❡ ❧❛ ❈♦♥❥❡❝t✉r❡ ✸ ❛✈❡❝ c(e) = 20✱ ∀e ∈ E✳
▲❡s ♣r♦❝❡ss✉s ❞✬❛rr✐✈é❡s ❞❡s ♠❡ss❛❣❡s s✉r ❧❡s ❛rêt❡s ❞✉ ❣r❛♣❤❡ s♦♥t ❞é✜♥✐s ❝♦♠♠❡
s✉✐t ✿ ♥♦✉s ❛ss♦❝✐♦♥s ♣r❡♠✐èr❡♠❡♥t à ❝❤❛❝✉♥❡ ❞❡s ❛rêt❡s e ∈ E ✉♥❡ ♠♦②❡♥♥❡ ❞✬❛rr✐✲
✈é❡s ❞❡ 20 ♠❡ss❛❣❡s ♣❛r ét❛♣❡ t ≥ 1 ✭❧♦✐ ✉♥✐❢♦r♠❡ ❡♥tr❡ 0 ❡t 40✮✳ ❆✜♥ ❞❡ r❡s♣❡❝t❡r
❧❡s ❝♦♥❞✐t✐♦♥s ♣ré❝é❞❡♥t❡s✱ ♥♦✉s ré❞✉✐s♦♥s ❧❡ ♥♦♠❜r❡ ♠♦②❡♥ ❞✬❛rr✐✈é❡s ❞❡ 1 ♣♦✉r
✉♥❡ ❛rêt❡ s✐ ♥é❝❡ss❛✐r❡✱ ❥✉sq✉✬à ♦❜t❡♥✐r ❧❛ ❝♦♥❞✐t✐♦♥ ❞és✐ré❡✳ ❉❛♥s ❧❛ ✜❣✉r❡ ✹✳✶✷✱
♥♦✉s ❛♣♣❧✐q✉♦♥s ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ♣♦✉r ✉♥ ❣r❛♣❤❡ ❛❧é❛t♦✐r❡ G = (V,E) ❝♦♠♣♦sé
❞❡ |V | = 200 s♦♠♠❡ts ❡t ❞❡ |E| = 424 ❛rêt❡s✳ ▲❡ ♥♦♠❜r❡ ❞✬ét❛♣❡s ❡st 100000 ❛✈❡❝
K = 10000✱ L = K✱ C = 20 ❡t ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0✳ ▲❛ ✜✲
❣✉r❡ ✹✳✶✷ r❡♣rés❡♥t❡ ❧❡ ♣♦✐❞s ❞❡ ❧✬❛rêt❡ ❞❡ ♣♦✐❞s ♠❛①✐♠✉♠ ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ét❛♣❡s✳
◆♦✉s ♦❜s❡r✈♦♥s q✉✬❆❧❣♦r✐t❤♠❡ ▲♦❣ s❡♠❜❧❡ st❛❜✐❧✐s❡r ❧❡ s②stè♠❡ ❞❡s ✜❧❡s ❞✬❛tt❡♥t❡
❛ss♦❝✐é❡s ❛✉① ❛rêt❡s✳
✹✳✺ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s
◆♦✉s ♣r♦♣♦s♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✐str✐❜✉é ♦✉ ❧♦❝❛❧ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞✬♦r❞♦♥♥❛♥✲
❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧ ❛✈❡❝ ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿ ♣❤❛s❡ ❞❡
❝♦♥trô❧❡ ❝♦♥st❛♥t❡ ❡♥ ❧❛ t❛✐❧❧❡ ❞✉ rés❡❛✉ ❡t ❡♥ ❧❡s t❛✐❧❧❡s ❞❡s ✜❧❡s ❞✬❛tt❡♥t❡ ❛ss♦✲
❝✐é❡s ❛✉① ❧✐❡♥s✱ ✈❛❧✐❞❡ ♣♦✉r t♦✉t ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ ❜✐♥❛✐r❡✱ ❡♥s❡♠❜❧❡ ♠❛①✐♠❛❧ ❞❡
❧✐❡♥s ❛❝t✐❢s à ❝❤❛q✉❡ ét❛♣❡✳ ◆♦✉s ♠♦♥tr♦♥s ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ♣♦✉r ♦❜t❡♥✐r ❧❛
st❛❜✐❧✐té ❞✉ s②stè♠❡ ❞❡ ✜❧❡s ❞✬❛tt❡♥t❡ ♠ê♠❡ s✐ ♥♦✉s ❡♥ ❝♦♥❥❡❝t✉r♦♥s ✉♥❡ ♠❡✐❧❧❡✉r❡
✭❈♦♥❥❡❝t✉r❡ ✸✮✳
✶✸✷ ❈❤❛♣✐tr❡ ✹✳ ❖r❞♦♥♥❛♥❝❡♠❡♥t ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧
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❋✐❣✳ ✹✳✶✷ ✕ ❙♦✐t ❧❡ ❣r❛♣❤❡ ❣é♥éré ❛❧é❛t♦✐r❡♠❡♥t ❝♦♠♣♦sé ❞❡ 200 s♦♠♠❡ts ❡t 424
❛rêt❡s ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❢ér❡♥❝❡ à ❞✐st❛♥❝❡ d = 0 ❡t C = 20✳ ◆♦✉s ❛✈♦♥s c(e) = 20
♣♦✉r t♦✉t e ∈ E✳ ◆♦✉s ❛ss✐❣♥♦♥s ✐♥✐t✐❛❧❡♠❡♥t 20 ❛rr✐✈é❡s ❡♥ ♠♦②❡♥♥❡ s✉r ❧❡s ❛rêt❡s
✭✉♥✐❢♦r♠❡✮ ❡t ♥♦✉s ré❞✉✐s♦♥s ❝❡tt❡ ♠♦②❡♥♥❡ ❞❡ 1 ❥✉sq✉✬à ♦❜t❡♥✐r ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❧❛
❈♦♥❥❡❝t✉r❡ ✸✳ ▲❛ ✜❣✉r❡ r❡♣rés❡♥t❡ ❧❡ ♣♦✐❞s ♠❛①✐♠✉♠ ♣❛r♠✐ ❧❡s ❛rêt❡s ♣♦✉r 100000
ét❛♣❡s ❛✈❡❝ ❧❡s ♣❛r❛♠ètr❡s K = L = 10000✳
◆♦✉s ♣♦✉✈♦♥s ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡ tr❛✜❝ ♠✉❧t✐✲❤♦♣ ❞❛♥s ❧✬❆❧❣♦r✐t❤♠❡
▲♦❣ ❧♦rsq✉❡ ❧❡ r♦✉t❛❣❡ ❡st ✜①é✳ ▲✬✐❞é❡ ❡st ❞❡ ❝❤❛♥❣❡r ❧❡ ✈❡❝t❡✉r qt ❞❡s ♣♦✐❞s ❡t
❧❡ ✈❡❝t❡✉r q′t ❞❡s ♣♦✐❞s ✈✐rt✉❡❧s ✭s❡❝t✐♦♥ ✹✳✷✳✶✮ ❡♥ ✉♥ ✈❡❝t❡✉r ❞❡s ♣♦✐❞s ♠✉❧t✐✲❤♦♣ qmt
❡t ❡♥ ✉♥ ✈❡❝t❡✉r ❞❡s ♣♦✐❞s ✈✐rt✉❡❧s ♠✉❧t✐✲❤♦♣ q′mt ✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❙♦✐t G = (V,E) ❧❡
❣r❛♣❤❡ r❡♣rés❡♥t❛♥t ❧❡ rés❡❛✉✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ∀e ∈ E✱ qmt (e) =
∑
pit(e)h
i
t(e) ❛✈❡❝
pit(e) ❧❡ ♥♦♠❜r❡ ❞❡ ♠❡ss❛❣❡s ✐♥❞✐❝és i ❞❛♥s ❧❛ ✜❧❡ ❞✬❛tt❡♥t❡ e à ❧✬ét❛♣❡ t ❡t ❛✈❡❝ h
i
t(e)
❧❡ ♥♦♠❜r❡ ❞❡ s❛✉ts r❡st❛♥ts ❞❡ ❝❡s ♠❡ss❛❣❡s✳ ❆ ♣❛rt✐r ❞❡ qmt (e)✱ ♥♦✉s ❝❛❧❝✉❧♦♥s q
′m
t (e)
♣♦✉r e ∈ E ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ♣♦✉r ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ✭s❡❝t✐♦♥ ✹✳✷✳✶✮✳ ◆♦✉s
s✉♣♣♦s♦♥s ✐❝✐ q✉❡ ❧❡ r♦✉t❛❣❡ ❡st ❞é✜♥✐ ♣ré❛❧❛❜❧❡♠❡♥t ❡t ♥❡ ❝❤❛♥❣❡ ♣❛s✳ ❘❡♠❛rq✉♦♥s
q✉✬❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣♦❧✐t✐q✉❡ ❞❡ s❡r✈✐❝❡s s♦✉❤❛✐té❡✱ ❧❡s ❝❛❧❝✉❧s ♣❡✉✈❡♥t ❞✐✛ér❡r✳
❊♥ tr❛✈❛✐❧ ❢✉t✉r✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞✬ét✉❞✐❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬❆❧❣♦r✐t❤♠❡
▲♦❣ ♣♦✉r ❞✬❛✉tr❡s ❥❡✉① ❞❡ ♣❛r❛♠ètr❡s✱ ♥♦t❛♠♠❡♥t ♣♦✉r ❞❡s ♠♦❞è❧❡s ❞✬✐♥t❡r❢ér❡♥❝❡
✈❛r✐és✳ ■❧ ❡st é❣❛❧❡♠❡♥t ✐♥tér❡ss❛♥t ❞❡ ♣♦✉rs✉✐✈r❡ ♥♦s ét✉❞❡s s✉r ❧❛ st❛❜✐❧✐té ❞❡s ✜❧❡s
❞✬❛tt❡♥t❡ ❛✈❡❝ ❧✬❆❧❣♦r✐t❤♠❡ ▲♦❣ ❞❛♥s ❧❡ ❜✉t ❞❡ ♣r♦✉✈❡r✱ ❡♥tr❡ ❛✉tr❡s✱ ❧❛ ❈♦♥❥❡❝✲
t✉r❡ ✸✳ ❚♦✉t❡s ♥♦s ❢♦♥❝t✐♦♥s ❞❡ ▲②❛♣✉♥♦✈ ❝❛♥❞✐❞❛t❡s ♥✬♦♥t ♣❛s ♣❡r♠✐s ❞✬♦❜t❡♥✐r ❧❡
rés✉❧t❛t ❞és✐ré✳ ❊♥✜♥✱ ♥♦✉s ❝♦♥t✐♥✉❡r♦♥s ❝❡ tr❛✈❛✐❧ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ✉♥ tr❛✜❝
♠✉❧t✐✲❤♦♣ s❛♥s ♥é❝❡ss❛✐r❡♠❡♥t ❛✈♦✐r ✉♥ r♦✉t❛❣❡ ♣ré❞é✜♥✐✳
❈❤❛♣✐tr❡ ✺
P❧❛❝❡♠❡♥t ❞❡ ❞♦♥♥é❡s ❞❛♥s ❧❡s
rés❡❛✉① ♣❛✐r✲à✲♣❛✐r
❙♦♠♠❛✐r❡
✺✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸
✺✳✷ ❉✉ré❡ ❞❡ ✈✐❡ ❞❡s ❞♦♥♥é❡s ♣♦✉r tr♦✐s ♣♦❧✐t✐q✉❡s ❞❡ ♣❧❛❝❡♠❡♥t✶✸✺
✺✳✸ ❈♦♥✜❣✉r❛t✐♦♥s ❜✐❡♥ éq✉✐❧✐❜ré❡s ♣♦✉r ❧❡ ♣❧❛❝❡♠❡♥t ❞❡ ❞♦♥♥é❡s✶✹✽
✺✳✶ ■♥tr♦❞✉❝t✐♦♥
◆♦✉s ♣rés❡♥t♦♥s ❞❡✉① tr❛✈❛✉① q✉❡ ♥♦✉s ❛✈♦♥s ré❛❧✐sés ❝♦♥❝❡r♥❛♥t ❧❡s s②stè♠❡s
❞❡ st♦❝❦❛❣❡ ❞❡ ❞♦♥♥é❡s ❞❛♥s ❧❡s rés❡❛✉① ♣❛✐r✲à✲♣❛✐r✳ ◆♦✉s ét✉❞✐♦♥s ♣r❡♠✐èr❡♠❡♥t
❧✬✐♥✢✉❡♥❝❡ ❞❡ tr♦✐s ♣♦❧✐t✐q✉❡s ❞❡ ♣❧❛❝❡♠❡♥t s✉r ❧❡ t❡♠♣s ♠♦②❡♥ ❛✈❛♥t ❧❛ ♣r❡♠✐èr❡
♣❡rt❡ ❞❡ ❞♦♥♥é❡s ❞❛♥s ❧❡s s②stè♠❡s ❛✈❡❝ r❡❞♦♥❞❛♥❝❡✳ ❊♥s✉✐t❡✱ ♥♦✉s ét✉❞✐♦♥s ❧❡s
♣❧❛❝❡♠❡♥ts ❞❛♥s ❧❡s s②stè♠❡s ❛✈❡❝ ré♣❧✐❝❛t✐♦♥ ❞❛♥s ❧❡ ❜✉t ❞❡ ♠✐♥✐♠✐s❡r ❧❛ ✈❛r✐❛♥❝❡
❞✉ ♥♦♠❜r❡ ❞❡ ❞♦♥♥é❡s ✐♥❞✐s♣♦♥✐❜❧❡s ✭❧✬❡s♣ér❛♥❝❡ ♥❡ ✈❛r✐❛♥t ♣❛s s❡❧♦♥ ❧❡ ♣❧❛❝❡♠❡♥t✮✳
❈❡ tr❛✈❛✐❧ ❛ été ré❛❧✐sé ❛✈❡❝ ❏❡❛♥✲❈❧❛✉❞❡ ❇❡r♠♦♥❞✱ ❙té♣❤❛♥❡ ❈❛r♦♥✱ ❋ré✲
❞ér✐❝ ●✐r♦✐r❡✱ ❆❧❛✐♥ ❏❡❛♥✲▼❛r✐❡✱ ❏✉❧✐❛♥ ▼♦♥t❡✐r♦✱ ❙té♣❤❛♥❡ Pér❡♥♥❡s ❡t ❏♦s❡♣❤
❨✉ ❬❈●▼+✶✵❜✱ ❈●▼+✶✵❝✱ ❈●▼+✶✵❛✱ ❇❏▼▼❨✶✶❪✳
❉✉ré❡ ❞❡ ✈✐❡ ❞❡s ❞♦♥♥é❡s ♣♦✉r tr♦✐s ♣♦❧✐t✐q✉❡s ❞❡ ♣❧❛❝❡♠❡♥t✳
▲❡ ♣r✐♥❝✐♣❡ ❞❡s s②stè♠❡s ❞❡ st♦❝❦❛❣❡ ❞❡ ❞♦♥♥é❡s ♣❛✐r✲à✲♣❛✐r ❡st ❞❡ ❞✐str✐❜✉❡r ❧❡s
❞♦♥♥é❡s ♣❛r♠✐ ❧❡s ♣❛✐rs ❞❛♥s ❧❡ ❜✉t ❞✬❛ss✉r❡r ❧❛ ✜❛❜✐❧✐té ❡t ✉♥❡ ❜♦♥♥❡ t♦❧ér❛♥❝❡ ❛✉①
♣❛♥♥❡s✳
❯♥❡ ❞♦♥♥é❡ ❡st ❞✐✈✐sé❡ ❡♥ ❜❧♦❝s✳ ❈❤❛q✉❡ ❜❧♦❝ ❡st ❞✐✈✐sé ❡♥ s ❢r❛❣♠❡♥ts✳ ▲❡ ❝♦❞❛❣❡
♣r♦❞✉✐t s+ r ❢r❛❣♠❡♥ts ♣♦✉✈❛♥t ❛✐♥s✐ t♦❧ér❡r r ♣❛♥♥❡s✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❧❡ ❜❧♦❝
♦r✐❣✐♥❛❧ ♣❡✉t êtr❡ r❡❝♦♥str✉✐t à ♣❛rt✐r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧s s ❢r❛❣♠❡♥ts ♣❛r♠✐ ❧❡s s+r✳
❉❛♥s ❬▲❈❩✵✺✱ ●▼P✵✾❪✱ ❧❡s ❛✉t❡✉rs ♠♦♥tr❡♥t q✉❡ ❧❛ ♠❛♥✐èr❡ ❞❡ ♣❧❛❝❡r ❧❡s ❢r❛❣♠❡♥ts
s✉r ❧❡s ♣❛✐rs ❛ ✉♥❡ ❣r❛♥❞❡ ✐♥✢✉❡♥❝❡ s✉r ❧❡s ♣❡r❢♦r♠❛♥❝❡❝s ❞✉ s②stè♠❡✳ ◆♦✉s ét✉❞✐♦♥s
❧❡ t❡♠♣s ♠♦②❡♥ ❛✈❛♥t q✉❡ ❧❡ s②stè♠❡ ♣❡r❞❡ ✉♥❡ ❞♦♥♥é❡ ✭▼❡❛♥ ❚✐♠❡ t♦ ❉❛t❛ ▲♦ss✱
▼❚❚❉▲✮ ♣♦✉r tr♦✐s ♣♦❧✐t✐q✉❡s ❞❡ ♣❧❛❝❡♠❡♥t ❞✐✛ér❡♥t❡s✳
❉❛♥s ❧❛ ♣r❡♠✐èr❡ ✭❣❧♦❜❛❧ ♣♦❧✐❝②✮✱ ❧❡s ❢r❛❣♠❡♥ts s♦♥t ❡♥✈♦②és s✉r ❞❡s ♣❛✐rs ❝❤♦✐s✐s
✉♥✐❢♦r♠é♠❡♥t ❛✉ ❤❛s❛r❞ ♣❛r♠✐ ❧❡s N ♣❛✐rs ❞✉ rés❡❛✉✳ ❉❛♥s ❧❛ ❞❡✉①✐è♠❡ ✭❜✉❞❞② ♣♦✲
❧✐❝②✮✱ ❧❡s ♣❛✐rs s♦♥t ❞✐✈✐sés ❡♥ C ❝❧✉st❡rs ❞❡ t❛✐❧❧❡ s+ r ❝❤❛❝✉♥✳ ▲❡s ❢r❛❣♠❡♥ts s♦♥t
✶✸✹ ❈❤❛♣✐tr❡ ✺✳ P❧❛❝❡♠❡♥t ❞❡ ❞♦♥♥é❡s ❞❛♥s ❧❡s rés❡❛✉① ♣❛✐r✲à✲♣❛✐r
❡♥s✉✐t❡ ❡♥✈♦②és s✉r ✉♥ ❝❧✉st❡r ❝❤♦✐s✐ ✉♥✐❢♦r♠é♠❡♥t ❛✉ ❤❛s❛r❞ ♣❛r♠✐ ❧❡s C ❝❧✉st❡rs✳
❉❛♥s ❝❡tt❡ ♣♦❧✐t✐q✉❡✱ t♦✉s ❧❡s ♣❛✐rs ❞✬✉♥ ❝❧✉st❡r st♦❝❦❡♥t ❧❡ ♠ê♠❡ ❡♥s❡♠❜❧❡ ❞❡ ❜❧♦❝s✳
❊♥✜♥✱ ❞❛♥s ❧❛ ❞❡r♥✐èr❡ ♣♦❧✐t✐q✉❡ ❞❡ ♣❧❛❝❡♠❡♥t ✭❝❤❛✐♥ ♣♦❧✐❝②✮✱ ❧❡ rés❡❛✉ ❡st ✈✉ ❝♦♠♠❡
✉♥ ❛♥♥❡❛✉ ❞✐r✐❣é ❞❡ N ♣❛✐rs ❡t ❧❡s ❢r❛❣♠❡♥ts s♦♥t ❡♥✈♦②és s✉r s+ r ♣❛✐rs ❝♦♥sé❝✉t✐❢s
✉♥✐❢♦r♠é♠❡♥t ❛✉ ❤❛s❛r❞✳ ▲✬❛✈❛♥t❛❣❡ ❞❡ ❧❛ ♣♦❧✐t✐q✉❡ ❣❧♦❜❛❧❡ ❡st ✉♥❡ ♠❡✐❧❧❡✉r❡ ré♣❛r✲
t✐t✐♦♥ ❞❡ ❧❛ ❝❤❛r❣❡ ♣❛r♠✐ ❧❡s ♣❛✐rs✱ ♣❡r♠❡tt❛♥t ♥♦t❛♠♠❡♥t ✉♥❡ r❡❝♦♥str✉❝t✐♦♥ r❛✲
♣✐❞❡ ❬●▼P✵✾❪✳ ❈❡♣❡♥❞❛♥t ❧❡s ❞❡✉① ♣♦❧✐t✐q✉❡s ❧♦❝❛❧❡s ♦✛r❡♥t ❝❡rt❛✐♥s ❛✈❛♥t❛❣❡s ♣r❛✲
t✐q✉❡s ♥♦t❛♠♠❡♥t ❝♦♥❝❡r♥❛♥t ❧❡ st♦❝❦❛❣❡ ❞❡ ♠ét❛✲✐♥❢♦r♠❛t✐♦♥s ❬❈❉❍+✵✻✱ ❉▲❙+✵✹❪✳
▲❡ t❡♠♣s ❡st ❞✐✈✐sé ❡♥ ét❛♣❡s t♦✉t❡s ❞❡ ♠ê♠❡ t❛✐❧❧❡✳ ❈♦♠♠❡ ❞❛♥s ❧❛ ♣❧✉♣❛rt
❞❡s ét✉❞❡s✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s q✉✬✉♥ ♣❛✐r ❡st ✐♥❞✐s♣♦♥✐❜❧❡ ♦✉ t♦♠❜❡ ❡♥ ♣❛♥♥❡ ❛✈❡❝
✉♥❡ ♣r♦❜❛❜✐❧✐té ❝♦♥st❛♥t❡ α✳ ◆♦✉s s✉♣♣♦s♦♥s ❧✬✐♥❞é♣❡♥❞❛♥❝❡ ❞❡s ♣❛♥♥❡s✳ ▲❛ r❡❝♦♥s✲
tr✉❝t✐♦♥ ❞❡s ❢r❛❣♠❡♥ts ❞✬✉♥ ❜❧♦❝ ❞é♠❛rr❡ ❞ès q✉✬✉♥ ❞❡s s❡s ❢r❛❣♠❡♥ts ❡st ♣❡r❞✉
✭❡❛❣❡r r❡❝♦♥str✉❝t✐♦♥ str❛t❡❣②✮✳ ❉❡ ♣❧✉s✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ t♦✉s ❧❡s ❢r❛❣♠❡♥ts s♦♥t
r❡❝♦♥str✉✐ts ❡♥ ✉♥❡ ét❛♣❡✳ ❯♥❡ ❢♦✐s ❝❡tt❡ r❡❝♦♥str✉❝t✐♦♥ ❡✛❡❝t✉é❡✱ ❧❡s ❢r❛❣♠❡♥ts s♦♥t
r❡❞✐str✐❜✉és s✉r ❞✐✛ér❡♥ts ♣❛✐rs✱ s❡❧♦♥ ❧❛ ♣♦❧✐t✐q✉❡ ❞❡ ♣❧❛❝❡♠❡♥t ✉t✐❧✐sé❡✳ ❆✐♥s✐✱ ✉♥
❜❧♦❝ ❡st ♣❡r❞✉ ❧♦rsq✉❡ r + 1 ❞❡ s❡s ❢r❛❣♠❡♥ts s♦♥t ♣❡r❞✉s ❞✉r❛♥t ✉♥❡ ♠ê♠❡ ét❛♣❡✳
▲❛ ❞♦♥♥é❡ ❝♦♥t❡♥❛♥t ❝❡ ❜❧♦❝ ❡st ❛❧♦rs ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ♣❡r❞✉❡✳ ❉❛♥s ❬❈●▼+✶✵❜❪✱
♥♦✉s tr❛✐t♦♥s ❧❡ ♣r♦❜❧è♠❡ ♣♦✉r ❞✐✛ér❡♥ts ♠é❝❛♥✐s♠❡s ❞❡ r❡❝♦♥str✉❝t✐♦♥✳
■❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜s❡r✈❡r q✉❡ ❧❡ ♥♦♠❜r❡ ♠♦②❡♥ ❞❡ ❞♦♥♥é❡s ♣❡r❞✉❡s ❧♦rs ❞✬✉♥❡
ét❛♣❡ ❡st ✐❞❡♥t✐q✉❡ ♣♦✉r ❧❡s tr♦✐s ♣♦❧✐t✐q✉❡s ❞❡ ♣❧❛❝❡♠❡♥t ❞é❝r✐t❡s ♣ré❝é❞❡♠♠❡♥t✳ ❊♥
r❡✈❛♥❝❤❡✱ ❝♦♠♠❡ ❞é❝r✐t ❞❛♥s ❬●▼P✵✾❪✱ ❧❛ ❞✉ré❡ ♠♦②❡♥♥❡ ❛✈❛♥t ❧❛ ♣r❡♠✐èr❡ ♣❡rt❡
❞❡ ❞♦♥♥é❡s ✈❛r✐❡ ❜❡❛✉❝♦✉♣ s❡❧♦♥ ❧❛ ♣♦❧✐t✐q✉❡ ✉t✐❧✐sé❡✳ ❊♥ ❡✛❡t✱ ♣♦✉r ❧❛ ♣♦❧✐t✐q✉❡
❣❧♦❜❛❧❡✱ ❧❛ ♣❡rt❡ ❞❡ ❞♦♥♥é❡s ❛rr✐✈❡ ré❣✉❧✐èr❡♠❡♥t ❛❧♦rs q✉❡ ♣♦✉r ❧❛ ♣♦❧✐t✐q✉❡ ✉t✐❧✐s❛♥t
❧❡s ❝❧✉st❡rs✱ ❝❡tt❡ ♣❡rt❡ ❡st ♣❡✉ ❢réq✉❡♥t❡✳ ▼❛✐s ❧♦rsq✉✬✐❧ ② ❛ ✉♥❡ ♣❡rt❡ ❞❡ ❞♦♥♥é❡s
♣♦✉r ❝❡tt❡ ♣♦❧✐t✐q✉❡✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❡rt❡s ❡st très ✐♠♣♦rt❛♥t ✭t♦✉s ❧❡s ❜❧♦❝s ❞✉ ❝❧✉st❡r
❝♦♥❝❡r♥é s♦♥t ♣❡r❞✉s✮✳ P♦✉r ❧❛ ♣♦❧✐t✐q✉❡ ❞❡ ♣❧❛❝❡♠❡♥t s❡❧♦♥ ✉♥ ❛♥♥❡❛✉ ❧♦❣✐q✉❡ ✭❝❤❛✐♥
♣♦❧✐❝②✮✱ ❧❛ ❞✉ré❡ ♠♦②❡♥♥❡ ❛✈❛♥t ❧❛ ♣r❡♠✐èr❡ ♣❡rt❡ ❛ ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❡♥tr❡ ❧❡s ❞❡✉①✳
◆♦✉s ♣r♦♣♦s♦♥s ❞❡s ♠ét❤♦❞❡s ♣♦✉r ❝❛❧❝✉❧❡r ❝❡tt❡ ❞✉ré❡ ♠♦②❡♥♥❡ ❞❡ ♠❛♥✐èr❡ ❡①❛❝t❡
♦✉ ❞❡ ♠❛♥✐èr❡ ❛♣♣r♦❝❤é❡ ♣♦✉r ❧❡s tr♦✐s ♣♦❧✐t✐q✉❡s ❞❡ ♣❧❛❝❡♠❡♥t✳
◆♦✉s ♣rés❡♥t♦♥s ♥♦s rés✉❧t❛ts ❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✷✳
❈♦♥✜❣✉r❛t✐♦♥s ❜✐❡♥ éq✉✐❧✐❜ré❡s ♣♦✉r ❧❡ ♣❧❛❝❡♠❡♥t ❞❡ ❞♦♥♥é❡s✳
❉❛♥s ❧❡ ❞❡✉①✐è♠❡ ❛rt✐❝❧❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ♣❧❛❝❡♠❡♥t ❞❡ ❞♦♥✲
♥é❡s ♠♦t✐✈é ♣❛r ❧❛ ré♣❧✐❝❛t✐♦♥ ❞❡ ❞♦♥♥é❡s ❞❛♥s ✉♥ s②stè♠❡ ❞❡ ✈✐❞é♦ à ❧❛ ❞❡♠❛♥❞❡
✭✈♦✐r ❬❇❇❏▼❘✵✾❛✱ ❇❇❏▼❘✵✾❜✱ ❏▼❘❇❇✵✾❪✮✳ ◆♦✉s ❛✈♦♥s ✉♥ ❡♥s❡♠❜❧❡ ❞❡ n s❡r✈❡✉rs
❡t ❞❡ b ✜❝❤✐❡rs ✭❞♦♥♥é❡s✱ ❞♦❝✉♠❡♥ts✱ ❢r❛❣♠❡♥ts✮✳ ❈❤❛q✉❡ ✜❝❤✐❡r ❡st ré♣❧✐q✉é s✉r
❡①❛❝t❡♠❡♥t k s❡r✈❡✉rs✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s s❡r✈❡✉rs ❝♦♥t❡♥❛♥t ✉♥ ✜❝❤✐❡r ❞♦♥♥é ❛ ❞♦♥❝
t❛✐❧❧❡ k ❡t s❡r❛ ❛♣♣❡❧é ✭❝♦♠♠❡ ❞❛♥s ❧❛ t❤é♦r✐❡ ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s✮ ✉♥ ❜❧♦❝ B✳ ❯♥
♣❧❛❝❡♠❡♥t ❡st ❞♦♥❝ ❝♦♥st✐t✉é ♣❛r ✉♥❡ ❢❛♠✐❧❧❡ F ❞❡ b ❜❧♦❝s✳
❯♥ s❡r✈❡✉r ❡st s✉♣♣♦sé ❞✐s♣♦♥✐❜❧❡ ❛✈❡❝ ✉♥❡ ❝❡rt❛✐♥❡ ♣r♦❜❛❜✐❧✐té δ ❡t ❞♦♥❝ ✐♥❞✐s✲
♣♦♥✐❜❧❡ ✭❡♥ ♣❛♥♥❡✮ ❛✈❡❝ ❧❛ ♣r♦❜❛❜✐❧✐té 1−δ✳ ❯♥ ✜❝❤✐❡r ❡st ❞✐s♣♦♥✐❜❧❡ s✐ ❛✉ ♠♦✐♥s ✉♥
s❡r✈❡✉r ❧❡ ❝♦♥t❡♥❛♥t ❡st ❞✐s♣♦♥✐❜❧❡ ♦✉ ❞❡ ♠❛♥✐èr❡ éq✉✐✈❛❧❡♥t❡ ❧❡ ✜❝❤✐❡r ❡st ✐♥❞✐s♣♦✲
♥✐❜❧❡ ✭♣❡r❞✉✮ s✐ t♦✉s ❧❡s s❡r✈❡✉rs ❧❡ ❝♦♥t❡♥❛♥t s♦♥t ✐♥❞✐s♣♦♥✐❜❧❡s✳ ❉❛♥s ❬❏▼❘❇❇✵✾❪✱
❧❡s ❛✉t❡✉rs ét✉❞✐❡♥t ❧❛ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ Λ ❞✉ ♥♦♠❜r❡ ❞❡ ✜❝❤✐❡rs ❞✐s♣♦♥✐❜❧❡s✳ ■❧s
✺✳✷✳ ❉✉ré❡ ❞❡ ✈✐❡ ❞❡s ❞♦♥♥é❡s ♣♦✉r tr♦✐s ♣♦❧✐t✐q✉❡s ❞❡ ♣❧❛❝❡♠❡♥t ✶✸✺
♣r♦✉✈❡♥t q✉❡ ❧✬❡s♣ér❛♥❝❡ E(Λ) ❡st ✐♥❞é♣❡♥❞❛♥t❡ ❞✉ ♣❧❛❝❡♠❡♥t ♠❛✐s ♣❛s s❛ ✈❛✲
r✐❛♥❝❡✳ ■❧s ♠♦♥tr❡♥t q✉❡ ♠✐♥✐♠✐s❡r ❧❛ ✈❛r✐❛♥❝❡ r❡✈✐❡♥t à ♠✐♥✐♠✐s❡r ❧❡ ♣♦❧②♥ô♠❡
P (F , x) = ∑kj=0 vjxj ✱ ♦ù vj r❡♣rés❡♥t❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦✉♣❧❡s ❞❡ ❜❧♦❝s q✉✐ s✬✐♥t❡r✲
s❡❝t❡♥t ❡♥ ❡①❛❝t❡♠❡♥t j é❧é♠❡♥ts ❡t ♦ù x = 11−δ ✭❞♦♥❝ x ≥ 1✮✳ ▲❡ ♣r♦❜❧è♠❡ q✉❡ ♥♦✉s
❝♦♥s✐❞ér♦♥s ❝♦♥s✐st❡✱ ♣♦✉r ✉♥ ♥♦♠❜r❡ n ❞❡ s❡r✈❡✉rs✱ b ❞❡ ✜❝❤✐❡rs ❡t ✉♥ ♣❛r❛♠ètr❡ k
❞❡ ré♣❧✐❝❛t✐♦♥✱ à tr♦✉✈❡r ✉♥ ♣❧❛❝❡♠❡♥t ♦♣t✐♠❛❧ ♣♦✉r ❧❛ ✈❛r✐❛❜❧❡ x✱ ❝✬❡st✲à✲❞✐r❡ ✉♥❡
❢❛♠✐❧❧❡ F q✉✐ ♠✐♥✐♠✐s❡ ❧❡ ♣♦❧②♥ô♠❡ P (F , x)✳
▲❡s ❛✉t❡✉rs ❞❡ ❬❏▼❘❇❇✵✾❪ ❝♦♥❥❡❝t✉r❡♥t q✉✬✐❧ ❡①✐st❡ ✉♥ ♣❧❛❝❡♠❡♥t ♦♣t✐♠❛❧ q✉❡❧
q✉❡ s♦✐t ❧❛ ✈❛❧❡✉r ❞❡ x ≥ 1 ✭❝✬❡st✲à✲❞✐r❡ ✉♥❡ ❢❛♠✐❧❧❡ F∗ t❡❧❧❡ q✉❡ P (F∗, x) ≤ P (F , x)
♣♦✉r t♦✉t F ❡t t♦✉t x ≥ 1✮✳
◆♦✉s ♠♦♥tr♦♥s ❞❛♥s ❝❡t ❛rt✐❝❧❡ q✉❡ ❧❡ ♣♦❧②♥ô♠❡ P (F , x) ♣❡✉t s✬é❝r✐r❡ s♦✉s ❧❛
❢♦r♠❡ Σkj=1Σx1,...,xjλ
2
x1,...,xj (x − 1)j − bxk + b2 ♦ù λx1,...,xj r❡♣rés❡♥t❡ ❧❡ ♥♦♠❜r❡ ❞❡
❜❧♦❝s ❝♦♥t❡♥❛♥t {x1, . . . , xj}✳ ◆♦✉s ❞✐s♦♥s q✉✬✉♥❡ ❢❛♠✐❧❧❡ F ❡st ❥✲éq✉✐❧✐❜ré❡ s✐ ❧❡s
λx1,...,xj s♦♥t t♦✉s é❣❛✉① ♦✉ q✉❛s✐ é❣❛✉①✱ ❝✬❡st✲à✲❞✐r❡ |λx1,...,xj − λy1,...,yj | ≤ 1 ♣♦✉r
t♦✉t {x1, . . . , xj} ❡t {y1, . . . , yj}✳ ▲❛ ❢❛♠✐❧❧❡ s❡r❛ ❞✐t❡ ✏❜✐❡♥ éq✉✐❧✐❜ré❡✑ s✐ ❡❧❧❡ ❡st
❥✲éq✉✐❧✐❜ré❡ ♣♦✉r t♦✉t j✱ 1 ≤ j ≤ k✳ ❯♥❡ ❢❛♠✐❧❧❡ ❥✲éq✉✐❧✐❜ré❡ ♠✐♥✐♠✐s❡ ❧❡ ❝♦❡✣❝✐❡♥t
Σx1,...,xjλ
2
x1,...,xj ❡t ❞♦♥❝ ✉♥❡ ❢❛♠✐❧❧❡ ❜✐❡♥ éq✉✐❧✐❜ré❡ ❝♦rr❡s♣♦♥❞ à ✉♥ ♣❧❛❝❡♠❡♥t ♦♣t✐✲
♠❛❧ ❡t ❧❛ ❝♦♥❥❡❝t✉r❡ ❡st ✈ér✐✜é❡ ♣♦✉r ❧❡s ✈❛❧❡✉rs ❞❡ n, b, k ♣♦✉r ❧❡sq✉❡❧❧❡s ✐❧ ❡①✐st❡ ✉♥❡
❢❛♠✐❧❧❡ ❜✐❡♥ éq✉✐❧✐❜ré❡✳ ❉❛♥s ❧❡ ❝❛s k = 2✱ ✐❧ ❡st ❢❛❝✐❧❡ ❞❡ ❝♦♥str✉✐r❡ ✉♥❡ ❢❛♠✐❧❧❡ ❜✐❡♥
éq✉✐❧✐❜ré❡ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ❝♦✉♣❧❛❣❡s ❞✉ ❣r❛♣❤❡ ❝♦♠♣❧❡t✳ P♦✉r k ≥ 3✱ ❧❡ ♣r♦❜❧è♠❡ s❡
ré✈è❧❡ ❞✐✣❝✐❧❡✳ ❊♥ ❡✛❡t✱ ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✉ ♣r♦❜❧è♠❡ ❝♦rr❡s♣♦♥❞ à ❧✬❡①✐st❡♥❝❡ ❞❡
s②stè♠❡s ❞❡ ❙t❡✐♥❡r✳ ❆✐♥s✐ ♣♦✉r k = 3✱ ✉♥ s②stè♠❡ ❞❡ tr✐♣❧❡ts ❞❡ ❙t❡✐♥❡r ✭❬❈❏✵✻❪✮
(n, 3, 1) ❡st ❞é✜♥✐ ❝♦♠♠❡ ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ❜❧♦❝s t❡❧❧❡ q✉❡ ❝❤❛q✉❡ ♣❛✐r❡ ❞✬é❧é♠❡♥ts ❛♣✲
♣❛rt✐❡♥t à ❡①❛❝t❡♠❡♥t 1 ❜❧♦❝✳ ❉❡ t❡❧s s②stè♠❡s ❡①✐st❡♥t s✐ ❡t s❡✉❧❡♠❡♥t s✐ n ≡ 1 ♦✉ 3
✭♠♦❞ ✻✮✳ ❉❛♥s ❝❡ ❝❛s✱ b = n(n−1)6 ❡t ❝❤❛q✉❡ s♦♠♠❡t ❛♣♣❛rt✐❡♥t à ❡①❛❝t❡♠❡♥t
n(n−1)
2
❜❧♦❝s✳
❉❛♥s ❧✬❛rt✐❝❧❡✱ ♥♦✉s ❞♦♥♥♦♥s ❞❡s ♠ét❤♦❞❡s ♣♦✉r ❝♦♥str✉✐r❡ ♣♦✉r k = 3✱ ❞❡s
❢❛♠✐❧❧❡s ❜✐❡♥ éq✉✐❧✐❜ré❡s✳ ◆♦✉s ✉t✐❧✐s♦♥s ❧✬❡①✐st❡♥❝❡ ♣♦✉r n = 6t + 3 ❞❡ ❑✐r❦♠❛♥
r❡s♦❧✈❛❜❧❡ tr✐♣❧❡ s②st❡♠s ♦ù ❝❤❛q✉❡ (n, 3, 1) ❝♦♥✜❣✉r❛t✐♦♥ ♣❡✉t ❡❧❧❡ ♠ê♠❡ êtr❡ ❞é✲
❝♦♠♣♦sé❡ ❡♥ 3t + 1 ❝❧❛ss❡s ♣❛r❛❧❧è❧❡s ✭✉♥❡ ❝❧❛ss❡ ♣❛r❛❧❧è❧❡ ét❛♥t ❢♦r♠é❡ ❞❡ 2t + 1
tr✐♣❧❡ts ❢♦r♠❛♥t ✉♥❡ ♣❛rt✐t✐♦♥ ❞❡s n é❧é♠❡♥ts✮✳
◆♦✉s ♣rés❡♥t♦♥s ♥♦s rés✉❧t❛ts ❞❛♥s ❧❛ s❡❝t✐♦♥ ✺✳✸✳
✺✳✷ ❉✉ré❡ ❞❡ ✈✐❡ ❞❡s ❞♦♥♥é❡s ♣♦✉r tr♦✐s ♣♦❧✐t✐q✉❡s ❞❡
♣❧❛❝❡♠❡♥t
◆♦✉s ♣r♦♣♦s♦♥s ❞❡s ♠ét❤♦❞❡s ❡①❛❝t❡s ❡t ❛♣♣r♦❝❤é❡s ♣♦✉r ❝❛❧❝✉❧❡r ❧❡ t❡♠♣s
♠♦②❡♥ ❛✈❛♥t ❧❛ ♣r❡♠✐èr❡ ♣❡rt❡ ❞❡ ❞♦♥♥é❡s s❡❧♦♥ ❧❡s tr♦✐s ♣♦❧✐t✐q✉❡s ❞❡ ♣❧❛❝❡✲
♠❡♥t ♣rés❡♥té❡s ♣ré❝é❞❡♠♠❡♥t✳ ◆♦✉s ♣rés❡♥t♦♥s ♥♦s rés✉❧t❛ts ♣❛r✉s ❞❛♥s ❧✬❛r✲
t✐❝❧❡ ❬❈●▼+✶✵❛❪✳
Data Life Time for Different Placement Policies in
P2P Storage Systems ⋆
S. Caron1, F. Giroire2, D. Mazauric2, J. Monteiro2, and S. Pérennes2
1 ENS Paris
2 MASCOTTE joint team, INRIA, I3S (CNRS, Univ. of Nice)
Abstract. Peer-to-peer systems are foreseen as an efficient solution to achieve
reliable data storage at low cost. To deal with common P2P problems such as peer
failures or churn, such systems encode the user data into redundant fragments and
distribute them among peers. The way they distribute it, known as placement
policy, has a significant impact on their behavior and reliability. In this paper,
we study the impact of different placement policies on the data life time. More
precisely, we describe methods to compute and approximate the mean time before
the system loses data (Mean Time to Data Loss). We compare this metric for three
placement policies: two of them local, in which the data is stored in logical peer
neighborhoods, and one of them global in which fragments are parted uniformly
at random among the different peers.
1 Introduction and System Description
The key concept of Peer-to-Peer storage systems is to distribute redundant data among
peers to achieve high reliability and fault tolerance at low cost. The addition of redundant
data could be done by Erasure Codes [14], such as Reed Solomon, as used by some RAID
schemes. When using Erasure Codes, the original user data (e.g. files, raw data, etc.) is
cut into blocks that are in turn divided into s initial fragments. The encoding scheme
produces s+ r fragments that can tolerate r failures. In other words, the original block
can be recovered from any s of the s + r encoded fragments. In a P2P storage system,
these fragments are then placed on s + r different peers of the network according to a
placement policy, which is the main subject of this paper. In [8] we studied placement
policies by simulations, and we presented the amount of resource (bandwidth and storage
space) required to maintain redundancy and to ensure a given level of reliability. In this
paper, we present an analytical method to compute the metric Mean Time to Data Loss
(MTTDL) for three different placement policies. The remainder of this paper is organized
as follows: first we briefly present the characteristics of the studied P2P storage systems,
followed by the related work. In Section 2, we describe the studied placement policies.
Then, in Sections 3, 4, 5, we describe the analytical methods to compute exact values
and approximations of the MTTDL for the three policies. We conclude in Section 6.
Peer Failures. It is assumed that the peers stay connected almost all the time into
the system. Indeed, in our model a peer failure represents a disk crash or a peer that
definitively leaves the system. In both cases, it is assumed that all the data on the
peer’s disk are lost. Following most works on P2P storage systems, peers get faulty
⋆ This work was partially funded by the ANR project SPREADS and région PACA.
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b1 b2
Global
b1 b2
Buddy
b1 b2
Chain
Fig. 1. Placement of two blocks b1 and b2 in the system using the different policies.
independently according to a memoryless process. For a given peer, the probability to
fail at a given time step is α.
Reconstruction Strategy. To ensure a durable long-term storage despite disk failures,
the system needs to continuously monitor the number of fragments of each block and
maintain a minimum number of redundancy fragments available in the network. In this
work, we study the case where the reconstruction starts as soon as one of its fragments
is lost, namely eager reconstruction strategy. In addition, the blocks are reconstructed
in one time step, i.e., there is enough bandwidth to process the reconstruction quickly.
After the reconstruction, the regenerated missing fragments are spread among different
peers. Hence, after each time step, the system is fully reconstructed. We also studied
systems with other reconstruction processes in [2], but we do not discuss them here due
to lack of space.
Related Work
The majority of existing or proposed systems, e.g., CFS, Farsite [6], PAST, TotalRe-
call [1], use a local placement policy. For example, in PAST [13], the authors use the
Pastry DHT to store replicas of data into logical neighbors. In the opposite way, some
systems use a Global policy, as OceanStore [11] or GFS [7]. GFS spreads chunks of data
on any server of the system using a pseudo-random placement. Chun et al. in [3] and
Ktari et al. in [10] discuss the impact of data placement. The later do a practical study
of a large number of placement policies for a system with high churn. They exhibit differ-
ences of performance in terms of delay, control overhead, success rate, and overlay route
length. In the work closer to ours [12], the authors study the impact of data placement
on the Mean Time to Data Loss (MTTDL) metric. All these studies consider the case of
systems using replication. In this paper, we address the more complex case of Erasure
Codes which are usually more efficient for the same storage overhead [14].
2 Placement Policies
It has been shown that fragment placement has a strong impact on the system perfor-
mance [8,12]. We study here three different strategies to place the s + r fragments of a
block, as explained in the following and depicted in Figure 1:
• Global Policy: fragments are sent to peers chosen uniformly at random among all
the N peers.
• Buddy Policy: peers are grouped into C independent clusters of size exactly s + r
each. The fragments are then sent to a cluster chosen uniformly at random among the
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Fig. 2. Illustrative example of the cumulative number of block losses for a period of three years.
The number of losses is the same among policies, but its distribution over time is different.
clusters. In this situation, all peers of a cluster store fragments of the same set of blocks.
It could be seen as a collection of local RAID like storage.
• Chain Policy: the network is seen as a directed ring of N peers and the fragments
are sent to s+r consecutive peers choosen uniformly at random. This policy corresponds
to what is done in most distributed systems implementing a DHT.
The use of the Global policy allows the system to distribute more uniformly the
load among peers, leading to a faster reconstruction and a smoother operation of the
system [8]. However, the use of Buddy and Chain, namely local strategies, brings prac-
tical advantages [4,3]. For example, the management traffic and the amount of meta-
information to be stored by the peers are kept low.
Data Loss Rate. A data loss occurs when at least one block is lost. A block is considered
lost if it loses at least r+1 fragments during one time step, otherwise, recall that all the
s+ r fragments are fully reconstructed at next time step. The data loss rate for a given
block comes straightforward. This loss rate does not depend on the placement policy (as
soon as it is assured that all fragments are stored on different peers). Hence, we have the
same expected number of lost blocks for the three placement policies.
Mean Time to Data Loss (MTTDL). However, as stated in [8], the measure of the
time to the first occurrence of a data loss shows that the three policies have very distinct
behaviors. It is shown by simulations that the average quantity of data loss per year is
the same, but the distribution across time of these losses is very different (see Figure 2).
In the Global policy the losses occurs regularly. Conversely, they occur very rarely for
the Buddy placement, but, when they occur, they affect a large batch of data. Basically,
all the blocks of a Buddy cluster are lost at the same time. The behavior of the Chain
policy is somewhere in the middle of both. In the next section we propose analytical
methods to compute these variations through the metric MTTDL.
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3 Buddy Placement Policy
In the next three sections (Section 3, 4 and 5), we present methods to compute exact
values and approximations of the MTTDL for the three placement policies. For each
policy, we calculate the probabilty Ppolicy to lose data at any given time step. Then, we
deduce MTTDLpolicy = 1/Ppolicy.
In the Buddy placement policy, the N peers are divided into C clusters of size s+ r
each. In this strategy, the calculation of the MTTDLbuddy is straightforward. Given a
cluster, the probability to have a block loss is the probability that the cluster loses at
least r + 1 peers (i.e., fragments), is given by
Pcluster =
s+r∑
j=r+1
(
s+ r
j
)
αj(1− α)s+r−j . (1)
In fact, when that happens all the data stored on that cluster is lost. Remember that
α is the probability of a given peer to fail at one time step. Since all the C clusters are
independent, the probability to have a data loss is given by Pbuddy = 1− (1−Pcluster)
C .
If the average number of cluster failures per time step C·Pcluster ≪ 1, as expected in
a real system (i.e., the probabilty of simultaneous cluster failures is small), then we have
Pbuddy ≈ C·Pcluster, and so MTTDLbuddy ≈ 1/(C · Pcluster).
If (s + r)α ≪ 1, we can approximate even more. In other words, this assumption
means that the probability of a peer failure α is small. Since the ratio between two
consecutive terms in sum of Equation (1) is ≤ (s + r)α, we can bound its tail by a
geometric series and see that it is of O((s+ r)α). We obtain Pcluster ≈
(
s+r
r+1
)
αr+1. Then
we have
MTTDLbuddy ≈
1
N
s+r ·
(
s+r
r+1
)
αr+1
. (2)
4 Global Placement Policy
In the Global policy, block’s fragments are parted between s+ r peers chosen uniformly
at random. First, we present the exact calculation of the MTTDLglobal. We then present
approximated formulas that give an intuition of the system behavior.
4.1 MTTDL calculation
First, we consider i failures happening during one time step. Let F denote the set of the
placement classes (i.e., groups of s+ r peers) that hold at least r + 1 of these i failures;
we have:
#F =
i∑
j=r+1
(
i
j
)(
N − i
s+ r − j
)
(3)
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Then, suppose we insert a new block in the system: his s + r fragments are dispatched
randomly in one of the
(
N
s+r
)
placement classes with uniform probability. Thus, the
probability Pblock(i) for the chosen class to be in F is:
Pblock(i) := P [placement in F ] =
∑i
j=r+1
(
i
j
)(
N−i
s+r−j
)
(
N
s+r
)
As block insertions are independent, if we consider our B blocks one after the other, the
probability that none of them falls in F is (1 − Pblock(i))
B . We then come back to the
global probability to lose data considering different failure scenarii:
Pglobal := P [lose data] = P
[⋃
{i failures}[failure kills a block]
]
=
N∑
i=r+1
(
N
i
)
αi(1− α)N−iP [i failures kill a block]
Which gives us the MTTDL of the system using the global policy:
MTTDL−1global ≈
N∑
i=r+1
(
N
i
)
αi(1− α)N−i

1−
(
1−
∑i
j=r+1
(
i
j
)(
N−i
s+r−j
)
(
N
s+r
)
)B (4)
4.2 MTTDL approximation
We provide here approximations for systems with low peer failure rates: backup systems.
One example is Brick storage systems [12]. Each peer is a “brick” dedicated to data
storage, that is, a stripped down computer with the fewest possible components: CPU,
motherboard, hard drive and network card. In these backup systems, as we want a very
high data life time, we have either αN ≪ 1 or αN ∼ 1, i.e., we have a not too high mean
number of peer failures per time step.
Computations of this complicated sum suggests that only its first terms matter, and
especially the very first term when αN ≪ 1. We can formalize this: let us consider three
“zones” for i ∈ Jr+1, NK: (I) i ∼ s+r, (II) s+r ≪ i≪ N and (III) i ∼ N . We introduce
the following notations:
Ai =
∑s+r
j=r+1
(
i
j
)(
N−i
s+r−j
)
; Ci = 1−
Ai
( Ns+r)
Γi = 1− C
B
i ; ∆i =
(
N
i
)
αi(1− α)N−iΓi
Where Ai is nothing but #F in case i failures happen. In fact, and for the sake of
curiosity, we can compute it easily with the following relation.
Lemma 1. For i ≥ r + 1, Ai+1 = Ai +
(
i
r
)(
N−(i+1)
s−1
)
.
Proof. F is the set of placement classes with at least r + 1 of them falling into a given
“failure” set of size i. Let us see what happens when we increment the size of this failure
set. We denote by Si the initial failure set of F and Si+1 = Si ∪ {x}. A placement class
falls in Si+1 iff it has at least r + 1 peers in it, which is equivalent to either (a) having
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more that r + 1 peers in Si or (b) containing x and exactly r peers in Si (cases where
there are more than r + 1 peers in Si+1, including x, are already counted in (a)). From
this we conclude that: Ai+1 = Ai +
(
i
r
)(
N−(i+1)
s−1
)
.
The ratio between two consecutive terms of sum (4) is:
ρ :=
∆i+1
∆i
=
α
1− α
N − i+ 1
i+ 1
Γi+1
Γi
≈ αN ·
Γi+1
iΓi
(5)
In zones (II) and (III), we can show this ratio is low enough so we can bound the tail of
our sum by a geometric series of common ration ρ≪ 1.
Lemma 2. In zone (I), under the assumption N(s+r)2 ≫ 1,
∆i ≈ B
(
s+ r
r + 1
)
(αN)i−(r+1)αr+1(1− α)N−i (6)
Proof. When i ∼ s + r, we usually (read: in practice) have A
/(
N
s+r
)
≪ 1. Under our
(strong) assumption, which is also verified in practice, we indeed have the simple bound
A
/(
N
s+r
)
≤
(
(s+r)2
N
)r+1
s
(r+1)! ≪
1
B
. Thus, Γi is almost proportional to Ci in zone (I),
which implies ∆i ≈ Bα
i(1 − α)N−iA
(
N
i
)/(
N
s+r
)
. But simple combinatorics show that
A
(
N
i
)
=
∑s+r
j=r+1
(
s+r
j
)(
N−(s+r)
i−j
)(
N
s+r
)
, leading us to equation (6).
Lemma 3. In zone (II), ρ ≈ αN
i
.
Proof. When s+ r ≪ i≪ N , we have
Ai ≈
s+r∑
j=r+1
ij
j!
(N − i)s+r−j
(s+ r − j)!
Ci ≈
(
1−
i
N
)s+r r∑
j=0
(
s+ r
j
)(
i
N − i
)j
≈
r∑
j=0
(
s+ r
j
)(
i
N
)j s+r−j∑
l=0
(−1)l
(
i
N
)l
Taylor expansion to second order in i
N
leads us to Γi ≈ B [2(s+ r)− 3]
(
i
N
)2
. Hence we
see that Γi+1
Γi
≈
(
1 + 1
i
)2
≈ 1, equation (5) leading us to ρ ≈ αN/i.
Lemma 4. In zone (III), ρ ≤ αN
i
.
Proof. Let ǫi = 1 −
i
N
: when i ∼ N , we have Ci ≈
∑r
j=0
(
i
N
)j
ǫs+r−ji
(
s+r
j
)
≈ ǫsi
(
s+r
r
)
.
Hence, Ci+1 − Ci ≈
1
Ns
(
ǫs−1i+1 + · · ·+ ǫ
s−1
i
) (
s+r
r
)
≤ 1
Ns
sǫs−1i
(
s+r
r
)
≪ 1. Then, Taylor
expansion of the convex function f(x) = 1− xB leads us to (f ′′ < 0):
Γi+1 − Γi ≤ (Ci+1 − Ci)f
′(Ci)
≤
1
Ns
sǫs−1i
(
s+ r
r
)
BCB−1i
Γi+1
Γi
≤ 1 +
Bǫs−1i s
(
s+r
r
)
Ns
CB−1i
1− CBi
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Since in practice we have B ≪ Ns, this upper bound is close to 1 and we conclude – as
usual – with equation (5) giving ρ ≤ αN/i.
Lemmas 3 and 4 tell us that, when i ≫ s + r, our big sum is bounded by a geo-
metric series of common ratio ≤ αN
i
≪ 1, so only the terms before zones (II) and (III)
numerically matter.
Lemma 2 can provide us with a stronger result. Equation (6) leads to ρ ≈ αN in
zone (I). Hence, if we also have αN ≪ 1, that is, mean number of failures per time step
is really low (or, equivalently, time step is short enough), then only the first term of the
sum matters. If we simplify it further, we find:
MTTDLglobal ≈
1
B
(
s+r
r+1
)
αr+1
(7)
5 Chain Placement Policy
For the Chain policy, the computation of MTTDLchain is more difficult than the two
previous ones, mainly because the chains are not independent of each other. From the
definition of the Chain policy, a data loss occurs only when r+1 (or more) peer failures
are located at s+ r consecutive peers.
We present in this paper two approaches to compute or approximate the MTTDL for
the Chain policy. We first describe computations using Markov chains techniques, and
we then describe an analytical approximation value assuming that α is small enough.
5.1 Markov Chain Approach
The idea is to survey the N sequences S1, S2, . . . , SN of s + r consecutive peers. First,
we define a binary-vector (bi, bi+1, . . . , bi+s+r−1) for each Si, where the elements of this
vector represent the state of peers of Si: bj = 1 if the peer numbered j is failed, bj = 0
otherwise, i ≤ j < i+s+r. Peer numbered N+k is really the peer numbered k. Remark
that the binary-vector of Si+1 is (bi+1, . . . , bi+s+r).
As an example, consider a system composed of N = 10 peers with the values s = 3
and r = 2. The first sequence S1 of peers is associated with the vector (b1, . . . , b5). If∑5
i=1 bi ≥ 3, then it means that there is a data loss. Otherwise we have for example
the vector (0, 0, 1, 0, 0). Thus we now look at the vector (b2, . . . , b6) associated with the
second sequence S2 of peers. To get this new vector, we remove the first bit b1 of the
previous vector and we add the new bit b6 at the end. We get for example (0, 1, 0, 0, 1) if
b6 = 1. Two peer failures appear in the sequence S2, and so we do not have a data loss.
If for example b7 = 1, then the vector associated with S3 is (1, 0, 0, 1, 1). In that case a
data loss is found.
We now want to compute the probability to find at least one “bad” sequence Si
containing at least r+1 bits 1 in its vector. We use a discrete time discrete space Markov
chain to represent the transitions between sequences. Indeed, the set of states V of such
Markov chain is the set of all possible binary-vectors of size s+r such that the sum of its
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(1,0,0,1,0)
(0,0,1,0,0)
1−α
(0,0,1,0,1)
α
†
α
. . .
1−α
. . .
Fig. 3. Sample part of the Markov chain for s+ r = 5 and r + 1 = 3.
elements is at most r, plus an absorbing state namely vdead (containing all other binary-
vectors of size s + r in which the sum of its elements is greater than r). For a binary-
vector (bi, bi+1, . . . , bi+s+r−1), we have two possible transitions: (bi+1, . . . , bi+s+r−1, 1)
with probability α and (bi+1, . . . , bi+s+r−1, 0) with probability 1−α. One of these vectors
(states) could belong to vdead. Remark that we can see this Markov chain as a De Bruijn
graph [5].
Consider the previous example with s = 3 and r = 2. Figure 3 describes the two
possible transitions from the state (1, 0, 0, 1, 0) (corresponding to the current sequence
Si): the last peer of the next sequence Si+1 is failed with probability α, and it is not
failed with probability 1 − α. The two possible states are (0, 0, 1, 0, 1) and (0, 0, 1, 0, 0),
respectively. Furthermore from state (0, 0, 1, 0, 1), it is possible to transit to state vdead
because with probability α the vector of the next sequence is (0, 1, 0, 1, 1).
First, we assume that the N peers are ordered in a line instead of a ring. In other
words we do not take into cosideration such vectors of sequences: (. . . , bN , b1, . . .). In that
case we look at N − (s + r) + 1 sequences. We compute the distribution of probability
π after N steps as follows: π = v0M
N where v0 = (0, 0, . . . , 0) is the state without
peer failures and M is the transition matrix of our Markov chain. In that case Pline is
π(vdead).
To get the value Pchain, we have to carefully take into consideration sequences con-
taining peers on both borders of the network (becoming a ring again). The concerned se-
quences admit vectors (. . . , bN , b1, . . .). We get π =
∑
v∈V P (v)(v0Mbi1 . . .Mbis+rM
N−(s+r)
Mbi1 . . .Mbis+r−1 ) with P (v) the probability to have v as initial state, andMk, k ∈ {0, 1},
the transition matrix replacing α by k.
The number of states of the previously described Markov chain is |V | = 1+
∑r
i=0
(
s+r
i
)
states. Lemma 5 proves that we can reduce this number of states showing some properties.
Lemma 5. There exists a Markov chain having the same π(vdead) such that:
|V | = 1 +
r∑
i=0
(
s+ r
i
)
−
r∑
k=1
k−1∑
j=0
(
s+ k − 1
j
)
(8)
Proof. One of the peer failures in the chain is meaningful if and only if it can be present
in some following chain containing at least r + 1 failures. For example, in the state
(1, 0, . . . , 0), the first dead is not meaningful because, even if we have r dead peers
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following, it will be too far away to make a chain with r + 1 peer failures. In this sense,
states (0, 0, . . . , 0) and (1, 0, . . . , 0) are equivalent and we can merge them.
More generally suppose we have k peer failures in the current state (current sequence
of peers): we miss r+1− k peer failures to make a data loss; hence, a peer failure in the
current sequence will have incidence if and only if it is one of the last s+ k − 1 peers of
the chain: otherwise, even if the next r+1− k peers are dead, they won’t fit with our k
deads in a frame of size s+ r.
Thus, among all the states with k peer failures, only those where all failures are in
the tail of size s+ k− 1 are meaningful. As to the others, the first failures do not matter
and we can forget them. This merging algorithm leads us to state space size (8): in a
nutshell, we forget all states with k failures and less than k peer failures in the tail of
size s+ k − 1.
We presented a method to compute the exact value of Pchain (MTTDLchain =
1/Pchain). We now propose a simple method to approximate the MTTDL using Ab-
sorbing Markov chains techniques. We first consider that the number of peers is infinite.
In fact peers numbered i, i+N , i+2N , . . ., i+kN , . . . represent the same peer numbered
i but at different time steps. Then the corresponding fundamental matrix gives us the
average time tabs to absorption, that is the average number of consecutive sequences of
peers to find a data loss. Thus MTTDLchain ≈ ⌊tabs/N⌋. Indeed let P and Q denote
the transition matrices of respectively the complete chain (described before) and the
sub-chain where we removed the absorbing state and all its incident transitions. Then
the fundamental matrix R = (I−Q)−1 gives us the time to absorption tabs starting from
any state (see [9] for details). tabs is not exactly the MTTDL since N − (s + r) steps
correspond to one time step (we survey the whole ring). Hence, ⌊tabs/N⌋ gives us the
expected number of time steps before we reach the absorbing state, which is, this time,
the MTTDL we are looking for.
5.2 Analytical Approximation
In the rest of this section, a syndrome is a sequence of s+ r consecutive peers containing
at least r + 1 peer failures. Under the assumption that α is “small enough” (we will see
how much), we can derive an analytical expression of the MTTDL.
MTTDLchain ≈
1
N r+1
s+r
(
s+r
r+1
)
αr+1
. (9)
Let us begin with two lemmas.
Lemma 6. The probability to have two distinct syndromes is negligible compared to the
probability to have only one and bounded by
P [∃ two distinct syndromes | ∃ a syndrome] <
αN(s+ r) · (α(s+ r))r−1
r!
(10)
Proof. The probability for a syndrome to begin at a given peer (the beginning of a syn-
drome being considered as his first peer failure) is given by p = α
∑s+r−1
i=r
(
s+r−1
i
)
αi(1−
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α)s+r−1−i. Meanwhile, we have
P [∃ 2 distinct syndromes] = P
[
∪|i−j|≥s+r∃ 2 syndromes beginning at peers i and j
]
,
which is ≤
(
N
2
)
p2 < (pN)2. Normalizing by pN gives us the probability to have two
syndromes knowing that there is at least one:
P [∃ two distinct syndromes | ∃ a syndrome] < pN.
Hence, we would like to show that pN is negligible. An upper bound on p is easy to
figure out: given that α(s+ r)≪ 1, we have p ≈
(
s+r−1
r
)
αr(1− α)s−1 ≤ (α(s+ r))r/r!,
and so pN ≤ (αN(s+r))(α(s+r))r−1/r!. Hence, assuming αN(s+r)≪ 1 (or otherwise
r ≥ logN) suffices to conclude.
Lemma 7. The probability to have more than r + 1 dead peers in a given syndrome is
negligible and bounded by
P [∃ > r + 1 dead peers | ∃ ≥ r + 1 peers] < α(s+ r) (11)
Proof. Since we are working in a syndrome, the probability we want to bound is, in a
given chain:
P [∃ > r+1 dead peers | ∃ ≥ r+1 dead peers] =
∑s+r
r+2
(
s+r
i
)
αi(1− α)s+r−i∑s+r
r+1
(
s+r
i
)
αi(1− α)s+r−i
≤
∑s+r
r+2
(
s+r
i
)
αi(1− α)s+r−i(
s+r
r+1
)
αr+1(1− α)s−1
Since the ratio between a term of the binomial series and its predecessor is α1−α ·
s+r−i
i+1 ,
we can bound the tail of the binomial sum by a geometric series of common ratio q =
α
1−α ·
s−1
s+r ≪ 1. Thus we have:
P [∃ > r+1 dead peers | ∃ ≥ r+1 dead peers] <
α
1− α
·
s− 1
r + 2
·
1
1− q
< α(s+r) ≪ 1.⊓⊔
Therefore, if we only look for a single syndrome with exactly r + 1 dead peers, we
get a close approximation of the MTTDL.
Pchain = P [∃ one syndrome]
= P [∪i∃ one syndrome beginning at peer i]
= (N − (s+ r))p
Indeed, since there is only one syndrome, the events [syndrome begins at peer i] are
exclusives. Here p is the probability for the syndrome to begin at a given peer, which we
saw in proof of lemma 6. Given lemma 7, we can approximate it by
(
s+r−1
r
)
αr+1(1−α)s−1,
which leads us too:
MTTDL
′
chain ≈
1
N
(
s+r−1
r
)
αr+1
(12)
One may notice that this is the same formula as (2) in the Buddy case with c = N r+1
s+r .
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Fig. 4. Behavior of the MTTDLchain when varying α (left) and s (right).
Behavior of the MTTDL Simulations led with common values of the parameters
(α = 10−5, s = 7, r = 3) suggest that approximation (12) succeeds in describing the
behavior of the MTTDL, as e.g. depicted by Figure 4.
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Fig. 5. Impact of α and s on the relative variation between simulation and approximation of
the MTTDLchain.
Validity of the approximation We have been able to compare the approximation
with the exact results given by the MCM in cases where space size (8) was low enough
(roughly s < 15 and r < 5), see Figure 5 for sample values. Numerical results suggested
formula (12) was a good approximation for α < 10−3, s having little influence (and r
almost none) on the relative variation between simulation and approximation.
6 Discussion and Conclusion
The approximations given by the Equations (2), (7), and (9) give an interesting insight
on the relation between the placement policies. For instance, note that the ratio between
MTTDLbuddy and MTTDLchain does not depend of N , nor B, nor s. When B ≪
(
N
r+1
)
,
the ratio between MTTDLbuddy and MTTDLglobal depends on the number of fragments
per disk B(s+ r)/N .
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MTTDLbuddy
MTTDLchain
≈ r + 1,
MTTDLbuddy
MTTDLglobal
≈
B(s+ r)
N
,
MTTDLchain
MTTDLglobal
≈
B(s+ r)
N(r + 1)
.
We succeeded in quantifying the MTTDL of the three policies. The Buddy policy has
the advantage of having a larger MTTDL than the Chain and the Global. However, when
a failure occurs a large number of reconstructions start. When the bandwidth available
for reconstruction is low, the reconstructions are delayed which may lead to an increased
failure rate. This trade-off has still to be investigated.
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Abstract: The problem we consider in this article is motivated by data placement in
particular data replication in video on demand systems. We are given a set V of n servers
and b ﬁles (data, documents). Each ﬁle is replicated on exactly k servers. A placement
consists in ﬁnding a family of b subsets of V (representing the ﬁles) called blocks each of size
k. Each server has some probability to fail and we want to ﬁnd a placement which minimizes
the variance of the number of available ﬁles. It was conjectured that there always exists an
optimal placement (with variance better than that of any other placement for any value of
the probability of failure). We show that the conjecture is true, if there exists a well balanced
design, that is a family of blocks, such that each j-element subset of V , 1 ≤ j ≤ k, belongs
to the same or almost the same number of blocks (diﬀerence at most one). The existence
of well balanced designs is a diﬃcult problem as it contains as subproblem the existence of
Steiner systems. We completely solve the case k = 2 and give bounds and constructions for
k = 3 and some values of n and b.
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Configurations bien e´quilibre´es pour le placement de
donne´es dans les re´seaux pair-a`-pair
Re´sume´ : Nous conside´rons dans cet article un proble`me motive´ par la re´plication de
donne´es dans des syste`mes de vide´o a` la demande. E´tant donne´s un ensemble V de serveurs
et un ensemble b de ﬁchiers (donne´es, documents), chaque ﬁchier est re´plique´ sur exacte-
ment k serveurs. Un placement consiste a` trouver une famille de b sous ensembles de V
(repre´sentant les ﬁchiers) de taille k appele´s blocs. Chaque serveur a une certaine proba-
bilite´ de tomber en panne et notre but est de trouver un placement qui minimise la variance
du nombre de ﬁchiers disponibles. Il est conjecture´ qu’il existe toujours un placement op-
timal (avec une variance meilleure que celle de n’importe quel autre placement et ce quelle
que soit la probabilite´ de panne d’un serveur). Nous montrons que cette conjecture est vraie
s’il existe une conﬁguration e´quilibre´e, c’est-a`-dire une famille de blocs telle que tout sous
ensemble a` j e´le´ments de V , 1 ≤ j ≤ k, appartienne quasiment au meˆme nombre de blocs
(diﬀe´rence au plus 1). L’existence de conﬁgurations e´quilibre´es est un proble`me diﬃcile car
un cas particulier est l’existence de syste`mes de Steiner. Nous re´solvons comple`tement le
cas k = 2 et donnons des bornes et constructions pour k = 3 pour certaines valeurs de n et
b.
Mots-cle´s : placement de donne´es, conﬁgurations e´quilibre´es, syste`mes de Steiner
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1 Introduction
The problem we consider in this article is motivated by data placement in particular data
replication in video on demand systems (see [BBJMR08, BBJMR09a, BBJMR09b, JMRBB09]).
We use here the terminology of design and graph theory (so the notations are somewhat
diﬀerent from the papers mentioned above). We are given a set V of n servers and b ﬁles
(data, documents). Each ﬁle is replicated (placed) on exactly k servers. The set of servers
containing ﬁle i is therefore a subset of size k, which will be called a block and denoted Bi.
A placement consists of giving a family F of blocks Bi, 1 ≤ i ≤ b.
A server is available (on-line) with some probability δ and so unavailable (oﬄine, failed)
with the probability 1− δ. The ﬁle i is said to be available if one of the servers containing
it is available or equivalently the ﬁle is unavailable if all the servers containing it are un-
available. In [BBJMR09a, BBJMR09b, JMRBB09] the authors study the random variable
Λ, the number of available ﬁles and they proved that the mean E(Λ) = b(1 − (1 − δ)k);
so the mean is independent of the placement. However they proved that the variance of
Λ depends on the placement and showed (see [JMRBB09]) that minimizing the variance
corresponds to minimizing the polynomial P (F , x) =∑kj=0 vjxj where x = 11−δ (so x ≥ 1)
and vj denotes the number of ordered pairs of blocks intersecting in exactly j elements. So
we can summarize our problem as follows:
Problem: Let n, k, b be given integers and x be a real number, x ≥ 1; ﬁnd
a placement that is a family F of b blocks, each of size k, on a set of n ele-
ments, which minimizes the polynomial P (F , x) = ∑kj=0 vjxj, where vj denotes
the number of ordered pairs of blocks intersecting in exactly j elements. Such
a placement will be called optimal for the value x.
In [JMRBB09] it is conjectured that for any n, k, b there exists a family F∗ which is
optimal for all the values of x ≥ 1 (that is P (F∗, x) ≤ P (F , x) for any F and any x ≥ 1).
Before stating our results let us give some examples. Let n = 4, b = 4, k = 2. We can
consider diﬀerent placements:
• Family F1 : B1 = B2 = B3 = B4 = {1, 2}; then P (F1, x) = 12x2
• Family F2 : B1 = B2 = {1, 2}, B3 = B4 = {3, 4}; then P (F2, x) = 4x2 + 8
• Family F3 : B1 = {1, 2}, B2 = {1, 3}, B3 = {1, 4}, B4 = {2, 3}; then P (F3, x) = 10x+2
• Family F4 : B1 = {1, 2}, B2 = {2, 3}, B3 = {3, 4}, B4 = {1, 4}; then P (F4, x) = 8x+4.
For any x ≥ 1, P (F4, x) ≤ P (Fi, x) and it can be proven that indeed F4 is an optimal
family for any x ≥ 1. Note that according to the values of x, F2 can be better (or worse)
than F3. For x ≤ 32 , P (F2, x) ≤ P (F3, x) (for example for x = 54 , P (F2, 54 ) = 14 + 14
and P (F3, 54 ) = 14 + 12 ). But for x ≥ 32 , P (F2, x) ≥ P (F3, x) (for example for x = 2,
P (F2, 2) = 24 and P (F3, 2) = 22).
RR n➦ 7725
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Let now n = 5, b = 3, k = 3. We claim that the family F∗ consisting of the three blocks
{1, 2, 3}, {1, 2, 4}, {3, 4, 5} is optimal for all x ≥ 1. We have P (F∗, x) = 2x2 + 4x. Let F be
any other family with a polynomial P (F , x) = αx3 + βx2 + γx + δ. As n = 5, there can
never be two disjoint blocks; so δ = 0. Furthermore we always have α+β+γ = b(b−1) = 6.
So P (F , x) − P (F∗, x) = (x − 1)(αx2 + (α + β − 2)x). If α ≥ 2 (that is at least one block
repeated), then P (F , x)−P (F∗, x) > 0 for any x > 1. If α = 0, among 3 blocks necessarily
two of them have a pair in common and so β ≥ 2 and P (F , x)−P (F∗, x) ≥ 0 for any x > 1.
2 Our results
For a family F let λFx1,...,xj (or shortly λx1,...,xj ) denote the number of blocks of the family
containing the j-element subset {x1, . . . , xj}. We ﬁrst show that P (F , x) = Σkj=1Σx1,...,xjλ2x1,...,xj (x−
1)j − bxk + b2. A family F is j-balanced if the λx1,...,xj are all equal or almost equal that
is if for any two j-element subsets {x1, . . . , xj} and {y1, . . . , yj}, |λx1,...,xj − λy1,...,yj | ≤ 1.
Finally the family F is well balanced if it is j-balanced for 1 ≤ j ≤ k. The form of the above
polynomial enables us to prove that a well balanced family is also optimal and therefore
the conjecture is proven for the values of b, for which there exists a well balanced family.
The rest of the paper is devoted to construct well balanced families and so optimal ones.
We consider ﬁrst the case k = 2 where such families are easy to construct for any b. Then,
we partly deal with the case k = 3 using results of design theory. Indeed the problem of
constructing well balanced families contains as subproblem the existence of Steiner systems.
Recall that a t-Steiner system satisﬁes (see [CM06]) the fact that, for any 1 ≤ j ≤ t, λx1,...,xj
is a constant. As example a (n, 3, 1) Steiner triple system is deﬁned as a family of triples
(blocks of size 3) such that every pair of elements belongs to exactly one block (λx1,x2 = 1).
So it is 2-balanced; it is well known that every element belongs to exactly n−12 blocks and
therefore it is well balanced. Such a design exists if and only if n ≡ 1 or 3 (mod 6). In
that case b = n(n−1)6 . That gives some sporadic values for which there exist well balanced
families. We construct many other families; as example we show that such families exist
for any b for the values of n ≡ 3 (mod 6) for which there exist a large number of disjoint
Kirkman triple systems (see []). We deal also with other congruences of n.
3 Computation of P (F , x)
Recall that λx1,...,xj denotes the number of blocks of the family containing the j-element
subset {x1, . . . , xj}. By convention λ∅ = b.
Proposition 1. P (F , x) =∑kj=0∑x1,...,xj λx1,...,xj (λx1,...,xj − 1)(x− 1)j
Proof. P (F , x) = ∑kh=0 vhxh. Let us write P (F , x) = ∑kj=0 µj(x − 1)j . Using xh =
(x− 1 + 1)h =∑hj=0 (hj)(x− 1)j , we get µj =∑kh=j (hj)vh.
We claim that µj =
∑
x1,...,xj
λx1,...,xj (λx1,...,xj − 1).
INRIA
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Indeed λx1,...,xj (λx1,...,xj − 1) counts the number of ordered pairs of blocks which contain
x1, . . . , xj . This number is the sum of the ordered pairs of blocks which intersect in ex-
actly the j elements x1, . . . , xj , plus those intersecting in exactly j + 1 elements contain-
ing x1, . . . , xj , plus more generally those intersecting in exactly in h elements containing
x1, . . . , xj , where, j + 2 ≤ h ≤ k. When we sum on all the possible j-element subsets, we
therefore get
• the number of ordered pairs of blocks intersecting in exactly j elements, that is vj
• plus the number of ordered pairs of blocks intersecting in exactly j+1 elements, which
are counted
(
j+1
j
)
times. Indeed, if the intersection of two blocks is {x1, . . . , xj+1}
they are counted for all the j-element subsets included in {x1, . . . , xj+1} which are in
number
(
j+1
j
)
. Therefore we have
(
j+1
j
)
vj+1 such ordered pairs of blocks.
• plus for a general h, j + 2 ≤ h ≤ k we count (h
j
)
vh ordered pairs of blocks intersecting
in exactly h elements; indeed if the intersection of two blocks is {x1, . . . , xh} they are
counted for all the j-element subsets included in {x1, . . . , xh} which are in number
(
h
j
)
.
We will use intensively the following equality
∑
x1,...,xj
λx1,...,xj = b
(
k
j
)
(1)
It follows from the fact that a given block B is counted once in all the λx1,...,xj such that
{x1, . . . , xj} ⊂ B and we have
(
k
j
)
such j-element subsets.
Theorem 1. P (F , x) =∑kj=1∑x1,...,xj λ2x1,...,xj (x− 1)j − bxk + b2
Proof. Using equation 1, we get
∑k
j=0
∑
x1,...,xj
λx1,...,xj (x−1)j =
∑k
j=0 b
(
k
j
)
(x−1)j = bxk.
Replacing in the expression of P (F , x) given in Proposition 1 and using the fact that λ2∅ = b2
we obtain the theorem.
4 Well balanced families
A family F is j-balanced if all the λx1,...,xj are equal or almost equal that is if for any two
j-element subsets {x1, . . . , xj} and {y1, . . . , yj}, |λx1,...,xj − λy1,...,yj | ≤ 1. Finally the family
F is well balanced if it is j-balanced for 1 ≤ j ≤ k.
Proposition 2.
∑
x1,...,xj
λ2x1,...,xj is minimized when F is j-balanced.
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Proof. As by equation 1,
∑
x1,...,xj
λx1,...,xj is a constant,
∑
x1,...,xj
λ2x1,...,xj is minimized
when all the λx1,...,xj are equal to b
(kj)
(nj)
if this value is an integer or equal either to ⌊b (
k
j)
(nj)
⌋
or ⌈b (
k
j)
(nj)
⌉. That is equivalent to say that F is j-balanced.
So, we can state our main theorem
Theorem 2. If F∗ is well balanced, then F∗ is optimal that is P (F∗, x) ≤ P (F , x) for any
F and any x ≥ 1.
Proof. If F∗ is well balanced, then all the coeﬃcients of the polynomial as expressed in the
Theorem 1 are minimized and so F∗ is optimal.
Note that for a j-balanced family, the coeﬃcient of (x− 1)j in the polynomial P (F , x) is
easy to compute. Let b
(
k
j
)
= q
(
n
j
)
+ r, then we have r values of the λx1,...,xj equal to q + 1
and
(
n
j
)− r equal to q. So, ∑x1,...,xj λ2x1,...,xj = (nj)q2 + 2qr + r.
Complete well balanced family:
If b =
(
n
k
)
the complete family consisting of all the possible k-subsets is well balanced,
with the values of the λx1,...,xj being all equal to λj =
(
n−j
k−j
)
. By taking h copies we get also
a well balanced family for b = h
(
n
k
)
.
Proposition 3. Let n and k be given and let b′ = h
(
n
k
)
+ b with b ≤ (n
k
)
. Then, there exists
a well balanced family F ′ for b′ if and only if there exists a well balanced family F for b
Proof. If we have a well balanced family F for some b ≤ (n
k
)
we can construct a well balanced
family F ′ for b′ = h(n
k
)
+ b by adding h complete families to F . Conversely if we have a well
balanced family F ′ for b′ = h(n
k
)
+ b, each k-element subset is repeated h or h+1 times and
so by deleting h copies of each block, we can deduce a well balanced family for b.
The next proposition generalizes this idea to optimal families.
Proposition 4. Let n and k be given and let b′ = h
(
n
k
)
+ b with b ≤ (n
k
)
. If there exists an
optimal family for b′, then there exists an optimal family for b and furthermore the optimal
family for b′ consists of the optimal family for b plus h complete families.
Proof. Suppose there exists an optimal family F ′ for b′. This family is necessarily k-balanced.
Indeed suppose it is not the case and let G′ be a k-balanced family (such a family can be
easily constructed by taking among the
(
n
k
)
subsets of size k, b of them repeated h+1 times
and the other
(
n
k
)− b repeated h times). But, the coeﬃcient of xk in P (G′, x) will be strictly
less than that of P (F ′, x) and so for x large enough P (G′, x) < P (F ′, x) contradicting the
optimality of F ′. So each k-element subset appears exactly h or h + 1 times. Deleting h
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copies of each block we get a family F with b = b′ − (n
k
)
blocks (none of them being re-
peated). Note that if λx1,...,xj (resp λ
′
x1,...,xj
) denotes the number of blocks of the family F
(resp F ′) containing {x1, . . . , xj} we have : λ′x1,...,xj = λx1,...,xj + h
(
n−j
k−j
)
. Consider another
family G on b blocks and let G′ be the family on b′ blocks obtained by adding h complete
families to G. Let µx1,...,xj (resp µ′x1,...,xj ) denote the number of blocks of the family G (resp
G′) containing {x1, . . . , xj}. Then we have : µ′x1,...,xj = µx1,...,xj + h
(
n−j
k−j
)
. So, as by equa-
tion 1,
∑
x1,...,xj
λx1,...,xj =
∑
x1,...,xj
µx1,...,xj and
∑
x1,...,xj
λ′x1,...,xj =
∑
x1,...,xj
µ′x1,...,xj ,
then
∑
x1,...,xj
λ2x1,...,xj −
∑
x1,...,xj
µ2x1,...,xj =
∑
x1,...,xj
λ′2x1,...,xj −
∑
x1,...,xj
µ′2x1,...,xj and
thus P (G′, x) − P (F ′, x) = P (G, x) − P (F , x). Therefore if F is not optimal there exists
a family G and a value x for which P (G, x) < P (F , x) and for this value of x we have
P (G′, x) < P (F ′, x) and F ′ will not have been optimal, a contradiction.
Note that we conjecture that the converse is true: that is starting from an optimal family
F for some b ≤ (n
k
)
, the family F ′ obtained by adding h complete families is also optimal.
That is veriﬁed, if the conjecture of [JMRBB09] on the existence of an optimal family for
any n, b, k is true as in that case any optimal family is k-balanced.
In what follows we will restrict ourselves to the case b ≤ (n
k
)
. In fact the following propo-
sition shows that we can consider only the values of b ≤ 12
(
n
k
)
.
Proposition 5. Let n and k be given, an optimal family F¯ for b¯ = (n
k
)− b is obtained from
an optimal family F for b ≤ (n
k
)
by taking as blocks the k-subsets which are not blocks of F .
Proof. Let F be an optimal family with b blocks and let F¯ be the family obtained from F
by taking as blocks the k-subsets which are not blocks of F . F¯ has b¯ = (n
k
)− b blocks. Fur-
thermore, if λ¯x1,...,xj denotes the number of blocks of the family F¯ containing {x1, . . . , xj},
we have λ¯x1,...,xj =
(
n−j
k−j
) − λx1,...,xj . Consider another family G¯ with b¯ blocks and let G
be the complementary family obtained from G¯ by taking as blocks the k-subsets which are
not blocks of G¯; G has b blocks. We also have: µ¯x1,...,xj =
(
n−j
k−j
) − µx1,...,xj and so we get
P (G¯, x)− P (F¯ , x) = P (G, x)− P (F , x). Therefore if F is an optimal family, then F¯ is also
an optimal family.
Well balanced families and Steiner systems:
Recall that a t-Steiner system (or (n, k, λ) t-design) is a family of blocks such that each
t-element subset appears in exactly λ blocks (see [CM06, CJ06]). In that case it is well
known that also, for 1 ≤ j ≤ t each j-element subset appears in exactly λj blocks, where
λj =
λ
t+1−j
(
n−j
t−j
)
. So a t-design is j-balanced for all j, 1 ≤ j ≤ t. In particular, if t = k − 1
and the blocks are repeated the same or almost the same number of times, then a k-Steiner
family is also well balanced. As an example, a Steiner Triple System (STS) consists of a
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family of triples, such that each pair of elements appears in exactly one triple. In that case
each element appears in n−12 triples and no triple is repeated. Therefore, a STS is a well
balanced family. It is well known that a STS exists if and only if n ≡ 1 or 3 mod (6) and
then b = n(n−1)6 .
5 Case k = 2
Theorem 3. Let k = 2. Then for any n and b there exists a well balanced family.
Proof. We have only to consider the case b ≤ (n2). In the case k = 2 the blocks are pairs of
elements and so the problem consists of designing a simple graph with n vertices and b edges
and almost regular (the degree of a vertex x being d(x) = ⌊ 2b
n
⌋ or ⌈ 2b
n
⌉). We distinguish two
cases:
• Case n even: let b = q n2 + r for 0 ≤ r < n2 . It is well known that, for n even, the edges
of the complete graph Kn can be decomposed into n − 1 perfect matchings (set of n2
disjoint edges covering the vertices). In that case the family consisting of q perfect
matchings plus r edges of the (q + 1)th perfect matching forms the required family
with b = q n2 + r edges, none of them repeated and with the degree of a vertex equal
to q or q + 1.
• Case n odd: let b = qn + r for 0 ≤ r < n. It is also well known that for n odd, the
edges of complete graph Kn can be decomposed into
n−1
2 hamiltonian cycles (cycles
containing each vertex exactly once). In that case consider the family consisting of
q hamiltonian cycles plus the following r edges of the (q + 1)th hamiltonian cycle: if
the cycle is x0, x1, . . . , xi, . . . , xn−1 we take the r edges {x2j , x2j+1} for 0 ≤ j ≤ r − 1
(indices being taken modulo n). Then it consists of b = qn + r edges none of them
being repeated; furthermore the degree of a vertex is 2q or 2q+1 if r ≤ n−12 and 2q+1
or 2q + 2 otherwise and so in both cases d(x) = ⌊ 2b
n
⌋ or ⌈ 2b
n
⌉.
Algorithm to construct a well balanced family starting from any family:
In some cases (ﬁles or servers appearing or disappearing), it might be helpful to design an
algorithm, which starting from some family constructs an optimal well balanced family. That
is in general a diﬃcult problem; but for k = 2, we can easily design such a procedure. Let n
and b be given and k = 2 and consider any family F ; we will transform it into a well balanced
family with the same parameters. First let us construct a 2-balanced family. Suppose, F is
not 2 balanced; so there exist two edges (blocks) {x, y} and {z, t} with λxy ≥ λzt+2. Then,
delete from F one edge {x, y} and add one edge {z, t}. Repeating this procedure we end
after a ﬁnite number of steps with a family such that for any pair of edges {x, y} and {z, t}
λxy ≤ λzt + 1, that is a 2-balanced family.
Now let us show how to construct a well balanced family from a 2-balanced one. Let F be a
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2-balanced family with λxy = λ or λ− 1; suppose it is not 1-balanced; then there exist two
vertices x and z with d(x) ≥ d(z) + 2. So there exists a vertex y 6= x, z with λxy ≥ λzy + 1;
otherwise d(x) =
∑
y 6=x,z λxy +λxz ≤
∑
y 6=x,z λzy +λxz = d(z) a contradiction. So, λxy = λ
and λzy = λ − 1. Deleting from F one edge {x, y} and adding one edge {z, y}, we still
get a 2-balanced family F ′ (λ′xy = λ − 1 and λ′zy = λ); but we have reduced the gap
between the degrees of x and z (as d′(x) = d(x)− 1 and d′(z) = d(z) + 1 the other degrees
being unchanged). Repeating this procedure we end after a ﬁnite number of steps with a
1-balanced and 2-balanced, so well balanced family.
6 Case k = 3
The cases k > 2, are much more complicated. Already for k = 3, there are values of n and
b for which there do not exist well balanced families. For n = 4 and b = 2, if there exists a
2-balanced family, then λxy = 1, but that is impossible as n− 1 = 3 and there cannot exist
a partition of the edges of K4 into triples (non existence of (4, 3, 1)-design). The argument
is generalized in the following proposition :
Proposition 6. Let k = 3, n be even and λ be odd. If λn(n−1)2 − n2 < 3b < λn(n−1)2 + n2 ,
then there does not exist a 2-balanced family.
Proof. Note that the number of possible pairs is n(n−1)2 . We distinguish 3 cases.
• λn(n−1)2 = 3b. In that case a 2-balanced family will verify λxy = λ for all pairs {x, y}
and then we should have λx = λ
n−1
2 impossible as λ is odd and n is even (non existence
of an (n, 3, λ-design).
• λn(n−1)2 − n2 < 3b. In that case we cannot have all the λxy ≥ λ. So we have one of the
λxy ≤ λ−1 and if the family is 2-balanced all the λxy ≤ λ. But, then λx ≤ λn−12 and as
λn−12 is odd, λx ≤ λn−12 − 12 . Therefore, using Equation 1, 3b =
∑
x λx ≤ λn(n−1)2 − n2
a contradiction.
• 3b < λn(n−1)2 + n2 . In that case we cannot have all the λxy ≤ λ. So we have one of the
λxy ≥ λ+1 and if the family is 2-balanced all the λxy ≥ λ. But, then λx ≥ λn−12 and as
λn−12 is odd, λx ≥ λn−12 + 12 . Therefore, using Equation 1, 3b =
∑
x λx ≥ λn(n−1)2 + n2
a contradiction.
Examples of application : By Proposition 6, there do not exist well balanced families for
k = 3 and {n = 6; b = 5}; {n = 8; b = 9, 10, 27, 28, 29}; {n = 10; b ≡ 14, 15, 16 (mod 30)};
{n = 16; 38, 39, 40, 41, 4242 (mod 80)}.
Proposition 7. Let k = 3, if λn(n−1)6 is not an integer, then there does not exist a well
balanced family for b = ⌊λn(n−1)6 ⌋ or b′ = ⌈λn(n−1)6 ⌉
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Proof. If λn(n−1)6 is not an integer, let b = ⌊λn(n−1)6 ⌋; then 3b = λn(n−1)2 − ǫ where ǫ = 1 or
2. By Equation 1, 3b =
∑
x λx and so if F is 1-balanced λx = λ(n−1)2 except for ǫ vertices for
which the value is one less. Similarly by Equation 1, 3b =
∑
x λx,y and so if F is 2-balanced
λx,y = λ except for ǫ pairs appearing λ− 1 times. But for an x0 with λx0 = λ(n−1)2 − 1, we
have λ(n− 1)− 2 pairs containing it and so two pairs appear λ− 1 times. If ǫ = 2 we have
another vertex x′0 with λx′0 =
λ(n−1)
2 − 1 and altogether at least 3 pairs appear λ− 1 times
(only the pair {x0, x′0} can be counted twice). So we have at least ǫ + 1 pairs appearing
λ− 1 times, contradicting the fact that if if F is 2-balanced only ǫ pairs appear λ− 1 times.
The proof for b′ = ⌈λn(n−1)6 ⌉ is similar. 3b′ = λn(n−1)2 + ǫ where ǫ = 1 or 2. If F is
1-balanced λx =
λ(n−1)
2 except for ǫ vertices for which the value is one more. If F is 2-
balanced λx,y = λ except for ǫ pairs appearing λ+1 times. The argument applied for the x0
with λx0 =
λ(n−1)
2 +1 gives that at least ǫ+1 pairs appear λ+1 times, a contradiction.
Examples of applications : The Proposition 7 applies when n ≡ 5 (mod 6) and λ 6≡ 0
(mod 3); for example for {n = 5; b = 3, 4} or {n = 11; b = 18, 19, 36, 37}. It applies also for
n ≡ 2 (mod 6) and λ 6≡ 0 (mod 3); for λ odd it is included in Proposition 6, but for λ even
we get new values such as {n = 8; b = 18, 19} {n = 14; b = 60, 61, 121, 122}.
We conjecture that the values excluded by the two Propositions 6 and 7 are the only
ones for which there do not exist well balanced families.
Conjecture 1. Let k = 3, there exists a well balanced family for the values of n and b
different from that of Propositions 6 and 7. In particular we conjecture that, if n ≡ 1 or 3
(mod 6), then there exists a well balanced family for any b.
On a positive side and to try to prove the conjecture 1, we can use all the results
obtained in design theory in particular on Steiner Triple Systems (see the handbook [CJ06]
for details) to construct some well balanced families. Recall that a (n, 3, 1) Steiner Triple
System (STS(n) shortly) is deﬁned as a family of triples (blocks of size 3), such that every
pair of elements belongs to exactly one block (λx,y = 1). So it is 2 balanced; it is well known
that every vertex belongs to exactly n−12 blocks and therefore it is well balanced. Such a
design exists if and only if n ≡ 1 or 3 (mod 6). In that case b = n(n−1)6 .
Example 1: For n = 7, the blocks of (7, 3, 1)-design are Bi = {i, i+ 1, i+ 3}, 0 ≤ i ≤ 6,
the numbers being taken modulo 7. For n = 9, the blocks of an STS(9) are given in the
following array.
Example 1. Two disjoint Kirkman triple Systems for n = 9
{0,∞,∞′} {0, 2, 5} {0, 3, 4} {0, 1, 6}
{1, 2, 4} {1, 3,∞′} {1, 5,∞} {2, 3,∞}
{3, 5, 6} {4, 6,∞} {2, 6,∞′} {4, 5,∞′}
Example 1(a): a Kirkman triple System for n = 9
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{1,∞,∞′} {1, 3, 6} {1, 4, 5} {1, 2, 0}
{2, 3, 5} {2, 4,∞′} {2, 6,∞} {3, 4,∞}
{4, 6, 0} {5, 0,∞} {3, 0,∞′} {5, 6,∞′}
Example 1(b): another Kirkman Triple System for n = 9
That gives some sporadic values for which there exist well balanced families. We can get
more values of b by considering more than one STS(n); but we have to insure that the family
is 3-balanced (that is no block is repeated). Fortunately the answer is obtained thanks to
Theorem 4. Two STS(n) are said to be disjoint if they have no triple in common. A set of
n−2 disjoint STS(n) is called a large set of disjoint STS(n) and brieﬂy denoted by LSTS(n).
An LSTS(n) can be viewed as a partition of the complete family of
(
n
3
)
triples into STS(n).
In 1850, Cayley showed that there are only two disjoint STS(7) and so there is no LSTS(7).
The same year Kirkman showed that there exists an LSTS(9). Such an LSTS(9) is given
by taking as ﬁrst STS(9) the STS of Example 1; the 6 other STS(9) are obtained from the
ﬁrst one by developing modulo 7 (that is applying the automorphism ﬁxing ∞ and ∞′ and
mapping i to i+1). For example, the second STS(9) is obtained by adding 1 to each number
(∞ and ∞′ are invariant and 6 + 1 = 0 (mod 7)) and given as Example 2.
Due to the eﬀorts of many authors the following theorem completely settles the existence
of LSTS(n).
Theorem 4. ([Lu83, Lu84, Tei91] (see [Ji05] for a simple proof) For n ≡ 1 or 3 (mod 6),
n > 7, there exists an LSTS(n).
Proposition 8. Let k = 3, and n ≡ 1 or 3 (mod 6), n > 7, then there exists a well balanced
family for any b multiple of n(n−1)6 .
Proof. Let b = hn(n−1)6 ; b ≤
(
n
3
)
. Then, the family consisting of h disjoint STS(n) is
well balanced (with λxy = h and λx = h
n−1
2 ). For b ≥
(
n
3
)
the result follows by using
Proposition 3
We will see after that the existence of two disjoint STS(7) suﬃces to construct a well
balanced family for n = 7 and any b.
When n = 6t + 3, there exist STS(n) which have a stronger property. The triples of
the STS can themselves be partitionned into 3t + 1 classes, called parallel classes, where a
parallel class consists of 2t+1 blocks forming a partition of the n elements. Such an STS(n)
is called resolvable or a Kirkman Triple System (brieﬂy KTS(n)). Example 1 is a KTS(9),
the 4 parallel classes correspond to the 4 columns. It is well known that a KTS(n) exists for
any n ≡ 3 (mod 6) ([RCW71]). Two KTS(n) are said to be disjoint if they have no triple
in common. A set of n − 2 disjoint KTS(n) is called a large set of disjoint KTS(n) and
brieﬂy denoted by LKTS(n). In 1850, Kirkman showed that an LKTS(9) exists and in 1974,
Denniston found an LKTS(15). For n = 9, the LSTS(9) given before, is in fact an LKTS(9)
as the resolvabilty is kept by the automorphism. An example of a KTS(15)denoted KA is
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given below. Developing modulo 13, that is applying the automorphism ﬁxing ∞ and ∞′
and mapping i to i+ 1, we get 13 disjoint KTS(15) and so a LKTS(15). Example 4 shows
KB = KA + 1
Example 2. Two disjoint Kirkman triple Systems for n = 15
{0, 1, 9} {0, 2, 7} {0, 3, 11} {0, 4, 6} {0, 5, 8} {0, 10, 12} {1, 4, 5}
{2, 4, 12} {3, 4, 8} {1, 7, 12} {1, 8, 11} {1, 2, 3} {3, 5, 9} {2, 6, 11}
{5, 10, 11} {5, 6, 12} {6, 8, 10} {2, 9, 10} {6, 7, 9} {4, 7, 11} {3, 7, 10}
{7, 8,∞} {9, 11,∞} {2, 5,∞} {3, 12,∞} {4, 10,∞} {1, 6,∞} {8, 9, 12}
{3, 6,∞′} {1, 10,∞′} {4, 9,∞′} {5, 7,∞′} {11, 12,∞′} {2, 8,∞′} {0,∞,∞′}
Example 2(a): a Kirkman Triple System KA for n = 15
{1, 2, 10} {1, 3, 8} {1, 4, 12} {1, 5, 7} {1, 6, 9} {1, 11, 0} {2, 5, 6}
{3, 5, 10} {4, 5, 9} {2, 8, 0} {2, 9, 12} {2, 3, 4} {4, 6, 10} {3, 7, 12}
{6, 11, 12} {6, 7, 0} {7, 9, 11} {3, 10, 11} {7, 8, 10} {5, 8, 12} {4, 8, 11}
{8, 9,∞} {10, 12,∞} {3, 6,∞} {4, 0,∞} {5, 11,∞} {2, 7,∞} {9, 10, 0}
{4, 7,∞′} {2, 11,∞′} {5, 10,∞′} {6, 8,∞′} {12, 0,∞′} {3, 9,∞′} {1,∞,∞′}
Example 2(b): another Kirkman Triple System KB for n = 15
Since that, many people have done some research on their existence. The more recent
paper is [ZC10] where the reader can ﬁnd other references. The results are summarized in
the following theorem:
Theorem 5. [ZC10] There exists an LKTS(3a5br
∏s
i=1(2.13
ni + 1
∏t
j=1(2.7
mj + 1)) for
any integer r ∈ {7, 13}, ni,mj ≥ 1(1 ≤ i ≤ s, 1 ≤ j ≤ t), a ≥ 1, b, s, t ≥ 0 and further
a+ s+ t ≥ 2 if b ≥ 1.
Proposition 9. Let k = 3 and n = 6t + 3. If there exists an LKTS(n) then there exists a
well balanced family for any b.
Proof. By Proposition 3, we can suppose b ≤ (n3). Let b = q(2t+ 1)(3t+ 1) + r(2t+ 1) + s
with 0 ≤ q < 6t+1; 0 ≤ r < 3t+1; 0 ≤ s < 2t+1. Then a well balanced family consists of q
disjoint KTS(n) of an LKTS(n), plus r parallel classes of the (q+1)th KTS(n) and s triples
of the (r+1)th parallel class of this KTS(n). Indeed by deﬁnition of an LKTS, all the triples
are disjoint and so λx,y,z = 0 or 1. In each KTS a pair of elements appears exactly once;
so λx,y = q or q + 1 (exactly q if r = 0, s = 0). In each parallel class, each vertex appears
exactly once ; so λx = (3t+ 1)q + r or (3t+ 1)q + r + 1 (exactly (3t+ 1)q + r if s = 0).
Note that, according to the proof above and the fact that by Proposition 5 we can suppose
b ≤ 12
(
n
3
)
, we do not need to have a structure as strong as an LKTS, but only 3t+1 disjoint
STS, with one of them being a KTS (the one used as the (q + 1)th KTS). We conjecture
such structure always exists for n = 6t+ 3.
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Conjecture 2. For n = 6t + 3, there exist 3t + 1 disjoint STS(n) one of them being a
KTS(n).
Conjecture 1 will follow from Conjecture 2 for n ≡ 3 (mod 6). For n ≡ 1 (mod 6) we
need to have some extra property.
From Proposition 8 and Proposition 9, we can also construct well balanced families for
n− 1 = 6t or 6t+2 (resp. n+1 = 6t+2 or 6t+4) by deleting (resp. adding) one from (to)
a well balanced family for n = 6t+ 1 or 6t+ 3; but we have to do it carefully.
Proposition 10. Let k = 3 and n = 6t (resp n = 6t + 2). There exists a well balanced
family for b = ht(6t− 2) (resp b = ht(6t+ 2)).
Proof. Take, as n+ 1 ≡ 1 or 3 (mod 6), a set of h disjoint STS(n+1) and delete all the hn2
blocks containing the element n+ 1.
We can extend this construction to other values. As example, consider n = 8, b = 12.
We can start from the 8 blocks obtained in Proposition 10 by deleting ∞′ in the Example 1
of a KTS(9). Note that λxy = 1 except for the 4 pairs {0,∞}, {1, 3}, {2, 6}, {4, 5}. We can
add now 4 blocks taken from another KTS(9), for example that of Example 2, containing
these pairs; namely the blocks {5, 0,∞}, {1, 3, 6}, {2, 6,∞}, {1, 4, 5}.
In fact it appears more eﬃcient to get many well balanced families for n = 6t + 4 (and
also n = 6t + 2) by starting from an LKTS(6t+3) (or an LSTS(6t+1)) and adding a new
element α = 6t+ 4 (or 6t+ 2).
The following construction (called Construction A) will be useful.
Construction A: Consider a parallel class of a KTS(6t+3) and a new element α (= 6t+
4) and replace each of the 2t+1 triples {xj , yj , zj} of this class (1 ≤ j ≤ 2t+1) by the 3 triples
{xj , yj , α}, {xj , zj , α}, and {yj , zj , α}. As example take the KTS(9) of Example 1. We will
replace the ﬁrst class consisting of the 3 blocks {0,∞,∞′}, {1, 2, 4}, {3, 5, 6} by the 9 blocks
{0,∞, α}, {0, α,∞′}, {α,∞,∞′} {1, 2, α}, {1, α, 4}, {α, 2, 4}, {3, 5, α}, {3, α, 6}, {α, 5, 6}.
Proposition 11. Let k = 3 and n = 6t + 4. If there exist 2p (2p ≤ 6t + 1) disjoint
STS(6t + 3) one of them being a KTS(6t + 3), then there exists a well balanced family for
b2p = 2p(3t+ 2)(2t+ 1).
Proof. We will use construction A. Start with q = 2p disjoint STS(6t + 3) and do the
construction A for p classes of the KTS denoted KA. As the classes are taken in the same
KTS, α appears in 3p(2t+1) disjoint triples, where each vertex x appears exactly 2p times;
so λαx = 2p and λα = 3p(2t+1). Doing so we have not changed the values of λxy = 2p, as we
took 2p disjoint STS; but λx has increased by p and its value is now 2p(3t+1)+p = 3p(2t+1).
Therefore the family constructed is well balanced.
We can extend the theorem to get well balanced families for more values of b either by
deleting or by adding blocks.
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Deletion process We start from the well balanced family obtained for b = b2p in
Proposition 11 Construction A being done in KA for the value p. We suppose furthermore
in what follows that there exists among the 2p STS a second disjoint KTS(6t+ 3) denoted
KB . We can now delete the blocks appearing in another non modiﬁed class of KA, but it
appears better to delete the blocks appearing in a class of the KTS KB . Doing so, we get
a well balanced family for b2p − (2t + 1) ≤ b ≤ b2p. Now we have to delete some blocks
containing α. We will use the following deletion process.
Deletion A-B: This construction consists of deleting a block {x, y, α} appearing in a
modiﬁed class of KA and the blocks of a class of KB containing {x, y}, except the block
{x, y, z}. Doing so some pairs appear one less and if we do it for all the blocks of the class
of KB all elements appear one less except z.
We can do deletion A-B h times, h ≤ 3t + 1 = number of classes of KB , if the two
following conditions hold
• all the pairs {x, y} are disjoint (in order to avoid to delete twice a pair {x, α}).
• any two blocks of KB that we keep {x, y, z} and {x′, y′, z′} should be satisfy z 6= z′.
If these conditions are satisﬁed, then we get a well balanced family at least when we delete
entirely a class of KB and so we get in that case the values b = b2p − h(2t + 1). But, if in
the last class we delete only some blocks, we have to be careful in the choice of blocks to be
deleted. That is easy for h = 1 or 2 and so by deleting another class of KB we get a well
balanced family for b2p − 3(2t + 1) ≤ b ≤ b2p. But in the family for b2p − 3(2t + 1) each
element has been deleted exactly 3 times except z1, z2, u, where either u = z3 (zi appearing
in the block {xi, yi, zi}), if we apply deletion A-B 3 times or u = α if apply deletion A-B 2
timeswe and delete a complete class the third time. So if we want to have a well balanced
family for b2p − (6t + 4) we should delete the block {z1, z2, u} which means it should not
have been deleted before; but that is not always possible (see example after) when p = 1.
Furthermore, if p = 1, then h ≤ 2t+ 1. If p > 1, we can hope to get bigger values for h till
3t+ 1. This method can give many possible values of b, but not all.
As example, for n = 10, take as KA the KTS(9) of the Example 1 and as KB the
KTS(9) of Example 2. We can apply deletion A-B, by deleting {α,∞,∞′} and {3, 5, α}
from the ﬁrst class of KA and the blocks of the two ﬁrst classes of KB except the blocks
{1,∞,∞′}, {2, 3, 5}). We can no more apply the deletion with a pair in the ﬁrst class of
KA, but if p ≥ 2 we can delete {4, 6, α} keeping in KB {4, 6, 0}. We delete the second and
third class of KB and ﬁnally the block {1, 2, 0} of the fourth class getting a solution, when
p ≥ 2 for b = 30p− 10 where λx = 9p− 3 and λxy = 2p or 2p− 1. Deleting the 2 last blocks
of the 4th class we get a well balanced family for 30p− 12 ≤ b ≤ 30p, except for b = 20. But
we will never get a solution for b = 30p− 13.
Another example can be given for n = 16. We take as KA the Example 3 of KTS(15)
and modify by Construction A at least the ﬁrst class and as KB the developed of KA by +1
(Example 4). In the ﬁrst modiﬁed class of KA , we can delete {0, 1, α}, {2, 4, α}, {7, 8, α}.
We keep in KB , the blocks {1, 11, 0}, {2, 3, 4}, {7, 8, 10} and delete the other blocks of the
5th, 6th and 7th classes of KB . then we can delete the block {z1, z2, z3} = {11, 3, 10}
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getting a solution for all 80p − 16 ≤ b ≤ 80p. If p = 1 we can continue the process with
the deletion in the ﬁrst class of KA of {5, 10, α}, {3, 6, α} (keeping in KB in the 3rd class
{5, 10,∞′}{3, 6,∞}). So we can get the values 80p− 31 ≤ b ≤ 80p.
Addition process: We can also add to the well balanced family obtained for b2p =
2p(3t + 2)(2t + 1) some blocks of a KSTS(9) called KB not used in the construction of
Proposition 11. We can ﬁrst add some blocks of a ﬁrst parallel class. The family obtained
is still well balanced, but when have added the whole class λα is one less than the other λx.
So we have a well balanced family for b2p ≤ b ≤ b2p + 2t+ 1.
We will apply the following construction called Construction B:
Construction B: Choose a class C ofKB , replace a block {x, y, z} by the block {x, y, α}
and add some of the other 2t blocks of this class. That works as soon as {x, y} is not a pair
appearing in a modiﬁed block of KA (otherwise the block {x, y, α} will be repeated).
Doing construction B for one class C1 of KB is always possible as we have the freedom
to chooses the classes to modify in KA (or also to do the construction in KB). We choose
{x1, y1, z1} to be modify and the class of KA containing {x1, y1} will be not modiﬁed in
construction A. So, adding some blocks of another class of KB , we get a well balanced
family for b2p+2t+2 ≤ b ≤ b2p+4t+2 (we have to add ﬁrst the modiﬁed block containing
α).
Then we can do construction B for another class C2 of KB . Having chosen {x1, y1} in
a class of KA, we consider in the same class the triple containing z1 let {z1, x2, a2} be this
triple. We choose in KB the class C2 containing the pair {z1, x2}; let {z1, x2, z2} be the
triple containing the pair {z1, x2}; we do construction B for this class replacing {z1, x2, z2}
with {z1, x2, α} (note we are sure that {z1, x2} is not in a modiﬁed class of KA as it is in the
same class as {x1, y1}). So we get a well balanced family for b2p + 4t+ 3 ≤ b ≤ b2p + 6t+ 3
(we have to add ﬁrst the modiﬁed block {z1, x2, α}.
At that point we have to be careful as λz1 , λz2 , λα are one less than the other λx and
therefore we have to use a small trick. We choose as third block to be modiﬁed a block
{z2, x3, z3}, with z3 = x1 or y1 and such that the block {z1, z2, z3} appears in a STS KC
diﬀerent from KA (it is diﬀerent from KB as {z1, z2} appears in KB with x2). In order the
construction works we need that the pair {z2, x3} appears in a non modiﬁed class of KA;
that is always possible when p < 3t and if we are lucky {z2, x3}appears in the same class
of KA as {x1, y1} and {z1, x2}. Note that {z2, x3, z3} appears in a class C3 of KB diﬀer-
ent from C1 (resp. C2) as z3 appears in {x1, y1, z1} (resp. Z2 in {z1, x2, z2}). Therefore,
adding the 3 modiﬁed classes plus the block {z1, z2, z3} we get a well balanced family for
b = b2p+6t+4. Indeed all the λx have been increased by exactly 3 and some λxy by 1. We
can then continue the process easily by adding the blocks of a 4th class of KB , obtaining a
well balanced family for b2p + 6t + 4 ≤ b ≤ b2p + 8t + 5. If t = 1 (n = 10), we cannot go
further as we have used the 4 classes of KB , but we know by proposition 6 that there does
not exist a family for b2p+14. If t > 1, we can continue the process by applying construction
B for other classes of KB . We have only to insure that the pair {x, y} of the block {x, y, α}
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is not a pair appearing in a modiﬁed block of KA and that we do the addition with disjoint
pairs {x, y} otherwise we will have created two pairs {x, α}. Next examples show how to
apply the additions for n = 10 and n = 16.
Case n = 10: Let KA be the STS9 of Example 1 and KB the STS(9) of Example 2.
We do construction B with the ﬁrst class of KB , modifying the block {4, 6, 0} of the ﬁrst
class to {α, 6, 0} and keeping {1,∞,∞′} and {2, 3, 5}. Note that the pair {0, 6} appears
in the block {0, 1, 6} of the 4th class of KA. We have z1 = 4, which appears in the block
{4, 5,∞′} of the 4th class of KA; here x2 =∞′. So we choose as C2 the second class of KB
replacing {2, 4,∞′} by {α, 4,∞′} and keeping the two other blocks {1, 3, 6} and {5, 0,∞};
here z2 = 2. Then we choose in C3 the block {2, 6,∞} (here z3 = y1 = 6) and we replace
it by {2, α,∞} keeping the two blocks {1, 4, 5} and {3, 0,∞′}. Note that we are lucky, as
the pair {2,∞} is in the triple {2, 3,∞} which belongs also to the 4th class of KA. We can
now add the block {z1, z2, z3} = {2, 4, 6}, which appears in the STS KC = KA+4, diﬀerent
from KA (it is obtained by adding 4 to {0, 2, 5}). We can then add blocks of the 4th class of
KB . In KA we can modify by construction A any class except the 4th and so we can apply
the construction for p = 0, 1, 2, 3 getting, as b2p = 30p, the values 1 ≤ b ≤ 13; 30 ≤ b ≤ 43;
60 ≤ b ≤ 73 ; 90 ≤ b ≤ 103. Using Proposition 5 and the fact that (103 ) = 120 we get also
the values 17 ≤ b ≤ 30; 47 ≤ b ≤ 60; 77 ≤ b ≤ 90 ; 107 ≤ b ≤ 119. So we get all the values
except b = 14, 15, 16, 44, 45, 46, 74, 75, 76, 104; 105, 106; but we know by Proposition 6 that
no well balanced family can exist for these values. So we have completely solve the case
n = 10. In summary we have
Proposition 12. For n = 10 conjecture 1 is verified; that is there exists a well balanced
family for all b, except the b ≡ 14, 15, 16 (mod 30) for which such a family cannot exist.
Case n = 16: We take as KA the Example 3 of KTS(15) and as KB the Example 4. We
ﬁrst do construction B, by adding {8, 9, α}, {4, 5, α}, {α, 0,∞} (z1 =∞, z2 = 9, z3 = 4) and
the other blocks of the ﬁrst, second and 4th class. Note that the pairs {4, 5}, {8, 9}, {0,∞}
are in the 7th class of KA. We can then add the block {z1, z2, z3} = {9,∞, 4} which
appears in the KTS KA + 3 and also the blocks of another class. Doing so we get all the
b2p = 80p ≤ b ≤ 80p + 21. We can then replace {3, 10, 11} by {3, 10, α} and {11, 6, 12} by
{11, 6, α}. Note that the pairs {3, 10}, {11, 6} are still in the 7th class of KA. Adding the
blocks of 2 other classes we get a well balanced family for all 80p ≤ b ≤ 80p + 31 (we have
to choose in KA not to modify the 7th class in construction A). That is the best we can
do for p = 6. If p < 6 we can add the block {7, 12, α} and all the other blocks of the 7th
class of KB . We have not to modify in KA the class containing {7, 12} namely the 3rd one
(which is possible as we can leave 2 classes unmodiﬁed the 3rd and 7th). Then we can add
the block {z4, z5, z6} = {11, 12, 3} which appears in KA + 8 and ﬁnally blocks of the last
class not used of KB . Doing so we get a well balanced family for 80p ≤ b ≤ 80p + 37 for
0 ≤ p ≤ 5 and for p = 6, 480 ≤ b ≤ 511. Using Proposition 5 and the fact that (163 ) = 560
we get also the values 49 ≤ b ≤ 80; 80p − 37 ≤ b ≤ 80p for 2 ≤ p ≤ 7 Note that for the
values 80p+ 38 ≤ b ≤ 80p+ 42, we know by Proposition 6 that no well balanced family can
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exist. Therefore, to solve completely the case n = 16, it remains to deal with the values of
b 43 ≤ b ≤ 48. For that we will use a general construction called Construction C
Construction C: We take the blocks of an STS(n), n ≡ 1 or 3 (mod 6) SC , plus n+12
blocks containing a new element α and n+12 pairs covering all the elements 0 ≤ x ≤ n − 1.
let, for example these blocks be {2i, 2i+1, α} for 1 ≤ i ≤ n+12 (modulo n). Doing so we get
a well balanced family for n+1 and b = n(n−1)6 +
n+1
2 ; indeed λx =
n+1
2 except λ0 =
n+1
2 +1
and λxy = 1 except for the pairs {2i, 2i + 1} and {0, α} for which the value is 2. Then we
can continue adding h disjoint blocks 1 ≤ h ≤ n3 not using 0 and not containing one of the
pair for which the value is 2. We can continue the process as soon as we keep the balance.
We will see later how it works for n = 7. When n+ 1 = 6t+ 4, we can also do construction
C with construction A as soon as the pairs containing α are not in a modiﬁed class of KA.
We can also do that in a cleaver way starting from a KTS(6t + 3) by taking n+12 pairs in
a small number of classes (only 2 if possible). Then we can add the h blocks of a non used
class replacing the block {x0, y0, z0} containing the x0 which is repeated twice by the block
{α, y0, z0}. We get all the (3t+1)(2t+1)+3t+2 ≤ b ≤ (3t+1)(2t+1)+5t+3 = (6t+4)(t+1).
Note that we have for b = (6t + 4)(t + 1) λx = 3(t + 1) and λxy = 1 or 2. We can then
continue adding a new class with a block modiﬁed and so on like we did in construction B.
Let us show how Construction C works for n = 16.
We use the construction C by choosing as ﬁrst STS(15) the KA of Example 3 and picking
the pairs in the KTS KB of example 4. We add the triples {1, 10, α}, {3, 0, α}, {6, 12, α},
{9,∞, α}, {4,∞′, α} obtained with pairs appearing in the ﬁrst class of KB . We also add
{5, 11, α}, {7, 8, α}, {2, 4, α}, with pairs appearing in the 5th class of KB . We get a well
balanced family for b = 35 + 8 = 43. Here 4 is repeated twice. Note that all these pairs
appear in the 3 ﬁrst classes of KA; so we can also use Construction A for 0 ≤ p ≤ 4. Then,
we can add the blocks of the 3rd class replacing {1, 4, 12} by {1, 12, α} ({1, 12} appears also
in the 3rd class of KA) and we get the values 43 + 80p ≤ b ≤ 48 + 80p, for 0 ≤ p ≤ 4,
and in particular the values 43 ≤ b ≤ 48 which were the values still undecided for n = 16.
Furthermore, we can add the blocks of the 2nd, 7th and 3rd classes of KB , replacing {1, 3, 8}
by {3, 8, α}, {2, 5, 6} by {2, 5, α}, and {7, 9, 11} by {7, 11, α}. Then we can add the block
{1, 6, 9} in the 5th class. We ﬁnally add blocks of the 4th class and the block {12, 0, α} of
the 5th class. Doing so we have used also pairs in the 5th and 6th class of KA. We got all
the values 43 + 80p ≤ b ≤ 70 + 80p for p = 0, 1, 2.
To summarize using all the constructions we were able to prove Conjecture 1 for n = 16.
Proposition 13. For n = 16, Conjecture 1 is verified; that is there exists a well balanced
family for all b except the b ≡ 38, 39, 40, 41, 42 (mod 80) for which such a family cannot
exist.
Small cases
n=5
For n = 5,
(
5
3
)
= 10 and by Proposition 5 we have to consider only the values of b ≤ 5.
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We have well balanced families for b = 1 (one block) and b = 2 (two blocks {1, 2, 3} and
{1, 4, 5}), but not for b = 3 as we have seen in the example of the introduction (see also Propo-
sition 7). However there exists an optimal solution {1, 2, 3}, {1, 2, 4}, {3, 4, 5} 1-balanced but
not 2-balanced (λ12 = 2 but λ15 = λ25 = 0). By Proposition 7, there is no well balanced
solution for b = 4; an optimal one consists of the blocks {1, 2, 3}, {1, 2, 4}, {1, 3, 5}, {3, 4, 5}.
For b = 5 there exists a well balanced solution with λx = 3 and λxy = 1 or 2 and consisting
of the 5 blocks {1, 2, 3}, {1, 2, 4}, {1, 3, 5}, {3, 4, 5}, {2, 4, 5}.
n=6
For n = 6,
(
6
3
)
= 20 and by Proposition 5 we have to consider only the values of b ≤ 10.
For b = 5 (and so b = 15), there does not exist by Proposition 6 a well balanced family.
An optimal solution F∗ consists of the 5 blocks:
{1, 2, 3}, {1, 2, 4}, {1, 5, 6}, {2, 5, 6}, {3, 4, 5} (λx = 2 or 3 and λ12 = λ56 = 2 but λ36 = λ46 =
0) with 4x2 + 16x as associated polynomial. The proof is obtained by looking at various
cases. Let a general solution be of the form P (F , x) = αx3 + βx2 + γx + δ. Furthermore,
we always have α + β + γ = b(b − 1) = 20. So P (F , x) − P (F∗, x) = (x − 1)(α(x − 1)2 +
(3α + β − 4)(x − 1) + 2α + β − 4 − δ). If α ≥ 2 (that is at least one block repeated), one
can show by looking at the number of repeated blocks that P (F , x)− P (F∗, x) > 0 for any
x > 1. For example suppose one block is repeated 3 times say {1, 2, 3}; then either we have
twice the block {4, 5, 6} and then α = 8 and δ = 12 otherwise α = 6 and δ ≤ 6.
In what follows, let α = 0, that is no repeated block. Then P (F , x) − P (F∗, x) =
(β − 4)(x− 1) + β − 4− δ). Note that δ ≤ 4, as there can be at most two pairs of disjoint
blocks (as b = 5); furthermore, when we have two disjoint blocks any other block intersect
one block in 2 elements and the other in one element. We distinguish 3 cases :
• δ = 4. Wlog let the pairs of disjoint blocks be B1 = {1, 2, 3}, B2 = {4, 5, 6}, B3 =
{1, 2, 4}, B4 = {3, 5, 6}. Then B1 and B3 intersect in a pair and also B2 and B4;
the last block B5 intersect one of B1, B2 and one of B3, B4 in a pair; so β = 8 and
P (F , x)− P (F∗, x) ≥ 0 for x ≥ 1.
• δ = 2. Let the two disjoint blocks be B1 and B2. Then any other block intersect one
of them in a pair and so β ≥ 6 and P (F , x)− P (F∗, x) ≥ 0 for x ≥ 1.
• δ = 0. First, β = 0 is impossible as if B1 = {1, 2, 3}, we have at most 3 pairs
available among {4, 5, 6}. If β = 2; let the two blocks intersecting in a pair be B1 =
{1, 2, 3}, B2 = {1, 2, 4}; the pair {5, 6} can be in at most one triple, but the two other
blocks need to share either one pair with B1 or B2 or the pair {3, 4}. So necessarily
β ≥ 4 and P (F , x)− P (F∗, x) ≥ 0 for x ≥ 1.
For the other values of b, we can construct well balanced families as follows. Let B1 =
{1, 2, 3}, B2 = {4, 5, 6}; C1 = {1, 2, 4}, C2 = {1, 3, 5}, C3 = {2, 3, 6}; D1 = {1, 4, 6}, D2 =
{2, 5, 6}, D3 = {3, 4, 5} and C ′1 = {1, 2, 5}, C ′2 = {1, 3, 6}, C ′3 = {2, 3, 4}. Note that the Ci
and C ′i (resp Di) intersect B1 (resp. B2) in three diﬀerent pairs and B2 (resp B1) in 3
diﬀerent elements. Solutions are obtained by taking:
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• for b = 1 B1;
• for b = 2, B1, B2;
• for b = 3, C1, C2, C3;
• for b = 4, C1, C2, C3, B2;
• for b = 6, C1, C2, C3, D1, D2, D3;
• for b = 7, C1, C2, C3, D1, D2, D3, B1;
• for b = 8, C1, C2, C3, D1, D2, D3, B1, B2;
• for b = 9, C1, C2, C3, D1, D2, D3, C ′1, C ′2, C ′3;
• for b = 10, C1, C2, C3, D1, D2, D3, C ′1, C ′2, C ′3, B2.
n=7
For n = 7,
(
7
3
)
= 35; by Proposition 3 and Proposition 5 we have to consider only the
values of b ≤ 17.
Proposition 14. For k = 3 and n = 7, there exists a balanced family for any b.
Proof. Kirkman proved that there exist two disjoint STS(7). The ﬁrst one consists of the 7
blocks Ci = {i, i+1, i+3}, for 0 ≤ i ≤ 6 and the second one of the 7 blocksDi = {i, i+2, i+3},
for 0 ≤ i ≤ 6 (indices modulo 7). Let B1 = {1, 2, 3}, B2 = {4, 5, 6}, B3 = {0, 1, 4}, B4 =
{0, 2, 5}, B5 = {0, 3, 6}. For b = j, 1 ≤ j ≤ 5 take the blocks Bi, 1 ≤ i ≤ j. For b = 7
take the ﬁrst STS(7) (that is all the Ci). For b = 6 delete one block from the STS(7). For
b = 7 + j, 1 ≤ j ≤ 5 add to the STS(7) the blocks Bi, 1 ≤ i ≤ j. For b = 14 take the two
disjoint STS(7) (that is all the Ci and Di). For b = 13 delete one block from one STS(7).
For b = 14 + j, 1 ≤ j ≤ 5 add to the two disjoint STS(7) the blocks Bi, 1 ≤ i ≤ j.
n=8 For n = 8,
(
8
3
)
= 56 and by Proposition 5 we have to consider only the val-
ues of b ≤ 28. By Proposition 6 and 7 there do not exist well balanced families for
b = 9, 10, 18, 19, 27, 28. For the other values let us construct a well balanced family. By
proposition 10 we have a solution for b = 8, consiting of the 8 blocks obtained by deleting
∞′ in the Example 1 of a KTS(9) namely (we relabel ∞ with 7).
B1 = {1, 2, 4} B3 = {0, 2, 5} B5 = {0, 3, 4} B7 = {0, 1, 6}
B2 = {3, 5, 6} B4 = {4, 6, 7} B6 = {1, 5, 7} B8 = {2, 3, 7}
For b = 2q we have a well balanced family by taking the blocks Bj , 1 ≤ j ≤ 2q; For
b = 3 (resp; b = 5) add to B1, B2 (resp B1, B2, B3, B4) the block {0, 1, 7}. For b = 7 take
the blocks Bj , 1 ≤ j ≤ 7.
RR n➦ 7725
20 Bermond et al.
We can also use the STS(9) to construct solutions for b = 12 and other values; but it is
better to use Construction C starting from the STS(7) with the 7 blocks Ci = {i, i+1, i+3},
for 0 ≤ i ≤ 6 (values modulo 7) and to add a new element α. For b = 11, we add to the
STS(7) the 4 blocks E1 = {0, 1, α}, E2 = {2, 3, α}, E3 = {4, 5, α}, E4 = {0, 6, α}. Note that
λx = 4 except λ0 = 5 and λxy = 1 except for the pairs {0, 1}, {2, 3}, {4, 5}, {0, 6} and {0, α}.
Then we can add sucessively E5 = {1, 3, 5}, E6 = {2, 4, 6}, E7 = {1, 2, α}, E8 = {0, 3, 4},
E9 = {5, 6, α}, and E10 = {0, 2, 5} getting solutions for 11 ≤ b ≤ 17. For b = 20 we add
furthermore the 3 blocks E11 = {1, 4, 6}, E12 = {3, 6, α}, E13 = {0, 4, α}. One can note that
all these blcocks are disjoint from those of teh STS.
For 21 ≤ b ≤ 26, we will use construction C, starting with the two disjoint STS(7) with
blocks Ci = {i, i+1, i+3}, for 0 ≤ i ≤ 6 and the second one with blocks Di = {i, i+2, i+3},
for 0 ≤ i ≤ 6. (indices modulo 7). Add the 7 blocks Fi = {i, i + 1, α}, 0 ≤ i ≤ 6. We get
a solution for b = 21. Note that λx = 8 except λα = 7 and λxy = 2 except for the pairs
{i, i+1}. Then add the blocks {0, 4, α}, {2, 6, α}, {1, 3, 5} (at that point for b = 24, λx = 9)
and {0, 2, 5}, {1, 4, 6}.
7 Case k > 3
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❞❡s rés✉❧t❛ts s✐❣♥✐✜❝❛t✐❢s ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ t❤é♦r✐q✉❡ ❡t ♣r❛t✐q✉❡ ✭❤❡✉r✐st✐q✉❡s✱ s✐✲
♠✉❧❛t✐♦♥s✮ ♠ê♠❡ s✐ ❧❛ ♣❧✉♣❛rt ❞❡s ♣r♦❜❧è♠❡s ❝♦♥s✐❞érés s♦♥t ◆P✲❞✐✣❝✐❧❡s ♣♦✉r ❞❡s
✐♥st❛♥❝❡s très s✐♠♣❧❡s✳ ❉❛♥s ❧❡s ❝♦♥❝❧✉s✐♦♥s ❞❡ ❝❤❛q✉❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛✈♦♥s ✐♥❞✐q✉é
❞❡s ♣r♦❜❧è♠❡s ♣ré❝✐s q✉✐ r❡st❡♥t ♦✉✈❡rts✳ ❈❡s ét✉❞❡s ♥♦✉s ♦♥t ❛♠❡♥és à ✐♥tr♦❞✉✐r❡ ❡t
❞é✈❡❧♦♣♣❡r ❞❡s ♣❛r❛♠ètr❡s ❞❡ t❤é♦r✐❡ ❞❡s ❣r❛♣❤❡s ❡t ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s q✉✐ ♠ér✐t❡♥t
✉♥❡ ét✉❞❡ ❡♥❝♦r❡ ♣❧✉s ❛♣♣r♦❢♦♥❞✐❡ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ rés❡❛✉①✳ ■❧ r❡st❡
é✈✐❞❡♠♠❡♥t ❡♥❝♦r❡ ❜❡❛✉❝♦✉♣ ❞❡ tr❛✈❛✐❧ à ❢❛✐r❡ s✉r ❝❤❛❝✉♥ ❞❡ ❝❡s ♣r♦❜❧è♠❡s ❛✈❛♥t
❞❡ ♣♦✉✈♦✐r tr❛♥s❢ér❡r ♥♦s rés✉❧t❛ts ❞❛♥s ❧❡s rés❡❛✉① ré❡❧s✳ ❉❡ ♣❧✉s✱ ♣♦✉r ❝❤❛❝✉♥ ❞❡
❝❡s ♣r♦❜❧è♠❡s✱ ❞✬❛✉tr❡s ♠♦❞é❧✐s❛t✐♦♥s ♣❡✉✈❡♥t êtr❡ ❡♥✈✐s❛❣é❡s q✉✐ ❛♣♣ré❤❡♥❞❡r❛✐❡♥t
♣❡✉t êtr❡ ♠✐❡✉① ❧❛ ré❛❧✐té✳
P❧✉s ♣ré❝✐sé♠❡♥t✱ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ r♦✉t❛❣❡ ❞❛♥s ❧❡s ré✲
s❡❛✉① ♦♣t✐q✉❡s✱ ♥♦✉s ❛✈♦♥s ♦❜t❡♥✉ ❞❡ ♥♦♠❜r❡✉① rés✉❧t❛ts ❞❡ ❝♦♠♣❧❡①✐té ♦✉ ❞✬❛❧❣♦✲
r✐t❤♠✐q✉❡ ♥♦t❛♠♠❡♥t✳ ❉❡ ♥♦♠❜r❡✉s❡s ♣✐st❡s ❞♦✐✈❡♥t ❡♥❝♦r❡ êtr❡ ❞é✈❡❧♦♣♣é❡s ❝♦♠♠❡
❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ❝♦♥tr❛✐♥t❡s ♣❤②s✐q✉❡s ré❡❧s ❞❛♥s ❝❡ ❣❡♥r❡ ❞❡ rés❡❛✉① ♦✉ ❡♥❝♦r❡
❞❡ ❧❛ ❞✉ré❡ ❞❡s ✐♥t❡rr✉♣t✐♦♥s✳ ❊♥ ❡✛❡t✱ ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rr✉♣t✐♦♥s ✭s✐♠✉❧t❛♥é ❡t✴♦✉
t♦t❛❧✮ ❛ été ét✉❞✐é ❛✉ ❝♦✉rs ❞❡ ❝❡tt❡ t❤ès❡ ♠❛✐s ❧❛ ❞✉ré❡ ❞❡s ❞✐✛ér❡♥t❡s ✐♥t❡rr✉♣t✐♦♥s
❛♣♣❛r❛ît ❝♦♠♠❡ ét❛♥t ✉♥ ♣❛r❛♠ètr❡ ❝❡♥tr❛❧ ♣♦✉r ❝❡ ♣r♦❜❧è♠❡✳ ❈❡tt❡ ét✉❞❡ ♠ér✐t❡
❞♦♥❝ ❧❛ ♣♦✉rs✉✐t❡ ❞❡s ❡✛♦rts ♣♦✉r ❝♦♥❝❡✈♦✐r ❞❡s ♠♦❞è❧❡s ♣❡rt✐♥❡♥ts ❡t ❛✐♥s✐ ♦❜t❡♥✐r
❞❡s rés✉❧t❛ts s✐❣♥✐✜❝❛t✐❢s✳
▲❡ ♣r♦❜❧è♠❡ ❞✬é❝♦♥♦♠✐❡ ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❡s rés❡❛✉① ❝÷✉r ❡st ✉♥ ♣r♦❜❧è♠❡ ré✲
❝❡♥t ❡t ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ♠♦♥tré✱ ét❡✐♥❞r❡ ❞❡s éq✉✐♣❡♠❡♥ts ✭✐♥t❡r❢❛❝❡s✮ ♣❡r♠❡t
❞✬é❝♦♥♦♠✐s❡r ❞❡ ❧✬é♥❡r❣✐❡✱ ❛✉ ❞étr✐♠❡♥t ♣❛r❢♦✐s ❞❡ ❧❛ t♦❧ér❛♥❝❡ ❛✉① ♣❛♥♥❡s ❡t ❞❡ ❧❛
❧♦♥❣✉❡✉r ❞❡s r♦✉t❡s✳ ❈❡s s♦❧✉t✐♦♥s ♥❡ s♦♥t ♣♦✉r ❧❡ ♠♦♠❡♥t ♣❛s ✐♠♣❧é♠❡♥té❡s ❞❛♥s
❧❡s rés❡❛✉① ❡①✐st❛♥ts ❡t ♣❡✉✈❡♥t s❡ ré✈é❧❡r t❡❝❤♥✐q✉❡♠❡♥t ❞✐✣❝✐❧❡s✳ ❉❡ ♣❧✉s✱ ❧❡ ❝♦ût
❞❡ r❡♠✐s❡ ❡♥ r♦✉t❡ ❞❡ ❝❡s éq✉✐♣❡♠❡♥ts ❡st ♣❡✉t êtr❡ ❧♦✐♥ ❞✬êtr❡ ♥é❣❧✐❣❡❛❜❧❡✳ ❉❡s
♠❡s✉r❡s ♣r❛t✐q✉❡s ❞♦✐✈❡♥t êtr❡ ré❛❧✐sé❡s ❡t ❞✬❛✉tr❡s ♠❛♥✐èr❡s ❞✬❛tt❛q✉❡r ❧❡ ♣r♦❜❧è♠❡
❞♦✐✈❡♥t êtr❡ ❡♥✈✐s❛❣é❡s✳
▲✬♦r❞♦♥♥❛♥❝❡♠❡♥t ❞✐str✐❜✉é ❞❡s ❧✐❡♥s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s✲✜❧ ❡st ✉♥ ♣r♦❜❧è♠❡
❝❡♥tr❛❧ ❞❛♥s ❝❡ t②♣❡ ❞❡ rés❡❛✉①✳ ❖✉tr❡ ❧❡s ♣r♦❜❧è♠❡s ♦✉✈❡rts ♠✐s ❡♥ ❡①❡r❣✉❡ ❞❛♥s ❧❡
❝❤❛♣✐tr❡ ❝♦rr❡s♣♦♥❞❛♥t✱ ✐❧ ❡st ♥é❝❡s❛✐r❡ ❞❡ ♣♦✉rs✉✐✈r❡ ❝❡ tr❛✈❛✐❧ ♥♦t❛♠♠❡♥t ♣♦✉r q✉❡
✶✼✹ ❈❤❛♣✐tr❡ ✻✳ P❡rs♣❡❝t✐✈❡s ❣é♥ér❛❧❡s
♥♦tr❡ ♠♦❞è❧❡ r❡♣rés❡♥t❡ ❡♥❝♦r❡ ♠✐❡✉① ❧❛ ré❛❧✐té✳ ❊♥tr❡ ❛✉tr❡s ❡①t❡♥s✐♦♥s✱ ❧❛ ♣r✐s❡ ❡♥
❝♦♠♣t❡ ❞✬✉♥ tr❛✜❝ ♠✉❧t✐✲❤♦♣ s❛♥s r♦✉t❛❣❡ ♣ré❞é✜♥✐ ❡t ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ♠♦❞è❧❡s
❞✬✐♥t❡r❢ér❡♥❝❡ ❛s②♠étr✐q✉❡s ❛♣♣❛r❛✐ss❡♥t très ✐♠♣♦rt❛♥ts ♣♦✉r ❝❡ ♣r♦❜❧è♠❡✳
▲❡ ♣❧❛❝❡♠❡♥t ♦♣t✐♠❛❧ ❞❡s ❞♦♥♥é❡s ❞❛♥s ❧❡s rés❡❛✉① ♣❛✐r✲à✲♣❛✐r ♥♦✉s ❛ ❛♠❡♥és
à ❝♦♥s✐❞ér❡r ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ✏❜✐❡♥ éq✉✐❧✐❜ré❡s✑ ✿ ❝❤❛q✉❡ t✲✉♣❧❡t ❛♣♣❛rt❡♥❛♥t ❛✉
♠ê♠❡ ♥♦♠❜r❡ ✭à ✉♥ ♣rès✮ ❞❡ ❜❧♦❝s✳ ▲✬❡①✐st❡♥❝❡ ❞❡ t❡❧❧❡s ❝♦♥✜❣✉r❛t✐♦♥s ❛♠è♥❡ ✉♥❡
♥♦✉✈❡❧❧❡ ♣r♦❜❧é♠❛t✐q✉❡✱ ♣❧✉s ❣é♥ér❛❧❡ q✉❡ ❝❡❧❧❡ ❞❡s ✏❞❡s✐❣♥s✑ ❝❧❛ss✐q✉❡s✱ q✉✐ ❛♣♣❛r❛ît
très ♣r♦♠❡tt❡✉s❡ ❡t ❞❡✈r❛✐t ❞♦♥♥❡r ❧✐❡✉ à ❞❡ ♥♦♠❜r❡✉① ❞é✈❡❧♦♣♣❡♠❡♥ts ✉❧tér✐❡✉rs✳
▲❛ rés♦❧✉t✐♦♥ ❞✉ s❡✉❧ ❝❛s ♣❛rt✐❝✉❧✐❡r k = 3 ♥é❝❡ss✐t❡r❛ ✈r❛✐s❡♠❜❧❛❜❧❡♠❡♥t ❧✬ét✉❞❡ ❞❡
♥♦♠❜r❡✉① ❝❛s ❡t ♣♦✉rr❛ ♦❝❝✉♣❡r ♣❧✉s✐❡✉rs ❝❤❡r❝❤❡✉rs ❞❛♥s ❧❡s ❛♥♥é❡s à ✈❡♥✐r✳
❆♥♥❡①❡ ❆
❈♦❧♦r❛t✐♦♥ ✐♠♣r♦♣r❡ ♣♦♥❞éré❡
✶✼✻ ❆♥♥❡①❡ ❆✳ ❈♦❧♦r❛t✐♦♥ ✐♠♣r♦♣r❡ ♣♦♥❞éré❡
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Abstract: In this paper, we study a colouring problemmotivated by a practical frequency assignment problem and,
up to our best knowledge, new. In wireless networks, a node interferes with other nodes, the level of interference
depending on numerous parameters: distance between the nodes, geographical topography, obstacles, etc. We
model this with a weighted graph (G,w) where the weight function w on the edges of G represents the noise
(interference) between the two end-vertices. The total interference in a node is then the sum of all the noises of the
nodes emitting on the same frequency. A weighted t-improper k-colouring of (G,w) is a k-colouring of the nodes
of G (assignment of k frequencies) such that the interference at each node does not exceed some threshold t. We
consider here the Weighted Improper Colouring problem which consists in determining the weighted t-improper
chromatic number defined as the minimum integer k such that (G,w) admits a weighted t-improper k-colouring.
We also consider the dual problem, denoted the Threshold Improper Colouring problem, where, given a number k
of colours (frequencies), we want to determine the minimum real t such that (G,w) admits a weighted t-improper
k-colouring. We show that both problems are NP-hard and first present general upper bounds; in particular we
show a generalisation of Lova´sz’s Theorem for the weighted t-improper chromatic number. We then show how
to transform an instance of the Threshold Improper Colouring problem into another equivalent one where the
weights are either 1 or M, for a sufficient large M. Motivated by the original application, we study a special
interference model on various grids (square, triangular, hexagonal) where a node produces a noise of intensity 1
for its neighbours and a noise of intensity 1/2 for the nodes at distance 2. Consequently, the problem consists in
determining the weighted t-improper chromatic number whenG is the square of a grid and the weights of the edges
are 1 if their end-vertices are adjacent in the grid, and 1/2 if their end-vertices are linked in the square of the grid,
but not in the grid. Finally, we model the problem using integer linear programming, propose and test heuristic
and exact Branch-and-Bound algorithms on random cell-like graphs, namely the Poisson-Voronoi tessellations.
Key-words: graph colouring, improper colouring, interference, radio networks, frequency assignment, grids,
algorithms
∗ This work was partially supported by re´gion PACA, ANR Blanc AGAPE (ANR-09-BLAN-0159) and ANR International Taiwan GRATEL
(ANR-09-BLAN-0373).
† {julio.araujo, jean-claude.bermond, frederic.giroire, frederic.havet, dorian.mazauric, remigiusz.modrzejewski}@inria.fr - MASCOTTE
Project, I3S (CNRS & UNS) and INRIA, INRIA Sophia-Antipolis, 2004 route des Lucioles, BP 93, 06902 Sophia-Antipolis Cedex France.
‡ ParGO Research Group - Universidade Federal do Ceara´ - UFC - Campus do Pici, Bloco 910. 60455-760 - Fortaleza, CE - Brazil.
Coloration Impropre Ponde´re´e
Re´sume´ : Dans ce papier, nous e´tudions un nouveau proble`me de coloration motive´ par un proble`me pratique
d’allocation de fre´quences. Dans les re´seaux sans-fil, un nœud interfe`re avec d’autres, a` un niveau de´pendant de
nombreux parame`tres : la distance entre les nœuds, la topographie physique, les obstacles, etc. Nous mode´lisons
cela par un graphe areˆte-value´ (G,w) ou` le poids d’une areˆte repre´sente le bruit (ou l’interfe´rence) entre ces deux
extre´mite´s. L’interfe´rence totale au niveau d’un nœud est alors la somme de tous les bruits entre ce nœud et
les autres nœuds e´mettant avec la meˆme fre´quence. Une k-coloration t-impropre ponde´re´e de (G,w) est une k-
coloration des nœuds de G (assignation de k fre´quences) telle que l’interfe´rence a` chaque nœud n’exce`de pas
un certain seuil t. Dans ce papier, nous e´tudions le proble`me de la coloration impropre ponde´re´e qui consiste a`
de´terminer le nombre chromatique t-impropre ponde´re´ d’un graphe areˆte-value´ (G,w), qui est le plus petit entier k
tel que (G,w) admette une k-coloration t-impropre ponde´re´e. Nous conside´rons e´galement le proble`me Threshold
Improper Colouring (le proble`me dual) qui, e´tant donne´ un nombre de couleurs (fre´quences), consiste a` de´terminer
le plus petit re´el t tel que (G,w) admette une k-coloration t-impropre ponde´re´e. Nous montrons que tous ces
proble`mes sont NP-difficiles en pre´sentant tout d’abord des bornes supe´rieures ge´ne´rales; en particulier nous prou-
vons une ge´ne´ralisation du the´ore`me de Lova´sz pour le proble`me du nombre chromatique t-impropre ponde´re´.
Nous montrons ensuite comment transformer une instance du proble`me Threshold Improper Colouring en une
instance e´quivalente avec des poids 1 ou M, pour une valeur de M suffisamment grande. Motive´ par l’origine du
proble`me, nous e´tudions un mode`le d’interfe´rence particulier pour diffe´rentes grilles (carre´e, triangulaire, hexag-
onale) ou` un nœud produit un bruit d’intensite´ 1 pour ses voisins et un bruit d’intensite´ 1/2 pour les nœuds a`
distance 2. Le proble`me consiste alors a` de´terminer le nombre chromatique t-impropre ponde´re´ lorsque G est le
carre´ d’une grille et que les poids des areˆtes valent 1 si les deux nœuds extre´mite´s sont adjacents dans la grille, et
1/2 sinon. Enfin, nous mode´lisons le proble`me par des programmes line´aires en nombres entiers, nous proposons
des heuristiques et des algorithmes exactes d’e´nume´ration par la technique du Branch-and-Bound. Nous les testons
pour des graphes ale´atoires ressemblant a` des re´seaux cellulaires, a` savoir des tessellations de Poisson-Voronoi.
Mots-cle´s : coloration de graphes, coloration impropre, interfe´rence, allocation de fre´quences, re´seaux radio,
grilles, algorithmes
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1 Introduction
Let G= (V,E) be a graph. A k-colouring of G is a function c :V →{1, . . . ,k}. The colouring c is proper if uv ∈ E
implies c(u) 6= c(v). The chromatic number of G, denoted by χ(G), is the minimum integer k such that G admits a
proper k-colouring. The goal of the VERTEX COLOURING problem is to determine χ(G) for a given graph G. It is
a well-known NP-hard problem [12].
A k-colouring c is l-improper if |{v ∈ N(u) | c(v) = c(u)}| ≤ l for all u ∈ V . Given a non-negative integer l,
the l-improper chromatic number of a graph G, denoted by χl(G), is the minimum integer k such that G admits
an l-improper k-colouring. Given a graph G and an integer l, the IMPROPER COLOURING problem consists in
determining χl(G) and is also NP-hard [5, 15]. Indeed, if l = 0, observe that χ0(G) = χ(G). Consequently,
VERTEX COLOURING is a particular case of IMPROPER COLOURING.
In this work we define and study a new variation of the IMPROPER COLOURING problem for edge-weighted
graphs. An edge-weighted graph is a pair (G,w) where G = (V,E) is a graph and w : E → R∗+. Given an edge-
weighted graph (G,w) and a colouring c of G, the interference of a vertex u in this colouring is defined by
Iu(G,w,c) = ∑
{v∈N(u)|c(v)=c(u)}
w(u,v).
For any non-negative real number t, called threshold, we say that c is a weighted t-improper k-colouring of (G,w)
if c is a k-colouring of G such that Iu(G,w,c)≤ t, for all u ∈V .
Given a threshold t ∈ R∗+, the minimum integer k such that the graph G admits a weighted t-improper k-
colouring is the weighted t-improper chromatic number of (G,w), denoted by χt(G,w). Given an edge-weighted
graph (G,w) and a threshold t ∈R∗+, determining χt(G,w) is the goal of the WEIGHTED IMPROPER COLOURING
problem. Note that if t = 0 then χ0(G,w) = χ(G), and if w(e) = 1 for all e ∈ E, then χl(G,w) = χl(G) for
any positive integer l. Therefore, the WEIGHTED IMPROPER COLOURING problem is clearly NP-hard since it
generalises VERTEX COLOURING and IMPROPER COLOURING.
On the other hand, given a positive integer k, we define the minimum k-threshold of (G,w), denoted by
Tk(G,w) as the minimum real t such that (G,w) admits a weighted t-improper k-colouring. Then, for a given edge-
weighted graph (G,w) and a positive integer k, the THRESHOLD IMPROPER COLOURING problem consists of
determining Tk(G,w). The THRESHOLD IMPROPER COLOURING problem is also NP-hard. This fact follows from
the observation that determining whether χl(G)≤ k is NP-complete, for every l ≥ 2 and k≥ 1 [5–7]. Consequently,
in particular, it is a NP-complete problem to decide whether a graph G admits a weighted t-improper 2-colouring
when all the weights of the edges of G are equal to one, for every t ≥ 2.
1.1 Motivation
Our initial motivation to these problems was the design of satellite antennas for multi-spot MFTDMA satellites [2].
In this technology, satellites transmit signals to areas on the ground called spots. These spots form a grid-like
structure which is modelled by an hexagonal cell graph. To each spot is assigned a radio channel or colour. Spots
are interfering with other spots having the same channel and a spot can use a colour only if the interference level
does not exceed a given threshold t. The level of interference between two spots depends on their distance. The
authors of [2] introduced a factor of mitigation γ and the interferences of remote spots are reduced by a factor
1− γ. When the interference level is too low, the nodes are considered to not interfere anymore. Considering such
types of interferences, where nodes at distance at most i interfere, leads to the study of the i-th power of the graph
modelling the network and a case of special interest is the power of grid graphs (see Section 3).
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1.2 Related Work
Our problems are particular cases of the FREQUENCY ASSIGNMENT problem (FAP). FAP has several variations
that were already studied in the literature (see [1] for a survey). In most of these variations, the main constraint to
be satisfied is that if two vertices (mobile phones, antennas, spots, etc.) are close, then the difference between the
frequencies that are assigned to them must be greater than some function which usually depends on their distance.
There is a strong relationship between most of these variations and the L(p1, . . . , pd)-LABELLING prob-
lem [16]. In this problem, the goal is to find a colouring of the vertices of a given graph G, in such a way
that the difference between the colours assigned to vertices at distance i is at least pi, for every i= 1, . . . ,d.
In some other variants, for each non-satisfied interference constraint a penalty must be paid. In particular,
the goal of the MINIMUM INTERFERENCE ASSIGNMENT problem (MI-FAP) is to minimise the total penalties
that must be paid, when the number of frequencies to be assigned is given. This problem can also be studied for
only co-channel interferences, in which the penalties are applied only if the two vertices have the same frequency.
However, MI-FAP under these constraints does not correspond to WEIGHTED IMPROPER COLOURING, because
we consider the co-channel interference, i.e. penalties, just between each vertex and its neighbourhood.
The two closest related works we found in the literature are [14] and [8]. However, they both apply penalties
over co-channel interference, but also to the adjacent channel interference, i.e. when the colours of adjacent
vertices differ by one unit. Moreover, their results are not similar to ours. In [14], they propose an enumerative
algorithm for the problem, while in [8] a Branch-and-Cut method is proposed and applied over some instances.
1.3 Results
In this article, we study both parameters χt(G,w) and Tk(G,w). We first present general upper bounds; in particular
we show a generalisation of Lova´sz’s Theorem for χt(G,w). We after show how to transform an instance of
THRESHOLD IMPROPER COLOURING into an equivalent one where the weights are either 1 or M, for a sufficient
large M.
Motivated by the original application, we study a special interference model on various grids (square, trian-
gular, hexagonal) where a node produces a noise of intensity 1 for its neighbours and a noise of intensity 1/2 for
the nodes that are at distance 2. Consequently, the problem consists in determining χt(G,w) and Tk(G,w), when
G is the square of a grid and the weights of the edges are 1, if their end-vertices are adjacent in the grid, and 1/2 if
they are adjacent in the square of the grid, but not in the grid.
Finally, we propose a heuristic and a Branch-and-Bound algorithm to solve THRESHOLD IMPROPER COLOUR-
ING for general graphs. We compare them to an integer linear programming formulation on random cell-like
graphs, namely Voronoi diagrams of random points of the plan. These graphs are classically used in the literature
to model telecommunication networks [3, 9, 10].
2 General Results
In this section, we present some results for WEIGHTED IMPROPER COLOURING and THRESHOLD IMPROPER
COLOURING for general graphs and general interference models.
2.1 Upper bounds
Let (G,w) be an edge-weighted graph with w : E(G)→ R∗+. For any vertex v ∈ V (G), its weighted degree is
dw(v) = ∑u∈N(v)w(u,v). The maximum weighted degree of G is ∆(G,w) =maxv∈V dw(v).
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Given a k-colouring c : V → {1, . . . ,k} of G, we define diw,c(v) = ∑{u∈N(v)|c(u)=i}w(u,v), for every vertex
v ∈V (G) and colour i = 1, . . . ,k. Note that dc(v)w,c (v) = Iv(G,w,c). We say that a k-colouring c of G is w-balanced
if c satisfies the following property:
For any vertex v ∈V (G), Iv(G,w,c)≤ d jw,c(v), for every j = 1, . . . ,k.
We denote by gcd(w) the greatest common divisor of the weights of w. We use here the generalisation of
the gcd to non-integer numbers (e.g. in Q) where a number x is said to divide a number y if the fraction y/x is an
integer. The important property of gcd(w) is that the difference between two interferences is a multiple of gcd(w);
in particular, if for two vertices v and u, diw,c(v)> d
j
w,c(u), then diw,c(v)≥ d jw,c(u)+gcd(w).
If t is not a multiple of the gcd(w), that is, there exists an integer a∈Z such that a gcd(w)< t < (a+1)gcd(w),
then χwt (G) = χ
w
a gcd(w)(G).
Proposition 1. Let (G,w) be an edge-weighted graph. For any k ≥ 2, there exists a w-balanced k-colouring of G.
Proof. Let us colour G= (V,E) arbitrarily with k colours and then repeat the following procedure: if there exists
a vertex v coloured i and a colour j such that diw,c(v) > d
j
w,c(v), then recolour v with colour j. Observe that this
procedure neither increases (we just move a vertex from one colour to another) nor decreases (a vertex without
neighbour on its colour is never moved) the number of colours within this process. LetW be the sum of the weights
of the edges having the same colour in their end-vertices. In this transformation,W has increased by d jw,c(v) (edges
that previously had colours i and j in their end-vertices), but decreased by diw,c(v) (edges that previously had colour
i in both of their end-vertices). So, W has decreased by diw,c(v)− d jw,c(v) ≥ gcd(w). As W ≤ |E|maxe∈E w(e) is
finite, this procedure finishes and produces a w-balanced k-colouring of G.
The existence of a w-balanced colouring gives easily some upper bounds on the weighted t-improper chro-
matic number and the minimum k-threshold of an edge-weigthed graph (G,w). It is a folklore result that χ(G) ≤
∆(G)+1, for any graphG. Lova´sz [13] extended this result for IMPROPER COLOURING problem using w-balanced
colouring. He proved that χl(G)≤ ⌈∆(G)+1l+1 ⌉. In what follows, we extend this result to weighted improper colour-
ing.
Theorem 2. Let (G,w) be an edge-weighted graph with w : E(G)→Q∗+, and t a multiple of gcd(w). Then
χt(G,w)≤
⌈
∆(G,w)+gcd(w)
t+gcd(w)
⌉
.
Proof. If k = 1 there is nothing to prove.
Observe that, in any w-balanced k-colouring c of a graph G, the following holds:
dw(v) = ∑
u∈N(v)
w(u,v)≥ kdc(v)w,c (v). (1)
Let k∗ =
⌈
∆(G,w)+gcd(w)
t+gcd(w)
⌉
≥ 2 and c∗ be a w-balanced k∗-colouring of G. We claim that c∗ is a weighted
t-improper k∗-colouring of (G,w).
By contradiction, suppose that there is a vertex v in G such that c∗(v) = i and that diw,c(v) > t. Since c∗ is
w-balanced, d jw,c(v)> t, for all j = 1, . . . ,k∗. By the definition of gcd(w) and as t is a multiple of gcd(w), it leads
to d jw,c(v)≥ t+gcd(w) for all j = 1, . . . ,k∗. Combining this inequality with Inequality (1), we obtain:
∆(G,w)≥ dw(v)≥ k∗(t+gcd(w)),
giving
∆(G,w)≥ ∆(G,w)+gcd(w),
a contradiction. The result follows.
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Note that when all weights are unit, we obtain the bound for the improper colouring derived in [13]. Brooks [4]
proved that for a connected graph G, χ(G) = ∆(G)+ 1 if, and only if, G is complete or an odd cycle. One could
wonder for which edge-weighted graphs the bound we provided in Theorem 2 is tight. However, Correa et al. [5]
already showed that it is NP-complete to determine if the improper chromatic number of a graph G attains the
upper bound of Lova´sz, which is a particular case of WEIGHTED IMPROPER COLOURING , i.e., of the bound
Theorem 2.
The w-balanced colourings also yields upper bounds for the minimum k-threshold of an edge-weighted graph
(G,w). When k= 1, then all the vertices must be coloured same, and T1(G,w) = ∆(G,w). This may be generalized
as follows, using w-balanced colourings.
Theorem 3. Let (G,w) be an edge-weighted graph with w : E(G)→R+, and let k be a positive integer. Then
Tk(G,w)≤ ∆(G,w)
k
.
Proof. Let c be a w-balanced k-colouring of G. Then
kTk(G,w)≤ kdc(v)w,c (v)≤ dw(v) = ∑
u∈N(v)
w(u,v)≤ ∆(G,w)
Because T1(G,w) = ∆(G,w), Theorem 3 may be restated as Tk(G,w) ≤ T1(G,w). This inequality may be
generalised as follows.
Theorem 4. Let (G,w) be an edge-weighted graph with w : E(G)→R+, and let k and p be two positive integers.
Then
Tkp(G,w)≤ Tp(G,w)
k
.
Proof. Set t = Tp(G,w). Let c be a t-improper p-colouring of (G,w). For i = 1, . . . , p, let Gi be the subgraph of
G induced by the vertices coloured i by c. By definition of improper colouring ∆(Gi,w)≤ t for all 1 ≤ i ≤ p. By
Theorem 3, each (Gi,w) admits a t/k-improper k-colouring ci with colours {(i−1)k+1, . . . , ik}. The union of the
ci’s is then a t/k-improper kp-colouring of (G,w).
Theorem 4 and its proof suggest that to find a kp-colouring with small impropriety, it may be convenient to
first find a p-colouring with small impropriety and then to refine it. In addition, such a strategy, allows to adapt
dynamically the refinement. In the above proof, the vertex set of each part Gi is again partitionned into k parts.
However, sometimes, we shall get a better kp-colouring by partitionning each Gi into a number ki parts, with
∑
p
i=1 ki = kp. Doing so, we obtain a T -improper kp-colouring of (G,w), where T =max{∆(Gi,w)ki ,1≤ i≤ p}.
One can also find upper bound on the minimum k-threshold by considering first the k− 1 edges of largest
weight around each vertex. Let (G,w) be an edge-weighted graph, and let v1, . . . ,vn be an ordering of the vertices
of G. The edges of G may be ordered in increasing order of their weight. Furthermore, to make sure that the
edges incident to any particular vertex are totally ordered, we break ties according to the label of the second vertex.
Formally, we say that viv j ≤w viv j′ if either w(viv j)< w(viv j′ or w(viv j) = w(viv j′) and j < j′. With such a partial
order on the edge set, the set Ekw(v) of k−1 greatest edges (according to this ordering) around a vertex is uniquely
defined. Observe that every edge incident to v and not in Ekw(v) is smaller than an edge of Ek(v) for ≤w.
Let Gkw be the graph with vertex setV (G) and edge set
⋃
v∈V (G)Ekw(v). Observe that every vertex of Ekw(v) has
degree at least k−1, but a vertex may have an arbitrarily large degree. For if any edge incident to v has a greater
weight than any edge not incident to v, the degree of v in Gkw is equal to its degree in G. However we now prove
that at least one vertex has degree k−1.
RR n° 7590
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u v
u’K Kv’
w’(u,v)=w(u,v)−1
u v
Figure 1: Construction of Gi+1 from Gi using edge (u,v) with k = 4. Dashed edges represent edges with infinite
weights.
Proposition 5. If (G,w) is an edge-weighted graph, then Gkw has a vertex of degree k−1.
Proof. Suppose for a contradiction, that every vertex has degree at least k, then every every vertex x there is an
edge xy in E(Gkw)\Ekw(x), and so in Ekw(y)\Ekw(x). Therefore, there must be a cycle (x1, . . . ,xr) such that, for all
1≤ i≤ r, xixi+1 ∈ Ekw(xi+1)\Ekw(xi) (with xr+1 = x1). It follows that x1x2 ≤w x2x3 ≤w · · · ≤w xrx1 ≤w x1x2. Hence,
by definition, w(x1x2) =w(x2x3) = · · ·=w(xrx1) =w(x1x2). Let m be the integer such that xm has maximum index
in the ordering v1, . . . ,vn. Then there exists j and j′ such that xm = v j and xm+2 = v j′ . By definition of m, we have
j > j′. But this contradicts the fact that xmxm+1 ≤w xm+1xm+2.
Corollary 6. If (G,w) is an edge-weighted graph, then Gkw has a proper k-colouring.
Proof. By induction on the number of vertices. By Proposition 5, Gkw has a vertex x of degree at most k− 1.
Trivially, Gkw − x is a subgraph of (G− x)kw. By the induction hypothesis, (G− x)kw has a proper k-colouring,
which is also a proper k-colouring of (G− x)kw. This colouring can be extended in a proper k-colouring of Gkw, by
assigning to x a colour not assigned to any of its k−1 neighbours.
Corollary 7. If (G,w) is an edge-weighted graph, then Tk(G,w)≤ ∆(G\E(Gkw),w).
2.2 Transformation
In this section, we prove that the THRESHOLD IMPROPER COLOURING problem can be transformed into a problem
mixing proper and improper colouring. More precisely, we prove the following:
Theorem 8. Let (G0,w0) be an edge-weighted graph where w0 is an integer-valued function, and let k be a positive
integer. We can construct an edge-weighted graph (G∗,w∗) such that w∗(e) ∈ {1,M} for any e ∈ E(G∗), satisfying
Tk(G0,w0) = Tk(G
∗,w∗), where M = 1+∑e∈E(G)w0(e).
Proof. Consider the function f (G,w) = ∑{e∈E(G)|w(e)6=M}(w(e)−1).
If f (G,w) = 0, all edges have weight either 1 or M and G has the desired property. In this case, G∗ = G.
Otherwise, we construct a graph G′ and a function w′ such that Tk(G′,w′) = Tk(G,w), but f (G′,w′) = f (G,w)−1.
By repeating this operation f (G0,w0) times we get the required edge-weighted graph (G∗,w∗).
In case f (G,w) > 0, there exists an edge e = uv ∈ E(G) such that 2 ≤ w(e) <M. G′ is obtained from G by
adding two complete graphs on k−1 vertices Ku and Kv and two new vertices u′ and v′. We join u and u′ to all the
vertices of Ku and v and v′ to all the vertices of Kv. We assign weight M to all these edges. Note that, u and u′ (v
and v′) always have the same colour, namely the remaining colour not used in Ku (resp. Kv).
We also add two edges uv′ and u′v both of weight 1. The edges of G keep their weight in G′, except the edge
e = uv whose weight is decreased by one unit, i.e., w′(e) = w(e)− 1. Thus, f (G′) = f (G)− 1 as we added only
edges of weights 1 and M and we decreased the weight of e by one unit.
Now consider a weighted t-improper k-colouring c of (G,w). We produce a weighted t-improper k-colouring
c′ of (G′,w′) as follows: we keep the colours of all the vertices in G, we assign to u′ (v′) the same colour as u (resp.
v), and we assign to Ku (resp. Kv) the k−1 colours different from the one used in u (resp. v).
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Conversely, from any weighted improper k-colouring c′ of (G′,w′), we get a weighted improper k-colouring
c of (G,w) by just keeping the colours of the vertices that belong to G.
For such colourings c and c′ we have that Ix(G,w,c) = Ix(G′,w′,c′), for any vertex x of G different from u
and v. For x ∈ Ku ∪Kv, Ix(G′,w′,c′) = 0. The neighbours of u with the same colour as u in G′ are the same as
in G, except possibly v′ which has the same colour of u if, and only if, v has the same colour of u. Let ε = 1 if
v has the same colour as u, otherwise ε = 0. As the weight of uv decreases by one and we add the edge uv′ of
weight 1 in G′, we get Iu(G′,w′,c′) = Iu(G,w,c)−ε+w′(u,v′)ε = Iu(G,w,c). Similarly, Iv(G′,w′,c′) = Iv(G,w,c).
Finally, Iu′(G
′,w′,c′) = Iv′(G′,w′,c′) = ε. But Iu(G′,w′,c′) ≥ (w(u,v)− 1)ε and so Iu′(G′,w′,c′) ≤ Iu(G′,w′,c′)
and Iv′(G
′,w′,c′)≤ Iv(G′,w′,c′). In summary, we have
max
x
Ix(G
′,w′,c′) =max
x
Ix(G,w,c)
and therefore Tk(G,w) = Tk(G′,w′).
In the worst case, the number of vertices of G∗ is n+m(wmax − 1)2k and the number of edges of G∗ is
m+m(wmax−1)[(k+4)(k−1)+2] with n= |V (G)|, m= |E(G)| and wmax =maxe∈E(G)w(e).
In conclusion, this construction allows to transform the THRESHOLD IMPROPER COLOURING problem into a
problem mixing proper and improper colouring. Therefore the problem consists in finding the minimum l such that
a (non-weighted) l-improper k-colouring of G∗ exists with the constraint that some subgraphs of G∗ must admit a
proper colouring. The equivalence of the two problems is proved here only for integers weights, but it is possible
to adapt the transformation to prove it for rational weights.
3 Squares of Particular Graphs
As mentioned in the introduction, WEIGHTED IMPROPER COLOURING is motivated by networks of antennas
similar to grids [2]. In these networks, the noise generated by an antenna undergoes an attenuation with the
distance it travels. It is often modelled by a decreasing function of d, typically 1/dα or 1/(2d−1).
Here we consider a simplified model where the noise between two neighbouring antennas is normalised to
1, between antennas at distance two is 1/2 and 0 when the distance is strictly greater than 2. Studying this model
of interference corresponds to study the WEIGHTED IMPROPER COLOURING of the square of the graph G, that is
the graph G2 obtained from G by joining every pair of vertices at distance 2, and to assign weights w2(e) = 1, if
e ∈ E(G), and w2(e) = 1/2, if e ∈ E(G2)\E(G). Observe that in this case the interesting threshold values are the
non-negative multiples of 1/2.
Figure 2 shows some examples of colouring for the square grid. In Figure 2(b), each vertex x has neither a
neighbour nor a vertex at distance 2 coloured with its own colour, so Ix(G2,w2,c) = 0 and G2 admits a weighted
0-improper 5-colouring. In Figure 2(c), each vertex x has no neighbour with its colour and at most one vertex of
the same colour at distance 2. So Ix(G2,w2,c) = 1/2 and G2 admits a weighted 0.5-improper 4-colouring.
For any t ∈ R+, we determine the weighted t-improper chromatic number for the square of infinite paths,
square grids, hexagonal grids and triangular grids under the interference model w2. We also present lower and
upper bounds for χt(T 2,w2), for any tree T and any threshold t.
3.1 Infinite paths and trees
In this section, we characterise the weighted t-improper chromatic number of the square of an infinite path, for all
positive real t. Moreover, we present lower and upper bounds for χt(T 2,w2), for a given tree T .
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Theorem 9. Let P= (V,E) be an infinite path. Then,
χt(P
2,w2) =


3, if 0≤ t < 1;
2, if 1≤ t < 3;
1, if 3≤ t.
Proof. Let V = {vi | i ∈ Z} and E = {(vi−1,vi) | i ∈ Z}. Each vertex of P has two neighbours and two vertices at
distance two. Consequently, the case t ≥ 3 is trivial.
There is a 2-colouring c of (P2,w2) with maximum interference 1 by just colouring vi with colour (i mod 2)+
1. So χt(P2,w2) ≤ 2 if t ≥ 1. We claim that there is no weighted 0.5-improper 2-colouring of (P2,w2). By
contradiction, suppose that c is such a colouring. If c(vi) = 1, for some i ∈ Z, then c(vi−1) = c(vi+1) = 2 and
c(vi−2) = c(vi+2) = 1. This is a contradiction because vi would have interference 1.
Finally, the colouring c(vi)= (i mod 3)+1, for every i∈Z, is a feasible weighted 0-improper 3-colouring.
Theorem 10. Let T = (V,E) be a tree. Then,
⌈
∆(T )−⌊t⌋
2t+1
⌉
+1≤ χt(T 2,w2)≤
⌈
∆(T )−1
2t+1
⌉
+2.
Proof. The lower bound is obtained by two simple observations. First, χt(H,w)≤ χt(G,w), for any H ⊆G. Let T
be a tree and v be a node of maximum degree in T . Then, observe that the weighted t-improper chromatic number
of the subgraph of T 2 induced by v and its neighbourhood is at least ⌈∆(T )−⌊t⌋2t+1 ⌉+ 1. Indeed, the colour of v can
be assigned to at most ⌊t⌋ vertices on its neighbourhood. Any other colour used in the neighbourhood of v cannot
appear in more than 2t+1 vertices because each pair of vertices in the neighbourhood of v is at distance two.
Let us look now at the upper bound. Choose any node r ∈V to be the root of T . Colour r with colour 1. Then,
by a pre-order traversal in the tree, for each visited node v colour all the children of v with the ⌈∆(T )−12t+1 ⌉ colours
different from the ones assigned to v and to its parent in such a way that at most 2t+1 nodes have the same colour.
This is a feasible weighted t-improper k-colouring of T 2, with k ≤ ⌈∆(T )−12t+1 ⌉+2, since each vertex interferes with
at most 2t vertices at distance two which are children of its parent.
3.2 Grids
In this section, we show the optimal values of χt(G2,w2), whenever G is an infinite square, hexagonal or triangular
grid, for all the possible values of t.
3.2.1 Square Grid
The square grid is the graph S in which the vertices are all integer linear combinations ae1+be2 of the two vectors
e1 = (1,0) and e2 = (0,1), for any a,b ∈Z. Each vertex (a,b) has four neighbours: its down neighbour (a,b−1),
its up neighbour (a,b+1), its right neighbour (a+1,b) and its left neighbour (a−1,b) (see Figure 2(a)).
Theorem 11.
χt(S
2,w2) =


5, if t = 0;
4, if t = 0.5;
3, if 1≤ t < 3;
2, if 3≤ t < 8;
1, if 8≤ t.
Proof. If t = 0, then the colour of vertex (a,b) must be different from the ones used on its four neighbours.
Moreover, all the neighbours have different colours, as each pair of neighbours is at distance two. Consequently,
at least 5 colours are needed. The following construction provides a weighted 0-improper 5-colouring of (S2,w2):
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(a)
5
3
1
4
2
5
1
4
2
5
3
1
2
5
3
1
4
2
3
1
4
2
5
3
4
2
5
3
1
4
5
3
1
4
2
5
1
4
2
5
3
1
2
5
3
1
4
2
3
1
4
2
5
3
4
2
5
3
1
4
(b)
4
4
1
1
2
2
3
3
4 1 2 3
4 1 2 3
4 1
4 1
4 1 2 3
4 1 2 3
4 1 2 3
4 1 2
4 1 2 34 1 2 3
4 1 2 34 1 2 32 3
1 2 3
2 3
43
(c)
1
2 2
22 2 2
22
2 2
22
2 2
2212 2
22 11
11
11
11
11
11
11
(d)
Figure 2: Optimal colourings of (S2,w2): (b) weighted 0-improper 5-colouring of (S2,w2), (c) weighted 0.5-
improper 4-colouring of (S2,w2), and (d) weighted 3-improper 2-colouring of (S2,w2).
3
21
2
3
*
* 2
1
2
3
*
*
*
*
3
(a)
2
21
2
1
(b)
2
11
2
1
1
1
2
1 2
2
2
2
2
2
2
1
(c)
Figure 3: Lower bounds for the square grid: (a) if t ≤ 0.5 and k ≤ 3, there is no weighted t-improper k-colouring
of (S2,w2); (b) the first case when t ≤ 2.5 and k ≤ 2, and (c) the second case.
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for 0 ≤ j ≤ 4, let A j = {( j,0)+ a(5e1)+ b(2e1+ 1e2) | ∀a,b ∈ Z}. For 0 ≤ j ≤ 4, assign the colour j+ 1 to all
the vertices in A j (see Figure 2(b)).
When t = 0.5, we claim that at least four colours are needed to colour (S2,w2). The proof is by contradiction.
Suppose that there exists a weighted 0.5-improper 3-colouring of it. Let (a,b) be a vertex coloured 1. None of its
neighbours is coloured 1, otherwise (a,b) has interference 1. If three neighbours have the same colour, then each
of them will have interference 1. So two of its neighbours have to be coloured 2 and the two other ones 3 (see
Figure 3(a)). Consider now the four nodes (a− 1,b− 1), (a− 1,b+ 1), (a+ 1,b− 1) and (a+ 1,b+ 1). For all
configurations, at least two of these four vertices have to be coloured 1 (the ones indicated by a * in Figure 3(a)).
But then (a,b) will have interference at least 1, a contradiction. A weighted 0.5-improper 4-colouring of (S2,w2)
can be obtained as follows (see Figure 2(c)): for 0 ≤ j ≤ 3, let B j = {( j,0)+ a(4e1)+ b(3e1+ 2e2) | ∀a,b ∈ Z}
and B′j = {( j+1,2)+a(4e1)+b(3e1+2e2) | ∀a,b ∈Z}. For 0≤ j ≤ 3, assign the colour j+1 to all the vertices
in B j and in B′j.
If t = 1, there exists a weighted 1-improper 3-colouring of (S2,w2) given by the following construction: for
0 ≤ j ≤ 2, let C j = {( j,0)+ a(3e1)+ b(e1+ e2) | ∀a,b ∈ Z}. For 0 ≤ j ≤ 2, assign the colour j+ 1 to all the
vertices inC j.
Now we prove by contradiction that for t = 2.5 we still need at least three colours in a weighted 2.5-improper
colouring of (S2,w2). Consider a weighted 2.5-improper 2-colouring of (S2,w2) and let (a,b) be a vertex coloured
1. Vertex (a,b) has at most two neighbours of colour 1, otherwise it will have interference 3. We distinguish three
cases:
1. Exactly one of its neighbours is coloured 1; let (a− 1,b) be this vertex. Then, the three other neighbours are
coloured 2 (see Figure 3(b)). Consider the two sets of vertices {(a− 1,b− 1),(a+ 1,b− 1),(a,b− 2)} and
{(a−1,b+1),(a+1,b+1),(a,b+2)} (these sets are surrounded by dotted lines in Figure 3(b)); each of them
has at least two vertices coloured 1, otherwise the vertex (a,b− 1) or (a,b+ 1) will have interference 3. But
then (a,b) having four vertices at distance 2 coloured 1 has interference 3, a contradiction.
2. Two neighbours of (a,b) are coloured 1.
(a) These two neighbours are opposite, say (a− 1,b) and (a+ 1,b) (see Figure 3(c) left). Consider again the
two sets {(a− 1,b− 1),(a+ 1,b− 1),(a,b− 2)} and {(a− 1,b+ 1),(a+ 1,b+ 1),(a,b+ 2)} (these sets
are surrounded by dotted lines in Figure 3(c) left); they both contain at least one vertex of colour 1 and
therefore (a,b) will have interference 3, a contradiction.
(b) The two neighbours of colour 1 are of the form (a,b−1) and (a−1,b) (see Figure 3(c) right). Consider the
two sets of vertices {(a+ 1,b− 1),(a+ 1,b+ 1),(a+ 2,b)} and {(a+ 1,b+ 1),(a− 1,b+ 1),(a,b+ 2)}
(these sets are surrounded by dotted lines in Figure 3(c) right); these two sets contain at most one vertex
of colour 1, otherwise (a,b) will have interference 3. So vertices (a+ 1,b− 1), (a+ 2,b), (a,b+ 2) and
(a− 1,b+ 1) are of colour 2. Vertex (a+ 1,b+ 1) is of colour 1, otherwise (a+ 1,b) has interference 3.
But then (a−2,b) and (a−1,b−1) are of colour 2, otherwise (a,b) will have interference 3. Thus, vertex
(a−1,b) has exactly one neighbour coloured 1 and we are again in Case 1.
3. All neighbours of (a,b) are coloured 2. If one of these neighbours has itself a neighbour (distinct from (a,b))
of colour 2, we are in Case 1 or 2 for this neighbour. Therefore, all vertices at distance two from (a,b) have
colour 1 and the interference in (a,b) is 4, a contradiction.
A weighted 3-improper 2-colouring of (S2,w2) can be obtained as follows: a vertex of the grid (a,b) is
coloured with colour (
⌊
a
2
⌋
+
⌊
b
2
⌋
mod 2)+1, see Figure 2(d).
Finally, since each vertex has four neighbours and eight vertices at distance two, there is no weighted 7.5-
improper 1-colouring of (S2,w2) and, whenever t ≥ 8, one colour suffices.
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3.2.2 Hexagonal Grid
There are many ways to define the system of coordinates of the hexagonal grid. Here, we use grid coordinates as
shown in Figure 4. The hexagonal grid graph is then the graph H whose vertex set consists in the pairs of integers
(a,b) ∈ Z2 and where each vertex (a,b) has three neighbours: (a−1,b), (a+1,b), and (a,b+1) if a+b is odd,
or (a,b−1) otherwise.
Theorem 12.
χt(H
2,w2) =


4, if 0≤ t < 1;
3, if 1≤ t < 2;
2, if 2≤ t < 6;
1, if 6≤ t.
4 1 2 3 4 1 2 3
4 1 2 3 4 12 3
4 1 2 3 4 1 2 3
4 1 2 3 4 12 3
2
3
2 2
4
1
2
4
3
4
1
1 1
3
2
3
4
2
4
3
1
4
3
1
Figure 4: Weighted 0-improper 4-colouring of (H2,w2). Left: Graph with coordinates. Right: Corresponding
hexagonal grid in the euclidean space.
2
1
1 2
1
1
1
1
2
3
3
1 2
3
3
2
3
2
2
3
3
3
2
1
(a) t = 1, k = 3
2
1
2 2
2
1
2
2
1
2
1
1 1
1
2
1
2
2
2
1
1
2
1
1
(b) t = 2, k = 2
Figure 5: (a) weighted 1-improper 3-colouring of (H2,w2) and (b) weighted 2-improper 2-colouring of (H2,w2).
Proof. Note first, that when t = 0, at least four colours are needed to colour the grid, because a vertex and its
neighbourhood in H form a clique of size 4 in H2. The same number of colours are needed if we allow a threshold
t = 0.5. To prove this fact, let A be a vertex (a,b) of H and B = (a− 1,b), C = (a,b− 1) and D = (a+ 1,b)
be its neighbours in H. Denote by G = (a− 2,b), E = (a− 1,b− 1), F = (a− 2,b− 1), H = (a+ 1,b− 1),
I = (a+2,b−1) and J = (a+1,b−2) (see Figure 6(a)). By contradiction, suppose there exists a weighted 0.5-
improper 3-colouring of H2. Consider a node A coloured 1. Its neighbours B, C, D cannot be coloured 1 and they
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E
CF
H
AG
B
I
D
J
(a)
1
2
1
2
(b)
Figure 6: Lower bounds for the hexagonal grid. (a) when t ≤ 0.5 and k ≤ 3, there is no weighted t-improper
k-colouring of (H2,w2); (b) vertices coloured 2 force a vertex coloured 1 in each ellipse, leading to interference 2
in central node.
cannot all have the same colour. Without loss of generality, suppose that two of them B and C have colour 2 and
D has colour 3. Then E, F and G cannot be coloured 2 because of the interference constraint in B and C. If F is
coloured 3, then G and E are coloured 1, creating interference 1 in A. So F must be coloured 1 and G and E must
be coloured 3. Then, H can be neither coloured 2 (interference inC) nor 3 (interference in E). So H is coloured 1.
The vertex I is coloured 3, otherwise the interference constraint in H or in C is not satisfied. Then, J can receive
neither colour 1, because of the interference in H, nor colour 2, because of the interference in C, nor colour 3,
because of the interference in I.
There exists a construction attaining this bound and the number of colours, i.e., a 0-improper 4-colouring of
(H2,w2) as depicted in Figure 4. We define for 0 ≤ j ≤ 3 the sets of vertices A j = {( j,0)+ a(4e1)+ b(2e1+
e2)|∀a,b ∈Z}. We then assign the colour j+1 to the vertices in A j. This way no vertex experiences any interfer-
ence as vertices of the same colours are at distance at least three.
For t = 1.5 it is not possible to colour the grid with less than three colours. By contradiction, suppose that
there exists a weighted 1.5-improper 2-colouring. Consider a vertex A coloured 1. If all of its neighbours are
coloured 2, they have already interference 1, so all the vertices at distance two from A need to be coloured 1; this
gives interference 3 in A. Therefore one of A’s neighbours, say D, has to be coloured 1 and consider that the other
two neighbours B and C are coloured 2. B and C have at most one neighbour of colour 2. It implies that A has at
least two vertices at distance 2 coloured 1. This is a contradiction, because the interference in A would be 2 (see
Figure 6(b)). Figure 5(a) presents a weighted 1-improper 3-colouring of (H2,w2). To obtain this colouring, let
B j = {( j,0)+a(3e1)+b(e1+ e2) | ∀a,b ∈ Z}, for 0 ≤ j ≤ 2. Then, we colour all the vertices in the set B j with
colour j+1, for every 0≤ j ≤ 2.
For t < 6, it is not possible to colour the grid with one colour. As a matter of fact, each vertex has three
neighbours and six vertices at distance two in H. Using one colour leads to an interference of 6. There exists
a 2-improper 2-colouring of the hexagonal grid as depicted in Figure 5(b). We define for 0 ≤ j ≤ 1 the sets of
verticesC j = {( j,0)+a(2e1)+be2|∀a,b ∈Z}. We then assign the colour j+1 to the vertices inC j.
3.2.3 Triangular Grid
The triangular grid is the graph T whose vertices are all the integer linear combinations a f1 + b f2 of the two
vectors f1 = (1,0) and f2 = ( 12 ,
√
3
2 ). Thus we may identify the vertices with the ordered pairs (a,b) of integers.
Each vertex v = (a,b) has six neighbours: its right neighbour (a+ 1,b), its right-up neighbour (a,b+ 1), its
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left-up neighbour (a−1,b+1), its left neighbour (a−1,b), its left-down neighbour (a,b−1) and its right-down
neighbour (a+1,b−1) (see Figure 7(a)).
Theorem 13.
χt(T
2,w2) =


7, if t = 0;
6, if t = 0.5;
5, if t = 1;
4, if 1.5≤ t < 3;
3, if 3≤ t < 5;
2, if 5≤ t < 12;
1, if 12≤ t.
(a)
1 2 3 4 5 61 2 3 4 5 6
1 2 31 2 3 4 5 6
1 2 3 4 5 6
1 2 3 4 5 64 5 6
1 2 3 4 5 6
4 5 6
6
1 2 3 4
1 2 3
2 3 4 5 6
1
1 2 3 4 5 6
3 4 5 6 1 2 3 4 5
1
6 1 2 3 4 5 6
7
7
7
7
7
7
7
7
7
7
7
7
7
7 7
(b)
2 1 4 3 6 55 1 2 3 4 5 6
2 1 45 1 2 3 4 5 6
5 1 2 3 4 5 6
2 1 4 3 6 53 4 5 6
2 1 4 3 6 56
5 1 2 32 1 4 3 66
1 2 3 4
1 2
4 3 6 5 1 2 3 4
4 3 61
3 6
52 1 4 3 664 5
5 6
5 1 2 3 4 5 6 2 1
(c)
4
4
2
2
3
3
1
1
42
2 3
1
3
4
4
2 1
1
4
4
2
2
3
3
1
1
3
4
4
2 1
1
4
4
2
2
3
3
1
1
3
4
4
2 1
1
4
4
2
2
3
3
1
1
4
2 3
1
3
4
4
1
1
4
4
2
2
3
3
1
1
42
2 3
3
4
4
2
1
1
1
1
3
3
2
2
3
4
2
2
3
3 2
3
3
(d)
Figure 7: Optimal colourings of (T2,w2): (b) weighted 0-improper 7-colouring of (T2,w2), (c) weighted 0.5-
improper 6-colouring of (T2,w2), and (d) weighted 1.5-improper 4-colouring of (T2,w2)
Proof. If t = 0, there is no weighted 0-improper 6-colouring of (T2,w2), since in T2 there is a clique of size
7 induced by each vertex and its neighbourhood. There is a weighted 0-improper 7-colouring of (T2,w2) as
depicted in Figure 7(b). This colouring can be obtained by the following construction: for 0 ≤ j ≤ 6, let A j =
{( j,0)+a(7 f1)+b(2 f1+ f2) | ∀a,b ∈Z}. For 0≤ j ≤ 6, assign the colour j+1 to all the vertices in A j.
In what follows, we denote by V0 a vertex coloured 1; by N0, N1, N2, N3, N4, N5 the six neighbours of V0 in
T be in a cyclic order. Let Γ2 be the set of twelve vertices at distance 2 of V0 in T; more precisely Ni(i+1) denotes
the vertex of Γ2 adjacent to both Ni and Ni+1 and by Nii the vertex of Γ2 joined only to Ni, for every i ∈ {0, . . . ,5},
i+1 is taken modulo 6 (see Figure 8).
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Figure 8: Notation used in proofs of non-existence of weighted improper colourings of (T2,w2).
We claim that there is no weighted 0.5-improper 5-colouring of (T2,w2). We prove it by contradiction, thus
let c be such a colouring. No neighbour of V0 can be coloured 1, otherwise IV0(T
2,w2,c)≥ 1. As two consecutive
neighbours are adjacent, they cannot have the same colour. Furthermore, there cannot be three neighbours with
the same colour (each of them will have an interference at least 1). As there are four colours different from 1, at
least two of them, say 2 and 3, are repeated twice among the six neighbours. So, there exists a sequence of three
consecutive neighbours the first one with a colour different from 2 and 3 and the two others coloured 2 and 3.
W.l.o.g., let c(N5) = 4, c(N0) = 2, c(N1) = 3.
Note that the vertices coloured 2 and 3 have already an interference of 0.5, and so none of their vertices
at distance 2 can be coloured 2 or 3. In particular, let A = {N50,N00,N01,N11,N12}; the vertices of A cannot be
coloured 2 or 3. At most one vertex in Γ2 can be coloured 1, otherwise IV0(T
2,w2,c) ≥ 1. If there is no vertex
coloured 1 in A, we have a contradiction as we cannot have a sequence of five vertices uniquely coloured 4 and 5
(indeed colours should alternate and the vertex in the middle N01 will have interference at least 1). Suppose N4 is
coloured 3, then N45 and N55 can only be coloured 1 and 5; but, as they have different colours, one is coloured 1
and so there is no vertex coloured 1 in A. So the second vertex coloured 3 in the neighbourhood ofV0 is necessarily
N3 (it cannot be N2 neighbour of N1 coloured 3). Then, N4 cannot be also coloured 5, otherwise N45 is coloured
1 and again there is no vertex coloured 1 in A. In summary c(N4) = 2, c(N3) = 3 and the vertex of Γ2 coloured
1 is in A. But then the five consecutive vertices A′ = {N23,N33,N34,N44,N45} can only be coloured 4 and 5. A
contradiction as IN34(T
2,w2,c)≥ 1.
A weighted 0.5-improper 6-colouring of (T2,w2) can be obtained by the following construction (see Fig-
ure 7(c)): for 0 ≤ j ≤ 11, let B j = {( j,0)+ a(12 f1)+ b(2 f1+ f2) | ∀a,b ∈ Z}. For 0 ≤ j ≤ 5, assign the colour
j+ 1 to all the vertices in B j, B6 with colour 2, B7 with colour 1, B8 with colour 4, B9 with colour 3, B10 with
colour 6 and B11 with colour 5.
Now we prove that (T2,w2) does not admit a weighted 1-improper 4-colouring. Again, by contradiction,
suppose that there exists a weighted 1-improper 4-colouring c of (T2,w2). We analyse some cases:
1) There exist two adjacent vertices in T with the same colour.
Let V0 and one of its neighbours be both coloured 1. Note that no other neighbour of V0, nor the vertices at
distance 2 from V0 are coloured 1 (otherwise, IV0(T
2,w2,c)> 1). We use intensively the following facts:
Fact 1 (F3). There do not exist three consecutive vertices with the same colour (otherwise the vertex in the
middle would have interference at least 2).
Fact 2 (F5). In a sequence of five consecutive vertices there cannot be four of the same colour.
One colour other than 1 should appear at least twice. Let this colour be denoted 2 (the other colours being
denoted 3 and 4).
a) Two neighbours ofV0 coloured 2 are consecutive, say N0 and N1. By Fact F3, N2 is coloured 3. None of N01,
N11, N12, N22 and N23 can be coloured 2, otherwise IN1(T
2,w2,c)> 1. One of N12, N22 and N23 is coloured
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3, otherwise we contradict Fact F3 with colour 4 and at most one of N01, N11, N12, N22 and N23 is coloured
3, otherwise IN2(T
2,w2,c)> 1; but we have a contradiction with Fact F5.
b) Two neighbours of V0 coloured 2 are at distance 2, say N0 and N2. Then N50, N00 and N01 (respectively N12,
N22 and N23) are not coloured 2, otherwise IN0(T
2,w2,c) > 1 (respectively IN2(T
2,w2,c) > 1). One of N3
and N5 is not coloured 1, say N3. It is not coloured 2, IN3(T
2,w2,c) > 1. Let c(N3) = 3. If N4 or N11 is
coloured 2, then N33 and N34 are not coloured 2, otherwise IN2(T
2,w2,c) > 1 and we have a sequence of
5 vertices N12, N22, N23, N33 and N34 contradicting Fact F5 as four are of colour 4 (indeed, at most one is
coloured 3 due to interference in colour 3 with N3 or N22). So N11 is coloured 3 or 4. If N1 also is coloured
3 or 4, we have a contradiction with Fact F5 applied to the five vertices N00, N01, N11, N12 and N22, by the
same previous argument. So c(N1) = 1; furthermore N4 is not coloured 1 (at most one neighbour coloured
1), nor 2 as we have seen above, nor 3, otherwise we are in the case (a). Therefore c(N4) = 4 and c(N5) = 3,
by the same reason. But then c(N23) = 4, otherwise the interference in V0 or N2 or N3 is greater than 1. N33
and N34 can be only coloured 2, otherwise V0, N3, N4 or N23 will have interference stricly greater than 1, but
N33 has interference greater than 1, a contradiction.
c) Two neighbours of V0 coloured 2 are at distance 3 say N0 and N3. Then N50, N00 and N01 (respectively N23,
N33 and N34) are not coloured 2, otherwise IN0(T
2,w2,c)> 1 (respectively IN3(T
2,w2,c)> 1). W.l.o.g., let
N1 be the vertex coloured 1. Among the four vertices N12, N22, N44 and N45 at most one is coloured 2,
otherwise IN3(T
2,w2,c)> 1). So, without loss of generality, we can suppose N44 and N45 are coloured 3 or
4; but we have a set of five consecutive vertices N23, N33, N34, N44, N45, contradicting Fact F5 (indeed at
most one can be of the colour of N4).
2) No colour appears in two adjacent vertices of T.
Let V0 be coloured 1. No colour can appear four or more times among the neighbours, otherwise there are two
neighbours with the same colour.
a) One colour appears three times among the neighbours of V0, say c(N0) = c(N2) = c(N4) = 2. W.l.o.g., let
c(N1) = 3. No vertex at distance 2 can be coloured 2. N01, N11 and N12 being neighbours of N1 cannot be
coloured 3 and they cannot be all coloured 4. So one of N01, N11, N12 is coloured 1. Similarly one of N23,
N33, N34 is coloured 1 (same reasoning with N3 instead of N1) and one of N45, N55, N50 is coloured 1, so
IV0(T
2,w2,c)> 1.
b) The three colours appear each exactly twice in the neighbourhood of V0.
i) The same colour appears in some Ni and Ni+2, i ∈ {0,1,2,3}. W.l.o.g., let c(N0) = c(N2) = 2 and
c(N1) = 3. Then, c(N3) = c(N5) = 4 and c(N4) = 3. Then, c(N50) = 1 or 3, c(N01) = 1 or 4. If
c(N50) = 3 and c(N01) = 4, then c(N00) = 1. Among N50, N00, N01, at least one has colour 1. Similarly
one of N12, N22, N23 has colour 1. So IV0(T
2,w2,c) ≥ 1 and c(N34) = c(N45) = 2. Consequently, no
matter the colour of N44 some vertex will have interference greater than 1.
ii) We have c(N0) = c(N3) = 2, c(N1) = c(N4) = 3 and c(N2) = c(N5) = 4. Here one of N50, N00, N01
has colour 1 and similarly one of N12, N22, N23 has colour 1 and one of N34, N44, N45. Therefore
IV0(T
2,w2,c)> 1, a contradiction.
To obtain a weighted 1-improper 5-colouring of (T2,w2), for 0 ≤ j ≤ 4, let C j = {( j,0)+a(5 f1)+b(2 f1+
f2) | ∀a,b ∈Z}. For 0≤ j ≤ 4, assign the colour j+1 to all the vertices inC j.
(T2,w2) has a weighted 1.5-improper 4-colouring as depicted in Figure 7(d). Formally, this colouring can be
obtained by the following construction: for 0 ≤ j ≤ 3, let D j = {( j,0)+ a(4 f1)+ b( f1+ 2 f2) | ∀a,b ∈ Z}; then
assign colour D0 with colour 4, D1 with colour 1, D2 with colour 3 and D3 with colour 2. Now, for 0≤ j ≤ 3, let
D′j = {( j,1)+a(4 f1)+b( f1+2 f2) | ∀a,b ∈Z}. Then, for 0≤ j ≤ 3, colour j+1 to all the vertices in D′j.
For determining the lower bounds for the cases in which χt(T2,w2) is equal to 3, the proof involved too many
subcases to be readable. Then, we used an ILP solver with the integer linear programming formulation we present
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in Section 4 to validate it. We verify that the square of triangular grids with 64 vertices did not accept any weighted
2.5-improper 3-colouring.
Now we present the colouring providing the corresponding upper bound.
For a weighted 3-improper 3-colouring of (T2,w2) set, for 0≤ j ≤ 2, E j = {( j,0)+a(3 f1)+b( f2) | ∀a,b ∈
Z}. Then, for 0≤ j ≤ 2, assign the colour j+1 to all the vertices in E j.
Now we prove that (T2,w2) does not admit a weighted 4.5-improper 2-colouring. Again, by contradiction,
suppose that there exists a weighted 4.5-improper 2-colouring c of (T2,w2) with the interference function w2. A
vertex can have at most four neighbours of the same colour as it. We analyse some cases:
1) There exists a vertex V0 with four of its neighbours coloured with its own colour, say 1. Therefore among the
vertices of Γ2 at most one is coloured 1. Consider the two neighbours of V0 coloured 2. First, consider the
case in which they are adjacent and let them be N0 and N1. In Γ2, N0 has three neighbours and four vertices at
distance 2; since at most one being of colour 1, these vertices produce in N0 an interference of 4 and as N1 is
also of colour 2, then IN0(T
2,w2,c) ≥ 5, a contradiction. In case the two neighbours of V0 coloured 2 are non
adjacent, let them be Ni and N j. At least one of them, say Ni has its three neighbours in Γ2 coloured 2 and it
has also at least three vertices at distance 2 in Γ2 coloured 2; taking into account that N j is coloured 2 and at
distance two from Ni, we get INi(T
2,w2,c)≥ 5, a contradiction.
2) No vertex has four neighbours with its colour and there exists at least one vertex V0 coloured 1 that has three
neighbours of the same colour 1.
a) The three other neighbours of V0 coloured 2 are consecutive and let them be N0, N1 and N2. N34, N44 and
N45 are all coloured 2, otherwise N4 will have four neighbours coloured 1 and we will be in Case 1. At most
one of N01, N11 and N12 has colour 2, otherwise N1 will have four neighbours coloured 2 and we will be
again in Case 1.
i) N11 is coloured 2. Then c(N01) = c(N12) = 1. As already IV0(T
2,w2,c) ≥ 4, there is at most another
vertex in Γ2 coloured 1. So either the three vertices N22, N23 and N33 or the three vertices N00, N50 and
N55 are all coloured 2 and then IN2(T
2,w2,c)≥ 5 or IN5(T2,w2,c)≥ 5, a contradiction.
ii) N01 is coloured 2 (the case N12 is symmetric). Then, c(N11) = c(N12) = 1. One of N00 and N50 is of
colour 1 otherwise, N0 has four neighbours of colour 2. But then IV0(T
2,w2,c) ≥ 4.5 so all the other
vertices of Γ2 are coloured 2. Therefore, IN2(T
2,w2,c)≥ 5, a contradiction.
iii) N01, N11 and N12 all have colour 1. In that case IV0(T
2,w2,c)≥ 4.5. Therefore all the other vertices of
Γ2 are coloured 2 and IN0(T
2,w2,c)≥ 4.5. So the other vertices at distance 2 of N0 are coloured 1 and
then IN01(T
2,w2,c)≥ 5, a contradiction.
b) Among the three vertices of colour 2, only two are consecutive. Without loss of generality, let the three
vertices of colour 2 be N0 and N1 and N3. At least one vertex of N50, N00, N01 is coloured 1, otherwise N0
has four neighbours of the same colour as it. Similarly at least one vertex of N01, N11, N12 is coloured 1,
otherwiseN1 has four neighbours with its colour. At least one vertex ofN23, N33, N34 is coloured 1, otherwise
N3 has three consecutive neighbours of the same colour as it and we are in the previous case. Suppose N01 is
coloured 2, then IV0(T
2,w2,c)≥ 4.5 and exactly one of N50, N00 and one of N11, N12 is coloured 1 and N45,
N55 are coloured 2, otherwise IV0(T
2,w2,c) ≥ 5. Then IN0(T2,w2,c) ≥ 5, a contradiction. So, c(N01) = 1.
If both N50, N00 are coloured 2, then IN0(T
2,w2,c) ≥ 5 with three neighbours coloured 2 and at least four
vertices at distance 2 coloured 2, namely N3 and three vertices among N45, N55, N11, N12 (at most one vertex
of these could be of colour 1, otherwise IV0(T
2,w2,c)≥ 5). So, one of N50, N00 is coloured 1 and all the other
vertices in {N11,N12,N22,N44,N45,N55} are coloured 2 implying that IN3(T2,w2,c)≥ 5, a contradiction.
c) No two vertices of colour 2 are consecutive. Let these vertices be N0,N2,N4. The three neighbours of
N0 (resp. N1,N2) in Γ2 cannot be all coloured 2, otherwise we are in Case (a). So exactly one neighbour
of N0, N1,N2 in Γ2 is coloured 1, otherwise IV0(T
2,w2,c) ≥ 5. Furthermore all the other vertices of Γ2
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are all coloured 2. Then, if c(N12) = c(N45) = 2, we conclude that IN0(T
2,w2,c) ≥ 5, a contradiction.
Consequently, w.l.o.g., suppose that c(N12) = 1. In this case, N23 has at least three neighbours coloured 2
and we are in some previous case.
3) No vertex has three neighbours coloured with its own colour, but there exists at least one vertex, say V0, of
colour 1 that has two neighbours coloured 1.
a) These two neighbours are consecutive say N0 and N1. The neighbours of N3 and N4 in Γ2 are all coloured
1, otherwise they would have at least three neighbours with the same colour. Similarly, at least one of
N12 and N22 is coloured 1, otherwise N2 would have at least three neighbours also coloured 2. Then,
IV0(T
2,w2,c)≥ 5, a contradiction.
b) These two neighbours are of the form Ni and Ni+2, for some i ∈ {0,1,2,3}. W.l.o.g., let these neighbours be
N0 and N2. Thus, the three neighbours of N4 in Γ2, N34, N44 and N45 are coloured 1 and at least one vertex
of N23 and N33 (resp. N55 and N50) is coloured 1. Moreover, at least one vertex of N01, N11 and N12 must be
coloured 1, otherwise N1 would have three neighbours with its colour. Consequently, IV0(T
2,w2,c) ≥ 5, a
contradiction.
c) These two neighbours are of the form Ni and Ni+3, for some i ∈ {0,1,2}. W.l.o.g., let these neighbours be
N0 and N3. Again, at least three vertices among N01, N11, N12, N22 and N23 and at least three other vertices
among N34, N44, N45, N55 and N50 are coloured 1. Consequently, IV0(T
2,w2,c)≥ 5, a contradiction.
4) No vertex has two neighbours of the same colour. Suppose V0 is coloured 1 and has only one neighbour
N0 coloured 1. Then, its other five neighbours are coloured 2 and N2 has two neighbours of the colour 2, a
contradiction.
A weighted 5-improper 2-colouring of (T2,w2) is obtained as follows: for 0 ≤ j ≤ 1, let Fj = {( j,0) +
a(2 f1)+ b( f1+ 2 f2) | ∀a,b ∈ Z} and F ′j = {( j− 1,1)+ a(2 f1)+ b( f1+ 2 f2) | ∀a,b ∈ Z}. Then, for 0 ≤ j ≤ 1,
assign the colour j+1 to all the vertices in Fj and in F ′j .
Since each vertex has six neighbours and twelve vertices at distance 2 in T, there is no weighted t-improper
1-colouring of (T2,w2), for any t < 12. Obviously, there is a weighted 12-improper 1-colouring of T2.
4 Integer Linear Programming Formulations, Algorithms and Results
In this section, we look at how to solve the WEIGHTED IMPROPER COLOURING and THRESHOLD IMPROPER
COLOURING for realistic instances. We consider Poisson-Voronoi tesselations as they are good models of antenna
networks [3, 9, 10]. We present integer linear programming models for both problems. Then, we introduce two
algorithmic approaches for THRESHOLD IMPROPER COLOURING: a simple greedy heuristic and a Branch-and-
Bound algorithm.
4.1 Integer Linear Programming Formulations and Algorithms
4.1.1 Integer Linear Programming Models
Given an edge-weighted graph G = (V,E,w), w : E →R∗+, and a positive real threshold t, we model WEIGHTED
IMPROPER COLOURING by using two kinds of binary variables. Variable xip indicates if vertex i is coloured p
and variable cp indicates if colour p is used, for every 1≤ i≤ n and 1≤ p≤ l, where l is an upper bound for the
number of colours needed in an optimal weighted t-improper colouring of G (see Section 2). The model follows:
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min ∑p∈{1,...,l} cp
subject to
∑i j∈E; j 6=iw(i, j)x jp ≤ t+M(1− xip) (∀i ∈V,∀p ∈ {1, . . . , l})
cp ≥ xip (∀i ∈V,∀p ∈ {1, . . . , l})
∑p∈{1,...,l} xip = 1 (∀i ∈V )
xip ∈ {0,1} (∀i ∈V,∀p ∈ {1, . . . , l})
cp ∈ {0,1} (∀p ∈ {1, . . . , l})
where M is a large integer. For instance, it is sufficient to chooseM > ∑(u,v)∈E w(u,v).
For THRESHOLD IMPROPER COLOURING, given an edge-weighted graph G= (V,E,w), w : E →R∗+, and a
positive integer k, the model we consider is:
min t
subject to
∑i j∈E; j 6=iw(i, j)x jp ≤ t+M(1− xip) (∀i ∈V,∀p ∈ {1, . . . ,k})
∑p∈{1,...,k} xip = 1 (∀i ∈V )
xip ∈ {0,1} (∀i ∈V,∀p ∈ {1, . . . ,k})
4.1.2 Levelling Heuristic
We develop a heuristic to solve THRESHOLD IMPROPER COLOURING. The idea is to try to level the distribution
of interference over the vertices. Each vertex is coloured one after the other by the colour minimising the local
interference. This is achieved by considering for the nodes not yet coloured the “potential interference”, i.e., the
interference induced by the already coloured vertices.
Precisely, consider a vertex v not yet coloured and a colour i ∈ {1, . . . ,k}. We define the potential interference
I′v,i as:
I′v,i = ∑
u∈N(v)∩Vi
w(u,v),
whereVi is the set of vertices that have already been assigned the colour i. The order in which vertices are coloured
is decided according to the total potential interference, defined as I′′v = ∑ki=1 I′v,i. The algorithm finds a feasible
colouring in the first step and tries to improve it for p runs, where p is part of the input.
• The interference target is set tt =M;
• while the number of runs is smaller than p;
– all potential interferences are set to zero;
– while there are still vertices to colour:
* choose a vertex v randomly among the uncoloured vertices that have the maximum total po-
tential interference;
* try each colour i in the order of increasing potential interference I
′
v,i:
· if colouring v with i does not result in interference greater than tt for v or any of its neigh-
bours, colour v with i, else try a new colour;
· if all colours resulted in excessive interferences, start new run.
– If all the vertices were successfully coloured, set tt =maxv∈V,i∈{1,...,k} Iv(G,w,c)−gcd(w) and store
the colouring as the best found.
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As a randomised greedy colouring heuristic, it has to be run multiple times to achieve satisfactory results.
This is not a practical issue due to low computational cost of each run. The local immutable colouring decision is
taken in time O(k∆). Then, after each such decision, the interference has to be propagated, which takes time linear
in the vertex degree. This gives a computational complexity bound O(kn∆)-time.
4.1.3 Branch-and-Bound Algorithm
We also implemented a simple Branch-and-Bound algorithm inspired by the above heuristic. The first step of the
algorithm is to defined the order in which vertices are coloured. This order is produced by a similar procedure to
the one used in the above heuristic. In order to compute this order, we start by marking a random vertex and setting
it as the first in a to colour list. Then, as long as there are unmarked vertices, we keep choosing a random vertex
u among the unmarked vertices with biggest ∑v∈N(u)∩Vm w(u,v), where Vm is the set of already marked vertices.
Then we mark u and append it to the to order, till we have processed all vertices.
A basic Branch-and-Bound colours vertices in the obtained order. Potential interference, as defined for the
heuristic, is tracked with the additional step of decreasing the values when backing off from a colouring. Colours
are tried in the order of increasing potential interference. Thanks to that it produces results similar to the heuristic
in a short time. On the other hand it is guaranteed to find the optimal solution in a finite time.
In the following, we compare the performance of the ILP models with the one of the Levelling heuristic and
the Branch-and-Bound algorithm .
4.2 Results
In this section, we look at the performances of the methods to solve the THRESHOLD IMPROPER COLOURING.
We consider Delaunay graphs (dual of Voronoi diagram) for a set of random points, see Figure 9(a). This kind of
graphs is a natural approximation of a network of irregular cells. The interference model is the one described in
Section 3: adjacent nodes interfere by 1 and nodes at distance two interfere by 1/2.
Figure 9 shows a performance comparison of the above-mentioned algorithms. For all the plots, each data
point represents an average over a number (between 10 and 100) of different graphs. The same graph is used for
all values of colours and time limit. Therefore Figures 9(b) and 9(c) plot how results for a given problem instance
get enhanced with increasing time limits. Plots 9(e) and 9(f) show decreasing interference along increasing the
number of colours allowed. Finally plot 9(d) shows how well all the programmes scale with increasing graph sizes.
One immediate observation about both the heuristic and Branch-and-Bound algorithm is that they provide
solutions in relatively short time. Despite their naive implementation in a high-level programming language, they
tend to find near-optimal results in matter of seconds even for graphs of thousands of vertices. On the other
hand, with limited time, they fail to improve up to optimal results, especially with a low number of allowed
colours. Although it is easy to envision an implementation faster by orders of magnitude, this may still give little
improvement — once a near-optimal solution is found, the Branch-and-Bound algorithm does not improve for a
very long time (an example near-optimal solution found in around three minutes was not improved in over six
days).
ILP solvers with good Branch-and-Cut implementations do not suffer from this problem. However, they can
not take advantage of any specialised knowledge of the problem, only the basic integer linear programmming
representation. Thus it takes much more time to produce first good results. Despite taking advantage of multi-core
processing, CPLEX — ILP solver used in this work, does not scale with increasing graph sizes as well as our
simple algorithms. Furthermore, Figure 9(e) reveals one problem specific to ILP solvers. When increasing the
number of allowed colours, obtaining small interferences gets easier. But this introduces additional constraints in
the integer linear programming formulation, thus increasing the complexity for a solver.
Above observations are valid only for the very particular case of the simple interference function and very
sparse graphs. The average degree in Delaunay graph G converges to 6 (this results follows from the observation
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(a) Example Delaunay graph, dotted lines delimit corresponding
Voronoi diagram cells
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Figure 9: Results comparison for Levelling heuristic, Branch-and-Bound algorithm and Integer Linear Program-
ming Formulation.
that G is planar and triangulated, thus |E(G)| = 3|V (G)|−6 by Euler’s formula). Proposed algorithms also work
quite well for denser graphs. Figure 9(f) plots interferences for different numbers of colours allowed found by
the programs for an Erdo¨s-Re´nyi graph with n=500 and p=0.1. This gives us an average degree of 50. Both
Branch-and-Bound and heuristic programs achieve acceptable, and nearly identical, results. But the large number
of constraints makes the integer linear programming formulation very inefficient.
RR n° 7590
Weighted Improper Colouring 22
5 Conclusion, Open Problems and Future Directions
In this paper, we introduced and studied a new colouring problem, WEIGHTED IMPROPER COLOURING. This
problem is motivated by the design of telecommunication antenna networks in which the interference between two
vertices depends on different factors and can take various values. For each vertex, the sum of the interferences it
receives should be less than a given threshold value.
We first give general bounds on the weighted-improper chromatic number. We then study the particular case
of infinite paths, trees and grids: square, hexagonal and triangular. For these graphs, we provide their weighted-
improper chromatic number for all possible values of t. Finally, we propose a heuristic and a Branch-and-Bound
algorithm to find good solutions of the problem. We compare their results with the one of an integer linear pro-
gramming formulation on cell-like networks, Poisson-Voronoi tessellations.
Many problems remain to be solved:
• For the study of the grid graphs, we considered a specific function where vertex at distance one interfere
by 1 and vertices at distance 2 by 1/2. Other weight functions should be considered. e.g. 1/d2 or
1/(2d−1), where d is the distance between vertices.
• Other families of graphs could be considered, for example hypercubes.
• Let G = (V,E,w) be an edge-weighted graph where the weights are all equal to 1 or M. Let GM be the
subgraph of G induced by the edges of weight M; is it true that if ∆(GM) << ∆(G), then χt(G,w) ≤
χt(G)≤
⌈
∆(G,w)+1
t+1
⌉
? A similar result for L(p,1)-labelling [11] suggests it could be true.
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Abstract. The average shortest path distance ℓ between all pairs of
nodes in real-world networks tends to be small compared to the number
of nodes. Providing a closed-form formula for ℓ remains challenging in
several network models, as shown by recent papers dedicated to this sole
topic. For example, Zhang et al. proposed the deterministic model ZRG
and studied an upper bound on ℓ. In this paper, we use graph-theoretic
techniques to establish a closed-form formula for ℓ in ZRG. Our proof
is of particular interests for other network models relying on similar re-
cursive structures, as found in fractal models. We extend our approach
to a stochastic version of ZRG in which layers of triangles are added
with probability p. We find a first-order phase transition at the critical
probability pc = 0.5, from which the expected number of nodes becomes
infinite whereas expected distances remain finite. We show that if tri-
angles are added independently instead of being constrained in a layer,
the first-order phase transition holds for the very same critical probabil-
ity. Thus, we provide an insight showing that models can be equivalent,
regardless of whether edges are added with grouping constraints. Our
detailed computations also provide thorough practical cases for readers
unfamiliar with graph-theoretic and probabilistic techniques.
1 Introduction
The last decade has witnessed the emergence of a new research field coined as
“Network Science”. Amongst well-known contributions of this field, it was found
that the average distance ℓ in a myriad of real-world networks was small com-
pared to the number of nodes (e.g., in the order of the logarithm of the number
of nodes). Numerous models were proposed for networks with small average dis-
tance [1, 2] such as the static Watts-Strogatz model, in which a small percentage
of edges is changed in a low-dimensional lattice [3], or dynamic models in which
ℓ becomes small as nodes are added to the network [4]. However, proving a
closed form formula for ℓ can be a challenging task in a model, and thus this
remains a current research problem with papers devoted to this sole task [5].
In this paper, we prove a closed form formula for a recently proposed model, in
which the authors showed an upper bound on ℓ [6]. While the model presented
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in [6] is deterministic, a stochastic version was also studied for which the au-
thors approximated an upper bound on ℓ [8]. Thus, we present two stochastic
versions and we rigorously characterize their behaviour using both upper and
lower bounds on ℓ, and studying the ratio with the number of nodes.
The paper starts by establishing the notation, then each of the three Sections
focusses on a model. Firstly, we consider the model as defined in [6]: we prove a
closed-form formula for the average distance ℓ, and characterize the ratio between
the number of nodes and ℓ. Secondly, we propose a version of the model in which
edges and nodes are randomly added but in specific groups. In this version, we
establish bounds on the expected value of ℓ and we provide a closed-form formula
for the expected number of nodes. While the former is always finite, the latter
becomes infinite from a critical probability pc = 0.5, thus the ratio between ℓ
and the number of nodes can be arbitrarily large. However, the infinite value
of the expected number of nodes results from a few very large instances, and
thus does not represent well the trend expressed by most instances for p ≥ pc.
Consequently, we also study the ratio between the number of nodes and ℓ by
considering all instances but very large ones. Thirdly, we study the number of
nodes and ℓ in a stochastic version that does not impose specific groups, similarly
to [8]. We show that this version also has a finite expected value for ℓ, and an
infinite expected number of nodes from p = pc.
2 Notation
We denote by ZRGt the undirected graph defined by Zhang, Rong and Guo,
obtained at step t [6]. It starts with ZRG0 being a cycle of three nodes, and
“ZRGt is obtained by ZRGt−1 by adding for each edge created at step t− 1 a
new node and attaching it to both end nodes of the edge” [6]. The process is
illustrated by Figure 1(a). We propose two probabilistic versions of ZRG. In the
first one, each of the three original edges constitutes a branch. At each time step,
a node is added for all active edges of a branch with independent and identical
(iid) probability p. If a branch does not grow at a given time step, then it will not
grow anymore. We denote this model by BZRGp, for the probabilistic branch
version of ZRG with probability p. Note that while the probability p is applied
at each time step, the resulting graph is not limited by a number of time steps as
in ZRGt: instead, the graph grows as long as there is at least a branch for which
the outcome of the stochastic process is to grow, thus there exist arbitrarily large
instances. The process is illustrated in Figure 1(b). Finally, the second stochastic
version differs from BZRGp by adding a node with probability p for each active
edge. In other words, this version does not impose to grow all the ‘layer’ at once,
but applies the probability edge by edge. We denote the last version by EZRGp
for the probabilistic edge version of ZRG with probability p.
In this paper, we are primarily interested in the average distance. For a
connected graph G having a set of nodes V (G), its average distance is defined
by ℓ(G) =
∑
u∈V (G)
∑
v∈V (G) d(u,v)
|V (G)|∗(|V (G)|−1) , where d(u, v) is the length of a shortest path
between u and v. In a graph withN nodes, ℓ is said to be small when proportional
to ln(N), and ultrasmall when proportional to ln(ln(N)) [9].
Fig. 1. The graph ZRG0 is a triangle, or cycle of 3 nodes. At each time step, to each
edge added at the previous time step, we add a node connected to the endpoints of the
edge. This can be seen as adding a triangle to each outer edge. The process is depicted
step by step up to ZRG3 (a). A possible instance of BZRGp illustrates the depth and
number of nodes in each of the three probabilistic branches (b). The graph grew for 3
time steps, at the end of which the outcome of the last active branch was not to grow.
3 Deterministic version
In this Section, we consider the version introduced by [6] and defined in the
previous Section. We denote by Vt the vertices of ZRGt, and At the vertices
added at step t. We established in [7] that |At| = 3 ∗ 2t−1 for t ≥ 1.
Fig. 2. In ZRG1, each of the black initial nodes is connected to two grey added nodes
(a). We assume that u ∈ At−1, thus it stems from an edge (v, w). As the edges (u, v)
and (u,w) are active, u will also be connected to two nodes in At (b). We assume that
u ∈ Vt−2: thus, it is connected to two (children) nodes v, w ∈ At−1. The edges (u, v)
and (u,w) being active, u will also be connected to the two nodes they generate at the
next step, belonging to At (c). Shortest paths to compute d(At, Vt−1) (d). The average
distance in ZRGt is close to the logarithm of the graph’s size (e).
By construction, a node u ∈ At is connected to the two endpoints of a
formerly active edge. One endpoint was created at the step immediately before
(i.e., t−1), and we call it the mother m(u) ∈ At−1, while the other endpoint was
created at an earlier time, and we call it the father f(u) ∈ Vt−2. A node having
same mother as u is called its uterine brother and denoted as b(u). Furthermore,
we observe that each node v ∈ Vt−1 is connected to two nodes of At. This is
proved by induction: it holds for t = 1 (see Figure 2(a)), we assume it holds up
to t − 1 and we show in Figure 2(b-c) that it follows for t. Since each node in
At is connected to two nodes in Vt−1, and each node in Vt−1 is connected to two
nodes in At, the graph has a bipartite structure used in our proof.
We now turn to the computation of ℓ(ZRGt). We denote by d(X, Y ) =∑
u∈X
∑
v∈Y d(u, v) the sum of distances from all nodes in X to all nodes in Y .
Theorem 1 establishes the value of g(t) = d(Vt, Vt), from which we will establish
the average distance using ℓ(ZRGt) =
g(t)
|V (ZRGt)|∗(|V (ZRGt)|−1) . We gave the
sketch of a different proof in [7], thus the interested reader can compare it with
the full proof given here to better illustrate graph-theoretic techniques.
Theorem 1. g(t) = 4t(6t+ 3) + 2 ∗ 3t
Proof. By definition, Vt = Vt−1∪At. Thus, d(Vt, Vt) = d(Vt−1, Vt−1)+d(At, Vt−1)+
d(Vt−1, At) + d(At, At). Since the underlying graph is undirected, d(At, Vt−1) =
d(Vt−1, At) hence
g(t) = g(t− 1) + 2d(At, Vt−1) + d(At, At), t ≥ 2 (1)
In the following, we consider that a shortest path from v ∈ At always goes
through f(v), unless the target is the brother b(v) or the mother m(v) in which
case correction factors are applied. Suppose that we instead go through m(v) to
reach some node u: since m(v) is only connected to b(v), f(v) and some node
v′ (see Figure 2(d)) then the route continues through v′. However, the path
v,m(v), v′ can be replaced by v, f(v), v′ without changing the length.
We compute d(At, Vt−1) for t ≥ 2. Since we always go through f(v), we
use a path of length 2 in order to go from v to m(v) whereas it takes 1 using the
direct link. Thus, we have to decrease the distance by 1 for each v ∈ At, hence a
correcting factor −|At|. We observe that each node in Vt−2 is the father of two
nodes in At, hence routing through the father costs 2d(Vt−2, Vt−1) to which we
add the number of times we use the edge from v to the father. As each v ∈ At
goes to each w ∈ Vt−1, the total cost is
d(At, Vt−1) = 2d(Vt−2, Vt−1) + |At||Vt−1| − |At| (2)
We have that 2d(Vt−2, Vt−1) = 2d(Vt−2, Vt−2) + 2d(Vt−2, At−1) = 2g(t −
2) + 2d(Vt−2, At−1). Furthermore, using Eq. 1 we obtain g(t − 1) = g(t −
2) + 2d(At−1, Vt−2) + d(At−1, At−1) ⇔ 2d(At−1, Vt−2) = g(t − 1) − g(t − 2) −
d(At−1, At−1). Substituting these equations with Eq. 2, it follows that
d(At, Vt−1) = g(t− 1) + g(t− 2)− d(At−1, At−1) + |At||Vt−1| − |At| (3)
We compute d(At, At), for t ≥ 2. In order to go from v to its uterine brother
b(v) ∈ At, it takes 2 hops through their shared mother, whereas it takes 3 hops
through the father. Thus, we have a correction of 1 for |At| nodes. The path
from a v to a w is used four times, since f(v) has two children in At and so does
f(w). Finally, we add 2 for the cost of going from a node to its father at both
ends of the path, and we have |At|(|At|− 1) such paths. Thus, the overall cost is
d(At, At) = 4g(t− 2) + 2|At|(|At| − 1)− |At| (4)
We combine. Given that |At| = |Vt−1|, we substitute Eq. 3 into Eq. 1 hence
g(t) = 3g(t− 1) + 2g(t− 2) + d(At, At)− 2d(At−1, At−1) + 2|At|2 − 2|At| (5)
From Eq. 4, for t ≥ 3 we obtain d(At−1, At−1) = 4g(t−3)+2|At−1|2−3|At−1|.
Given that |At| = 2|At−1|, we substitute d(At−1, At−1) and Eq. 4 in Eq. 5:
g(t) = 3g(t− 1) + 6g(t− 2)− 8g(t− 3) + 3|At|2 − 2|At|, t ≥ 3 (6)
We manually count that f(0) = 6, f(1) = 42 and f(2) = 252. Thus the
equation can be solved into g(t) = 4t(6t+ 3) + 3 ∗ 2t using standard software.
Corollary 1. Since |V (ZRGt)| = 3 ∗ 2t [6], it follows from the Theorem that
ℓ(ZRGt) =
4t(6t+3)+3∗2t
3∗2t(3∗2t−1) =
t2t+1+2t+1
3∗2t−1 .
Using this corollary, we obtain limt→∞
ln(|V (ZRGt)|)
ℓ(ZRGt)
= 3∗ln(2)2 ≈ 1.03 and
limt→∞
ln(ln(|V (ZRGt)|))
ℓ(ZRGt)
≈ 0. Thus, the average size is almost exactly ln(|V (G)|)
for large t. Since the size of the graph is exponential in t, it is important that
the graphs obtained for small values of t have a similar ratio, which is confirmed
by the behaviour illustrated in Figure 2(e).
4 Stochastic branch version
As in the previous Section, we are interested in the ratio between the number of
nodes and the average path length. In this Section, our approach is in three steps.
Firstly, we establish bounds on the depth of branches, defined as the number
of times that a branch has grown. Secondly, we study the number of nodes.
We find that the number of nodes undergoes a first-order phase transition at
the critical probability pc = 0.5: for p < 0.5, there is a finite number of nodes,
whereas for p ≥ 0.5 this number becomes infinite. Since in the latter the expected
depth of branches is bounded by finite numbers, the expected graphs have an
arbitrarily small average distance compared to the number of nodes. However,
the expected number of nodes only provides a mean-field behaviour that can may
lack representativeness due to a few very large instances. Thus, we conclude by
investigating the behavior of instances of bounded depth.
4.1 Depth of branches
To fully characterize the depth of branches, we are interested in their expected
depth for the standard case as well as the two extremal cases consisting of
the deepest and shallowest branches. In other words, we study the mean-field
behaviour and we provide a lower and an upper bound. We start by introducing
our notation for the depth in Definition 1. We start by establishing the expected
depth of a branch in Theorem 2, then we turn to the expected shallowest depth,
and we conclude in Theorem 4 showing that the expected deepest depth of a
branch is finite.
Definition 1. We denote D1, D2, D3 the depth of the three branches. The depth
of the deepest branch is Dmax = max(D1, D2, D3) and the depth of the shallowest
branch is Dmin = min(D1, D2, D3).
Theorem 2. The expected depth of a branch is E(Di) =
p
1−p , i ∈ {1, 2, 3}.
Proof. The probability P (Di = k) that a branch grows to depth k is the
probability pk of successily growing k times, and the probability not to grow
once (i.e., to stop at depth k + 1). Thus, P (Di = k) = p · · · · · p︸ ︷︷ ︸
k
·(1 − p) =
pk(1 − p). Since the expected value of a discrete random variable Di is given
by E(Di) =
∑∞
k=0(kP (Di = k)), it follows that E(Di) =
∑∞
k=0(kp
k(1 − p)) =
p(1 − p)∑∞k=0(kpk−1). Since dpkdp = kpk−1, we further simplify into E(Di) =
p(1− p)∑∞k=0(dpkdp ). As the sum of a derivative is equal to the derivative of the
sum, it follows that E(Di) = p(1 − p)d
∑
∞
k=0 p
k
dp
. We note that
∑∞
k=0 p
k is an
infinite geometric sum, hence
E(Di) = p(1− p) ddp 11−p = p(1−p)(1−p)2 = p1−p
Theorem 3. E(Dmin) = − p
3
p3−1
Proof. The probability of the shallowest depth to be at least k knowing that the
probability p applies iid to each branch is P (Dmin ≥ k) = P (D1 ≥ k)P (D2 ≥
k)P (D3 ≥ k) = p3k. By definition, P (Dmin = k) = P (Dmin ≥ k) − P (Dmin ≥
k + 1), thus P (Dmin = k) = p
3k − p3(k+1). This probability is plugged into the
definition of the expected value as in Theorem 2 hence
E(Dmin) =
∑∞
k=0(kP (Dmin = k)) =
∑∞
k=0(k(p
3k − p3(k+1))) = − p3
p3−1
Theorem 4. E(Dmax) = − p(p
3+4p2+3p+3)
(p−1)(p2+p+1)(p+1) .
Proof. By construction, the deepest branch does not exceed k iff none of the
branches has a depth exceeding k. Since the probability p applies iid to all
three branches, we have P (Dmax ≤ k) = P (D1 ≤ k)P (D2 ≤ k)P (D3 ≤ k).
Furthermore, a branch is strictly deeper than k if it successfully reaches depth k+
1. Thus, P (Di > k) = p · · · · · p︸ ︷︷ ︸
k+1
= pk+1, i ∈ {1, 2, 3}. By algebraic simplification,
we have P (Dmax ≤ k) = (1 − P (D1 > k))(1 − P (D2 > k))(1 − P (D3 > k)) =
(1 − pk+1)3. By definition, P (Dmax = k) = P (D ≤ k) − P (D ≤ k − 1) =
(1 − pk+1)3 − (1 − pk)3. Given that E(Dmax) =
∑∞
k=0(kP (Dmax = k)), we
replace the expression of P (Dmax = k) to obtain E(Dmax) =
∑∞
k=0(k((1 −
pk+1)3 − (1 − pk)3)). The final expression results from algebraic simplification
using standard software.
4.2 Average number of nodes
We introduce our notation in Definition 2, and Theorem 5 provides a closed-form
of the expected number of nodes.
Definition 2. We denote by N1, N2, and N3 the number of nodes in the three
branches. Since we start from a cycle with three nodes, the total number of nodes
is N = N1 +N2 +N3 + 3.
Theorem 5. For p < 12 , the expected number of nodes is E(N) =
3(1−p)
1−2p .
Proof. First, we focus on the expected number of nodes in a branch. As the
probability p applies iid to all three branches, we select the first branch without
loss of generality. By construction, the total number of nodes N1 in the branch
1 at depth D1 = k ≥ 0 is N1 = 2k − 1 =
∑k
i=1 2
i−1. Thus, the expected value
of the random variable N1 is given by E(N1) =
∑∞
k=0((2
k − 1)P (D1 = k)). As
shown in Theorem 2, P (D1 = k) = p
k(1 − p). We replace it in the equation to
obtain E(N1) =
∑∞
k=0((2
k−1)pk(1−p)). After expanding the equation, we have
E(N1) =
∑∞
k=0(2
kpk(1−p)−pk(1−p)) = (1−p)∑∞k=0((2p)k)−(1−p)∑∞k=0(pk).
As in Theorem 2, we have
∑∞
k=0(p
k) = 11−p thus the second term simplifies
and yields E(N1) = (1 − p)
∑∞
k=0((2p)
k) − 1. It is well known that a serie of
the type
∑∞
k=0(x
k) diverges to infinity for x ≥ 1. Thus, our serie diverges for
2p ≥ 1⇔ p ≥ 12 . In other words, this results only holds for 0 ≤ p < 12 .
The infinite geometric sum
∑∞
k=0((2p)
k) can be simplified in 11−2p hence E(N1) =
1−p
1−2p − 1 = 1−p−1+2p1−2p = p1−2p . The probability p applies iid to all three branches
hence E(N1) = E(N2) = E(N3). Thus, by Definition 2, the expected number of
nodes in the overall graph is given by E(N) = 3 + 3E(N1) = 3 +
3p
1−2p =
3(1−p)
1−2p .
Theorem 5 proved that the average number of nodes diverges to infinity at
the critical probability pc = 0.5. This may appear to be a discrepancy with
Theorem 4 stating that the expected depth of the deepest branch is finitely
bounded. For the sake of clarity, we provide an intuition and an example on this
point. First, we note that the expected deepest depth and the expected number of
nodes have different growth rates. Indeed, even if graphs with very deep depth
scarcely occur at p = 0.5, their impact on the expected number of nodes is
tremendous since the number of nodes grows exponentially with the depth. On
the other hand, the impact of such graphs on the expected deepest depth is only
linear. To illustrate different growth rates with a known network, consider the
complete graphKn, in which each of the n ≥ 1 nodes is connected to all others. In
Kn, the number of nodes grows linearly whereas the distance is constant. Thus,
the distance between two nodes is 1 even with an infinite number of nodes.
In a nutshell, the expected number of nodes for p ≥ 0.5 may not be repre-
sentative of most instances due to the large impact of very deep graphs. Thus, it
remains of interest to investigate the number of nodes for graphs with bounded
depths. This is established in Theorem 6, in which we consider the q% possible
instances with smallest depth. By lowering the impact of the very deep graphs,
this theorem consistutes a lower bound that better describes practical cases.
Fig. 3. The measured average distance compared with three bounds and an estimate,
proved or conjectures. The simulations valide the conjectures. Color online.
Fig. 4. Up to p = 0.5 (excluded), the expected number of nodes is finite. From p =
0.5, the expected number of nodes is infinite due to very large instances, thus we
provide a finite estimate by considering the q% smallest instances, from q = 75% to
q = 100 − 10−3%. Simulations were limited to the graphs that fitted in memory thus
the mean measured value represents only an estimate based on small graphs for values
beyond p = 0.5. Color online.
Lemma 1. E(N |Dmax ≤ K) = − (3p−6p
K+22K+6pK+12K−3)
(2p−1)(pK+1−1
Proof. The expected number of nodes is adapted from Theorem 5 by the follow-
ing substitutions: E (N1)︸︷︷︸
(N1|Dmax≤K)
=
∑∞
k=0((2
k−1) P (D1 = k)︸ ︷︷ ︸
P (D1=k|Dmax≤K)
). We simplify:
P (D1 = k|Dmax ≤ K) formula= P (D1=k∩Dmax≤K)P (Dmax≤K)
expend Dmax
= P (D1=k∩D1≤K∩D2≤K∩D3≤K)
P (D1≤K∩D2≤K∩D3≤K)
independence
= P (D1=k)P (D1≤K)P (D2≤K)P (D3≤K)
P (D1≤K)P (D2≤K)P (D3≤K)
simplifying
= P (D1=k)
P (D1≤K)
Thus E(N1|Dmax ≤ K) =
∑∞
k=0((2
k − 1) P (D1=k)
P (D1≤K) ). We showed in the proof
of Theorem 4 that P (D1 ≤ K) = 1 − pK+1, and we showed in the proof of
Theorem 2 that P (D1 = k) = p
k(1−p). By substituting these results, and using
from the previous Theorem that E(N) = 3 + 3E(N1), it follows that
E(N |Dmax ≤ K) = 3 + 3
∑K
k=0(
(2k−1)pk(1−p)
1−pK+1 )
The closed form formula follows by algebraic simplification.
Theorem 6. By abuse of notation, we denote by E(N |q) the expected number
of nodes for the q% of instances of BZRGp with smallest depth. We have
E(N |q) = −3(−1+(1− 3
√
q)
ln(2)+ln(p)
ln(p) )(p−1)
− 3√q(2p−1)
Proof. Theorem 4 proved that the expected deepest depth of a branch was at
most K with probability (1− pK+1)3. Thus, if we want this probability to be q,
we have to consider branches whose depth K is at most:
(1− pK+1)3 = q ⇔ K = logp(1− 3√q)− 1
The Theorem follows by replacing K in Lemma 1 with the value above.
The effect of a few percentages of difference in q is shown in Figure 4 together
with the results from Theorem 5 and 6. In the inset of Figure 4, we show that
the number of nodes grows sharply with q.
4.3 Average path length
We conducted experiments in order to ensure the veracity of the results presented
in the two previous Sections, and to compare them with devised bounds. For
values of p from 0.1 to 0.7 by steps of 0.1, we measured the average distance of
the resulting graphs, obtained as the average over 1000 instances. In Figure 3,
we plot it against four bounds and an estimated mean:
Fig. 5. We measured the ratio between E(N |100 − 10x) (a), ln(E(N |100 − 10x)) (b),
ln(ln(E(N |100− 10x))) (c) and the diameter 2E(Dmax)+1 for x going from 0 (bottom
curve) to 7 (top curve). We determined a critical probability pc = 0.5 at which the
regime changes, and this is confirmed by these measures showing that the average
distance goes from linear in the number of nodes (a) for p < pc to small in the number
of nodes (b) for p ≥ pc.
– Proven bound. Theorem 4 established the expected deepest depth. At any
time, the graph has three branches, and we can only go from one branch
to another through the basic cycle. Thus, the expected maximum distance
between any two points in the graph consists of going from the most remote
node of two branches to the cycle, and going through the cycle. As a node
is at most at distance E(Dmax) from the cycle and we can go from any
node of the cycle to another in one hop, the expected maximum distance is
2E(Dmax) + 1. Since this is the maximum distance, we use it as a proven
upper bound on the average distance.
– Conjecture bounds. Our intuition is that since ℓ(t), proven in Theorem 1,
provides the average distance for a graph in which all branches have depth
t, then a lower and upper bound can be obtained by considering the graphs
with shallowest (Theorem 3) and deepest (Theorem 4) depths respectively.
This is confirmed by the simulations.
– Conjectured mean. Similarly to the conjecture bounds, we have proven the
expected depth E(D) = p1−p of a branch in Theorem 2, and the simulation
confirms that ℓ( p1−p ) constitute an estimate of the average distance.
As we previously did for the deterministic version, we now investigate whether
the average distance ℓ(BZRGp) can be deemed small compared to the number of
nodes |V |. As explained in the previous Section, we proved a (first-order) phase
transition at the critical probability pc = 0.5. The behaviour of the graph can
be characterized using the ratios displayed in Figure 5: for p ≪ pc, we observe
an average distance proportional to the number of nodes, and for p > pc − ² the
average distance is proportional to the logarithm of the number of nodes which
is deemed small. The ratio in Figure 5(c) is too low, and tends to 0 for a large
probability p, thus the graph cannot be considered ultra-small. The separation
at pc − ² can also be understood from a theoretical perspective. For p ≥ pc, we
proved that ℓ(BZRGp) can be arbitrary small compared to |V | since ℓ(BZRGp)
is finite whereas |V | is infinite. When p = 0.5−ε, the average distance is bounded
by a finite number: by Theorem 2 we have that the expected depth of a branch
is E(Di) < 1 and, using the aforementioned argument regarding the maximum
distance, this entails ℓ(BZRGp) < 2 ∗ 1 + 1 = 3. Furthermore, as stated in the
proof of Theorem 6, the expected number of nodes in a branch is E(Ni) =
0.5−ε
ε
which can thus be arbitrarily large. Thus, the behaviour for p ≥ pc is also
expected to hold in a small neighborhood of the critical probability.
5 Stochastic edge version
In order to show a broad variety of approaches, we prove the number of nodes
and the average path length of EZRGp using different tools from the previous
Section. Theorem 7 establishes the number of nodes in the graph.
Theorem 7. For p < 12 , the expected number of nodes is E(N) = 3 +
3p
1−2p .
Proof. We consider the dual of the graph, which we define using a visual example
in Figure 6. The dual is a binary tree: for an edge, a triangle is added (root of
the tree) with probability p, to which two triangles are added iid at the next
step (left and right branches of the tree) with probability p, and so on. Since one
node is added to the tree when a node is added to the original graph, studying
the number of nodes in EZRGp is equivalent to studying the number of nodes
in the tree. We denote the latter by t(p). The number of nodes starting from any
edge is the same, and we denote it by N . Thus, N corresponds to the probability
of starting a tree (i.e., adding a first node that will be the root) multipled by
the number of nodes in the tree: N = pt(p). Once the tree has been started, the
number of nodes corresponds to the sum of the root and the number of nodes
in the two branches, hence t(p) = 2pt(p) + 1. Note that there is a solution if
and only if p < 12 , and otherwise the number of nodes is infinite. By arithmetic
simplification, we obtain t(p)(1−2p) = 1⇔ t(p) = 11−2p . Thus, N = p1−2p . Since
the graph starts as a cycle of length three, the number of counts corresponds to
the three original nodes, to which we add the number of nodes starting in each
of the three trees, thus E(N) = 3 + 3p1−2p =
3(1−p)
1−2p .
A proof similar to Theorem 7 could be applied to the number of nodes in
BZRGp. However, the tree associated with BZRGp grows by a complete level
with probability p, instead of one node at each time. Thus, the current depth
of the tree has to be known by the function in order to add the corresponding
number of nodes, hence N = pt(p, 0) and t(p, k) = pt(p, k + 1) ∗ 2k.
In the previous model, we showed that the expected average distance had
a constant growth whereas the expected number of nodes had an exponential
growth. Thus, the gap between the two could be arbitrarily large. Using simu-
lations reported in Figure 7, we show that the same effect holds in this model.
6 Conclusion and future work
We proved a close-form formula for the average distance in ZRGt. We proposed
two stochastic versions, and showed that they had a first-order phase transition
Fig. 6. Nodes linked by black edges correspond to four successive growths from an
initial active edge. When a node x is added, it creates a triangle, to which we associate
a node x¯. If two triangles share an edge, their nodes x¯1 and x¯2 are connected by a grey
dashed edge. The graph formed by the nodes associated to triangles is called dual.
at the same critical probability. In the recent years, we have witnessed many
complex network models in which nodes are added at each time step. The graph-
theoretic and probabilistic techniques illustrated in our paper can thus be used
to rigorously prove the behaviour of models.
Fig. 7. The average path length has a slow growth compared to the number of nodes,
as in BZRGp. We show the values averaged accross simulations and the standard
deviation. Color online.
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